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Abstract 

 

In studying the structure of a non-abelian p-group G, the minimal non-

abelian subgroups of G play an important role since they generate the group 

G. In this article, we determine the 2-groups G with the property that if𝑯 < 𝑮 

and 𝑯 is minimal non-abelian, then  𝑯 = 𝑴𝟐(𝟐, 𝟐). 
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1. Introduction 

To determine a finite group 𝐺 by using its subgroups structures is an important theme in group theory. In this article, only 

finite p-groupswith 𝑝 = 2 are considered and our notations are standard for finite group theory. A group 𝐺 is said to be a 

minimal non-abelian group if it is non-abelian but all its proper subgroups are abelian. Every finite non-abelian p-group 

contains a minimal non-abelian subgroup. The smallest order of a minimal non-abelian p-group is 𝑝3. A finite non-abelian 

p-group is generated by its minimal non-abelian subgroups. In a sense, a minimal non-abelian subgroup is a “basic 

element” of a finite p-group. The structures of finite p-groups depend essentially on their minimal non-abelian subgroups. 

The group presentation for a minimal non-abelian p-groupwas given in [1]. The minimal non-abelian and maximal 

subgroups of finite p-groupwere classified in [2]. In [3], the structure theorem for the central automorphism groups of a 

finite minimal non-abelian p-groupwas given. Some results about the order of the automorphism group, Aut(G), of a finite 

minimal non-abelian p-group G were given in [4] when 𝑝 > 2. The finite groups Gin which every proper subgroup is either 

abelian or minimal non-abelian were determined in [5]. The non-abelian finite p-groups Gsuch that whenever A is a 

maximal subgroup of any minimal non-abelian subgroup Hin G, then A is also a maximal abelian subgroup in Gwere 

classified in [6]. Finite p-groupswhich are the central extension of a cyclic p-group, and elementary abelian p-groupsby 

minimal non-abelian groups were respectively classified in [7 − 10]. In this article, we determine the structure of p-

groups(with 𝑝 = 2) in which every minimal non-abelian subgroup has the structure of an M2(2, 2)-group. 

 

2. Preliminaries 

In this preliminary section, we give some definitions and some known results about minimal non-abelian p-groupswhich 

will be used later. 

Definition 2.1.[11]. A minimal non-abelian p-group G is said to be metacyclic if it has a cyclic normal subgroup Nsuch that 

the quotient 𝐺 𝑁⁄  is cyclic. 

Lemma 2.1. [5]. If Gis a nilpotent minimal non-abelian group, then G is a p-group,|𝐺′| = 𝑝, 𝑍(𝐺) = Φ(𝐺)is of order 𝑝2 

in Gand one of the following holds: 

(i)   𝑝 = 2 and Gis the ordinary quaternion group; 

(ii)  𝐺 = 〈 𝑎, 𝑏|𝑎𝑝𝑚
= 𝑏𝑝𝑛

= 1, 𝑎𝑏 = 𝑎1+𝑝𝑚−1
, 𝑚 > 1 〉 is metacyclic of order𝑝𝑚+𝑛; 

(iii) 𝐺 = 〈𝑎, 𝑏, 𝑐|𝑎𝑝𝑚
= 𝑏𝑝𝑛

= 𝑐𝑝 = 1,   [𝑎, 𝑏] = 𝑐, [𝑎, 𝑐] = [𝑏, 𝑐] = 1〉 is non-metacyclic of order 𝑝𝑚+𝑛+1. 

Corollary 2.2. [8].Let G be a p-group, then the following statements are equivalent: 

(1)  G is minimal non-abelian; 

(2)  𝑑(𝐺) = 2  and  |𝐺′| = 𝑝; 

(3)  𝑑(𝐺) = 2  and  𝑍(𝐺) = Φ(𝐺). 

Definition 2,2.[11].LetGbe a minimal non-abelian p-group.If Gis non-metacyclic and such that 𝐺 𝐺′⁄  is abelian of the type 

(𝑝𝑚, 𝑝𝑛), then G is called an -group. A metacyclic group Gis said to be an 𝑀𝑝(𝑚, 𝑛)-group if 𝐺 = 𝐴𝐵, 𝐴 ⊲ 𝐺, 𝐴 ≅ 𝐶𝑝𝑚 

and 𝐵 ≅ 𝐶𝑝𝑛 ( here, 𝐶𝑡 is a cyclic group of order 𝑡 ).  
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One has that |𝑀𝑝(𝑚, 𝑛, 1)| = 𝑝𝑚+𝑛+1 and |𝑀𝑝(𝑚, 𝑛)| = 𝑝𝑚+𝑛. The groups 𝑀𝑝(𝑚, 𝑛, 1) and 𝑀𝑝(𝑚, 𝑛)are determined up to 

isomorphism by the parameters 𝑚, 𝑛. Thus, if G is a minimal non-abelian p-group, then 𝑑(𝐺) = 2, |𝐺: 𝑍(𝐺)| = 𝑝2, |𝐺′| =

𝑝 and 𝐺 ∈ {𝑀𝑝(𝑚, 𝑛, 1), 𝑀𝑝(𝑚, 𝑛), 𝑄8}.[11]. 

 

3. Finite 2-Groups Whose Minimal Non-Abelian Subgroups Are 𝑴𝟐(𝟐, 𝟐)-Groups 

In Theorem 3.0, we state the main result of this article. 

Theorem 3.0. Let Gbe a finite 2-group such that whenever 𝐻 < 𝐺 and His minimal non-abelian, then 𝐻 is an 𝑀2(2, 2)-

group. Then Ghas the following presentation: 

𝐺 = 〈 𝑎, 𝑏|𝑎2𝑚
= 𝑏4 = 1, 𝑎𝑏 = 𝑎

2𝑚

2
−1, 𝑚 > 2〉 

 

Proof: 

Let H be proper minimal non-abelian subgroup of the group G. Then by the statement of the theorem,   𝐻 = 𝑀2(2, 2). 

Since Gis a metacyclic group, there are cyclic subgroups 𝐶2𝑚and 𝐶4 in Ggenerated by 𝑎 and  𝑏 respectively. For each 

positive power 𝑘 of 2 that divides
2𝑚

2
, there is at least a cyclic normal subgroup 𝐶𝑘 of order 𝑘 in G. These subgroups are 

abelian ( every cyclic group is abelian). We stated earlier that |𝑀𝑝(𝑚, 𝑛)| = 𝑝𝑚+𝑛. So |𝑀2(2, 2)| = 22+2 = 16. From the 

presentation of Gin Theorem 3.0,𝑚 > 2. Also, since𝐻 is a proper subgroup of 𝐺thenthere is a 𝑘 for which |𝐺: 𝐶𝑘| =

16,where 𝑘 is a power of 2 that divides 
2𝑚

2
. Since the order of H is fixed (|𝐻| = 16) and the order of Gvaries according to 

the powers of 𝑎, there is always a cyclic normal subgroup 𝐶𝑘for which we have the following short exact sequence 

{ 1 }  →  𝐶𝑘  → 𝐺 → 𝐻 → { 1 }  
In other words, 
𝐺

𝐶𝑘
⁄ ≅  𝐻 

Thus, Gis a central extension of its minimal non-abelian subgroup 𝑀2(2, 2) by its cyclic subgroup 𝐶𝑘 of index 16. 

 

Conclusion 

In this article, we have shown that the 2-groups, G, all of whose minimal non-abelian subgroups are 𝑀2(2, 2)-groups are 

generated by these 𝑀2(2, 2)-groups. We also gave a structure theorem for the presentation ofG. These groups are central 

extensions of the 𝑀2(2, 2)-groups by an abelian (cyclic) subgroup of index 16 in G. 
 

References 

[1] Y Berkovich (2008), Groups of Prime Power Order. Vol 1, Walter De Gruyter, Berlin 2008. 

[2] Y Berkovich (2008), Minimal Non-abelian and Maximal Subgroups of a Finite p-group, GLASNIK 

MATEMATICKI, Vol43(63),pp 97 – 108. 

[3] S. Fouladi and R. Orfi (2010), The Automorphism Groups of Finite Minimal Non-Abelian p-groups, AMS 2010 

subject classification: 20D15, 20D45. 

[4] F Menegazzo (1993), Automorphisms of p-groups with cyclic commutator subgroups. Rend. Sem. Mat. Univ. 

Padova. Vol 90. pp 81 - 101. 

[5] L. Redei (1947), Das Shiefe Product in der Gruppentheoric, comment. Math. Helv. Vol. 20Pp 225 – 265. 

[6] Z. Janko (2009), On minimal non-abelian subgroups of finite p-groups, Journal of Group Theory, Vol 12, pp 289 – 

303. 

[7] Y Berkovich (2011), Finite Groups All of Whose Small Subgroups Are Normal, Journal  of Algebra and its 

Applications, Vol. 13(6). 

[8] L. L. Li, H. P. Qu and G. Y. Chen (2010), Central Extension of Minimal Non-abelian p-groups (I), Acta. Math. 

Sinica, 53(4), pp 675 – 684. 

[9] H. P. Qu and X. H. Zhang (2010), Central Extension of Minimal Non-abelian p-groups  (II), Acta. Math. Sinica, 

53(5), pp 933 – 944. 

[10] H. P. Qu and R. F. Hu (2011), Central Extension of Minimal Non-abelian p-groups (III),  Acta. Math. Sinica, 

53(6), pp 1051 – 1064. 

[11] H. P. Qu and L. F. Zheng (2011), Central Extension of Minimal Non-abelian p-groups (IV), Acta. Math. Sinica, 

54(5), pp 739 – 752. 

 

 

 
 

Transactions of the Nigerian Association of Mathematical Physics Volume 12, (July – Sept., 2020), 29 –30 


