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SOME SHORT NOTES ON THE TOPOLOGY OF THE SEMINORM
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Abstract

We prove that the topology of a seminorm is a vector topology, and then describe two
local bases of neighbourhoods of zero, one from General Topology (GT) and another
from Topological Vector Spaces (TVS). Some seminorm topologies’ equalities and
inequalities are also established.
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1 LANGUAGE AND NOTATION If somebody describes the study of Locally Convex Spaces in Topological Vector Spaces as the
study of the topology of the seminorm, it is very unlikely that heresy charges are consequently preferred against him/her. And so,
therefore, a fortiori, it may not be out of place to point out in detail some elementary facts, here called Short Notes, about the topology of
the seminorm, that the literature is subconscious of but not fully conscious of.

I GT and TVS The Abstract succinctly describes the task of this paper. A minimum of background is, of course, needed. And so, we
assume the reader is familiar with the beginnings of :

(i) General Topology (GT)

and

(ii) Topological Vector Spaces (TVS).

Il Language and Notation Our language and notation shall be pretty standard as found, for example, in the classics [1], [2], [3] and [4].
We denote by R = (R, +, -, 0, 1) the real number field and by € = (€, +, -, 0, 1) the complex number field. By K = (K, +, -, 0, 1) we
denote either R or €. By /// we denote the end or absence of a proof.

11 Nx(t) Let X be a non-empty set and t a topology on X. The pair (X,7) is called a topological space. The elements of X are called the
elements of (X,t) and subsets of X are called sets of (X,t). The reader, of course, knows what are called the open sets of (X,t) = the sets
that comprise the family 1. Let x € X, @ # G et,and x € G < U < X. The set U is called a neighbourhood of x, or for emphasis, a t-
neighbourhood of x. The family of all the neighbourhoods of x is denoted Nx(t) and called the (z-) neighbourhood system of x, or, at x. A
subfamily, Rx«(t), say, of Nx(t) such that for every We Nx(t) there exists U e Rx(t) with U < W, is called a local base, or, for emphasis,
a t-local base, of neighbourhoods of x, or at x.

IV Topological Vector Space Let (V, +, 0) be an additive Abelian group with an external multiplication by the elements of K,

Kx(V, +, 0) > (V, +, 6)

Av) = Av

satisfying : Fora, p e Kand v, ® € V,

@ 1v=v

(b) a(v+w)=av+ow

(©) (aB)v =a(Bv) = p(av)

(d) (a+P)v=v+pv.

We say that (V, +, 0) is a vector space over K ; we simply write (V, +, 0)x.+-0.1 or (V, +, 8)x or simply Vx for a vector space over K. The
addi- tive identity, 0, of (V, +, 0) is called the zero of the vector space (V, +, 0)(k+-01 = (V, +, 0)x = Vk. An element v of V is called an
element of Vk and we write v € V. Similarly, a subset U of V is called a set of Vk. Let & = A, B be sets of Vkx and L € K. We define A
+B={a+b:aecAbeB}and \A={)la:a e A}.

V Let (V, +, 6)x = Vk be a vector space. A positive function p : Vk —R such that, for L € K and v, w € Vx, we have p(Av) = |A|p(v) and
p(v +w) < p(v) + p(w), is called a seminorm on Vk. Clearly, p(6) = 0. If p(v) =0 for v =0, p is called a norm. The function

dp :VkXVk — Vk

(v, 0) = p(v— o)
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is a pseudometric on Vk. The topology of this pseudometric, denoted tp in this paper, is called the topology of the seminorm p. If p is a
norm, tp is, of course, called a norm topology.

Well-known is that Rg, €¢, and so, Kk are vector spaces, since any field is a vector space over itself. Well-known is that R has its usual
topology, which is a norm topology; we denote it tr in this paper. Similarly, the Euclidean topology of € = R? is also called €’s usual

topology; we denote it here by te. Hence, since K = R or €, K*s topology shall be denoted tx, it is a norm topology.
VI Let (V, +, 0)k = Vxk be a vector space, and t a topology on Vk. We call T a vector topology, and the topological space (Vx, t) called a
topological vector space if addition
Add: (VkxVk, ©™t) = (Vk, 1)
vV,o)— v+o
and scalar multiplication
Sc: (KXV};, ‘EKX‘E) - (VK, ‘t)
Awv) — Av
are continuous functions.

VII By N we denote the natural numbers 1, 2, ...... We indicate by /// the end or absence of a proof,

VIII Let X be a non-empty set and suppose that t1 and 12 are topologies on X. If t1 < 12, we say that t1 is coarser than 12 and that 12 is
finer than 11, and we indicate this by writing 11 < 2. If @ is a collection of topologies on X, clearly, the topology 2X (= the family of all
the subsets of X) is finer than each t € ®. There exists a coarsest of all the topo- logies on X that are finer than each t e ®. This coarsest
topology is called the supremum of @ and denoted v®.

Let X = &, (ti)ier @ family of topologies on X and suppose xo € X. Let RxO(i) be a ti — local base of neighbourhoods of xo, i € I. We have
from (GT)

FACT 1 Let X = @, (ti)ier a family of topologies on X, xo € X, and fori e I, R % (ti) isa 7i—local base of neighbourhoods of xo. Then,

a Vv 1i-local base of neighbourhoods of xo is given by the family

iel
R, k\e/I Ti) ={B, B, n..... N B ineN B eR, (7,) fork=1,2, ..., n}] The indices iy, i, ....... , in needn’t be

distinct. []. ///

Let X = & and d : XxX — R be a pseudometric on X. Let xo € X. By Ba(xo, )(r > 0) we denote the ball of radius r centred on Xo. By
definition, the topology, 14, of the pseudometric d comprises of the empty set & and unions of balls. And the family

R x, (td) = {Bd(xo, 1) : r > 0} ...(A%)

is a t¢ —local base of neighbourhoods of xo.

Let D be a collection of pseudometrics on the non-empty set X, and (td)dep the family of the pseudometric topologies of the
pseudometrics of D. Clearly, we have from FACT 1 and (A*).

FACT 2 Let D be a collection of pseudometrics on the non-empty  set X. Then, a Vv 1g-local base of neighbourhoods of xo € X is the
deD

family
{ Bdl (%o, r))M de (X0, r2)M........ N By (xo,m):neNr,r,..,mn>0, di, da, ...... ,dne D} /I

Let (V, +, B)x = Vk be a vector space and p a seminorm on Vk. Form the pseudometric of p :
dp : VkxVk —> R

(v, ®) = p(v - o) (V)
From (A*), a tp-local base of neighbourhoods of 0 is
Reo(tp) = {Bap(6, 1) : >0}

whereby (V),

Bap(0, 1) ={veVk: p(v-0)< r}
={veVk:p)<r}

That is,

Re(’tp) = {Bre(‘fp) r> 0}

where

Bre(’[p) = de(e, r)

={veVk:p) < r}.

That is,
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(Re(Tp) = {Bre(‘Ep) r> 0} .- (AA*)

Now suppose P is a collection of seminorms on the vector space (V, +, 0)x = Vk. We define tp = v 1. Clearly, from FACT 2 and
peP

(AA™), we have
FACT 3 Let P be a collection of seminorms on the vector space (V, +, 0)x = Vk. Then, a tp-local base of neighbourhoods of 6, Re(tr),
is given by Re(tp) = { Brle (r pl) N Br29 (sz) I NB,,(rp ) tneNr,r, ... ,nm>0pce Pfork=1,2,.....,n}/ll

IX Definition 1 Let (V, +, 8)x = Vk be a vector space and suppose p is a seminorm on V. We define
p(£1l)={v e Vk:p(v) <1}

and, define

Bro={veVk:pv)<r}

Clearly, p(1) = B1o.

X Let(V, +, 0)k = Vk be a vector space and & # A < Vk. If for every x e Vxk there exists (x) > 0 such that
Ax e Aforalld e K, | L] <g(x)

the set A is said to be absorbing.

If MAcAforalll e K, |1 |<1,the set A is said to be balanced.

Example 1 Let (V, +, 6)x = Vk be a vector space, p a seminorm on Vx and r > 0. One checks easily, from definitions, that Bro g
absorbing and balanced.
Observation 2 Let (V. + 0)x = Vk be a vector space, and suppose the set A of Vi is absorbing/balanced. Then, 6 € A.

XI Theorems from TVS In the next section we shall employ some results of TVS, possibly without citation.
FACT 1 Lettand t’ be two vector topologies on the vector space (V, +, 0)x = Vk. Then,

i) No(r)cNo(t) = t<t

and

(ii) No(r) = No(t") < t=7". /Il
FACT 2 Let (V, +, 0)x = Vk be a vector space, and t, ©’ two vector topologies on Vk. If No(t) includes all the members of a t'-local
base of neighbourhoods of 0, then No(t") < No(t) and v <. ///
FACT 3 Let (V, +, 0)(x+-01), T) =(Vx, 7) be a topological vector  space, and suppose

(i) U eNo(r),

and

(i)r eK, A =0.

Then, AU e No(z), /l/

FACT 4 Let Vk be a vector space, and P ={ py, p2, ....... ,pn}, n e N, n>2, seminorms on Vk. Define Pmax by
Pmax(x) = max pi(x)’ X € Vk.

1<i<n

Then,
Pmax (£ 1) = n p, (£1).

1<i<n

Proof A simple set inclusion Proof. Let X € Pmax (<1). Then, x < pi

(sforallie {1,2,....,n}andso, X € M p, (<1). We have thus

1<is<n

shown that Pmax(s 1) c N r. (£1). The proof of the reverse inclusion o is similar. ///

1<i<n

2 SHORT NOTES
Note 1 The Pseudometric topology of a semimorm is a vector topology [5].

Note 2 rp(< 1) = Bro gt (V. + 0)x = Vi be a vector space, p a semi- norm on Vi and r > 0. We want to prove that

M1)=Br P
We go by set-inclusion proof. Clearly, either side of (p*) is not empty as 6 belongs to them. Clearly x € "P(< 1) < (UINx e P 1) &
p((1/r)x) <1 which by the absolute homogeneity of the seminorm,

o (UNp) <1 e px)<rexe B
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Note 3 Two local bases for the topology of the seminorm By Note 1, the topology tp of a seminorm p on a vector space (V, +, 0)x = Vx is
a vector topology. And, for a vector topology t on Vx, for almost all considerations, it suffices to restrict attention to No(t). This, we do.
By a filterbase on Vx is meant a family & of non-empty sets of Vx such that if A, B e 4, there exists C € 4 and C < AnB.

We have

THEOREM 1 [3, Section 2.3 THEOREM 1] Let (V, +, 0)x be a vector space, and Ro a filterbase of balanced, absorhing sets satisfying :
If W e Re, then there exists U e Re, such that U + U < W. Then, there exists a unique topology t making (Vx, t) a topological vector
space and Re a t-local base of neighbourhoods of 6. /// Let (V, +, 6)x = Vk be a vector space, p a seminorm on Vx and r > 0. By Example

1of1.X, Bro jg absorbing and balanced. Define

‘Rez{Ere :r>0}

One sees easily that Re s a filterbase of absorbing, balanced sets. For if Ew, Erz"’ e Roandr= min{ry, rz}, then B e Reand Buc
Eno mgrze _ One sees easily also that for r > 0. E('/Z)e + E(”?)e c Bro, So, therefore, by THEOREM 1 above, Ro is a t*-local base of

neighbourhoods of 6, for a unique vector topology t*, say, on (V. + O)x,
Thus, we have that with p a seminorm on a vector space (V» +: 8)x = Vi there exist two vector topologies on Vi, 1x described above for

which Re is a local base of neighbourhoods of 9: @nd the pseudometric topology, o of p, for which Ro(*) is a local base of
neighbourhoods of 6. From 1. VIII

Ro(w) = {Bro(tp) : r > 0}.

And,

Re = {Br :r>0}

Also,

Bre(Tp) ={veVk:pv)<r}
and

Brw ={veVk:pM)<r}
One sees easily that, for r > 0,

Bre(‘fp) < B o (pl)
and
Buize BFS(TP) (P

Clearly, by the definition of neighbourhood, and the definition of local base of neighbourhoods, it follows from (p!) and (p?),
respectively, that

No(t*) = No(tp)

and No(tp) < No(T*).

And hence, No(tp) = No(t*). And so, therefore, 1p = t*.
Thus, we have

THEOREM 2 Let (V, +, 0)x = Vk be a vector space, and p a semi- norm on Vx. Then,

RG(Tp) = {Bre(’fp) > 0}
where Bro(tp) = {v € Vk: p(v) <r}
and

Ro={Bn:r>0}
where B,y = {ve Vi :p(v) £ n,

are local bases of neighbourhood of 6 for the topology tp of the seminorm p. ///

Clearly, the above theorem and Note 2 give

COROLLARY 3 Let (V, +, )k = Vk be a vector space,andpa  seminorm on Vk. Then, a tp-local base of neighbourhoods of 6 is
the family

Ro={rp(£1):r>0}.
In particular, p(< 1) € No(tp). ///
We have from the above COROLLARY 3 and FACT 1 of . 1.VII,

COROLLARY 4 Let (V, +, 0)x = Vk be a vector space, and P a collection of seminorms on Vk. Then, a tr(= Vv 1p)-local base of nei-
peP

ghbourhoods of 6 is the family
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Ro( v 1p) ={ripu(£ D)nrzp2(< 1) N...... Ampn(€1):neN,r,r, ... ,Mm>0,p1, P2 ....pne P}
peP

Note 4 ap, 1p = tap, a0 > 0. Let Vk be a vector space, p a seminorm on Vg, and o > 0. We show first that ap is also a seminorm on Vxk.
FACT 1 Let Vk, be a vector space, p a seminorm on Vk. and o > 0. Then, ap is also a seminorm.
Proof The positivity of ap is clear. Let X € Vk and A € K. Then
(ap)(Ax) = a(p(Ax)) = o] Alp(x))

= M(ap(x) = l(ap) (%)
That is,
(ap)(Ax) = [A|(ap)) (%),
confirming the absolute homogeneity of ap.
Now, let X, y € Vk. then,
(ap)(x +y) = ap(x +Y)) < a(p(x) + p(y))
= ap(x) + ap(y) = (ap)(X) + (ap)(y)-
That is,
(ap)(x +y) < (ap)(x) + (ap)(y)- /11

Next, we prove
FACT 2 Let (V, +, 0)x = Vk be a vector space, p a seminorm on vk, and a. > 0. Then, tp = Tap.
Proof tp<tap: Letx e (ap)(£1). Then, (ap)(X) < 1. Thatis, a-p(x) < 1. So, p(x) < L/a, and therefore,

xe Baaye (M)
By Note 2,

By = Mo)p<y)y L md
and so, by (n?) and (n?), x e (L/a)p(< 1) and thus, we have shown that

(op)(= 1) < (o)p(< 1).

By COROLLARY 3 of Note 3, therefore,
(Ua)p(< 1) € No(tap).
And from this follow by FACT 3 of 1. XI that
p(£1) = a-(/a)p(£ 1) € No(Tap).
Again, from this follows by same FACT 3 of 1. XI that, for r > 0,
rp(< 1) € No(tap).
From this follows by COROLLARY 3 of Note 3 and FACT 2 of 1. XI
that
No(tp) < No(Tap).
By FACT 1(i) of 1.XI, therefore,
Tp < Top (1)
Tap < Tp: Letx € p(£ 1), and so, p(x) < 1. Therefore, o p(x) < a.
Hence, (ap)(X) < a, and so, (L/a)(ap)(x) < 1, from which follows, since ap is a seminorm, that (ap)((1/a)x) < 1. And so, (/a)x e (ap)(
< 1). Hence,
x € a[(ap)(< 1)].
Thus, we have shown that
p(< 1) c af(ap)(< 1)].
By now familiar arguments, we have shown that
@M@(T&P) e Ne(rp).
And so, therefore,
Tap < Tp .....(2)
Clearly, from (1) and (2), we have tp = tap. /]
Note5 p<q
or =Tp < Tq
p<aq
Let p, g be seminorms on a vector space Vk. By p < g we shall of course mean that p(x) < q(x) for all x € Vk. We have
FACT 1 Let (V, +, 0)x = Vk be a vector space, p, g xeminorms on Vg, and o > 0. Then

p=<q

or =Tp < 1.

p<ag
Proof Assume p < (g, and so p(x) < q(x) for all x € Vk. From this fol- lows that
(<) cp=).
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And, by now familiar argument, it follows that tp < tq. Assume p < aq and employ Note 4. ///
Note 6 tp = tpmax. Let P ={p1, p2, ...., pn}, N € N, n>2, be a finite family of seminorms on the vector space (V, +, 8)x = Vk. Then, tp =

Tp

max

Proof r < Tp - Clearly, px<Pmax foreachk e{1,2, ....., n}, and so

by Note 5

To, < To for each k €{1,2, ....., n}.By the definition of the supremum, therefore,
™= 1£\k/Sn Tpk < TPmax

That is,

T, (8D

By FACT 4 of 1.XI,

Pmax(< 1) = N ». (1) (@Y

1<k<n

Observe that by COROLLARY 4 of Note 3,
N ». (£1) € No(tp) ee(@?)
1<k <n

and that by COROLLARY 3 of same Note 3,

Pmax(< 1) € N"(Tpmax ) ve(@P)
Again from COROLLARY 3 of Note 3, (®!), (o?) and (w®) give

J\fe(z'pmx ) < No(tp)

And, hence,

T, <1p (89

max

By((&Y) and (&%), we have
T, =1l

max

Note 7 P ={ps, 2, ...., pn}, 4 = Z .
i=1
Let P ={p1, pz, ...., pn}, g = z p o Tp  =tqLet{psy pz, ....pn}, n e N, n>2, be a finite collection of seminorms on the vector space
k max
k=1

Vk. Let = i D" First, we have trivially.
i=1

FACT 1 qisaseminorm on V. ///

Next, we have

FACT2 7, =r1q

X

Proof Clearly, for x € Vx,
Pmax(X) < Z P, (¥) < n- Pmax(X).
i=1

S0, pmax < g <n - Pmax. By Note 5, therefore,

Tp STq<Tp /i
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