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SUSTAINED OSCILLATION IN SOLUTIONS OF LINEAR PIECEWISE CONTINUOUS
ORDINARY DELAY INTEGRO-DIFFERENTIAL EQUATION BY BROWNIAN WHITE
NOISE
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Abstract

The paper studies the oscillatory behavior of the solution of a linear piece-wise
continuous deterministic ordinary delay integro-differential equation with time lags. The
system is disturbed by an Ito-type Brownian white noise to form a stochastic delay
integro-differential equation (SDIDE). Although, it is a known fact that oscillation in
solutions of deterministic ordinary delay differential equations is solely caused by the
existence of time delays, it is established in this note that even if the deterministic system,
in which the noise is absent allows a non-oscillatory solution, the presence of noise in the
stochastic delay integro-differential equation will continue to sustain oscillation.

Keywords: Oscillation, piece-wise continuous, deterministic integro-differential equation, time lags, Brownian
white noise, stochastic delay integro-differential equations.

1. INTRODUCTION:

Since Sturm, in 1836 introduced the concept of oscillation, when he tried to solve the problem of heat transmission, the study of
oscillatory behavior of deterministic and stochastic delay differential equations has become the centre of many research works,
due to the fact that these classes of equations find application in many fields such as Engineering, physics, population dynamics,
medical sciences and biological sciences. Whether oscillation in solutions of deterministic ordinary and partial differential
equations, existed, is still a matter of a search into the very important articles, textbooks and monographs of authors, which
include [1 — 12] and some of the references therein. Over the past few decades, the bulk of the work on oscillation had focused
mainly on setting necessary and sufficient conditions for oscillation of solutions of deterministic delay differential equations with
little attention on the influence of noise as well as the existence of positive and negative solutions of such equations. It appears
that research into the combined influence of time delays and stochastic perturbation on oscillation of stochastic delay differential
systems is either scanty or quite missing from the literature of stochastic analysis and applications, hence making the topic an
interesting area to research on. The first result on the contribution of noise to oscillation of stochastic differential equations to the
best of other authors’ knowledge was [13]. Later, [14-16] presented certain results relating to the effects of noise on the oscillation
and non- oscillation of solutions of both nonlinear and linear delay differential equations.

In the present paper, we establish that, if a deterministic delay integro-differential equation (DIDE), where noise is non-existent,
admits a non-oscillatory solution under some conditions, the presence of noise will sustain oscillation in the solution associated
with the corresponding stochastic delay integro-differential equation (SDIDE).We shall apply a technique of conjugation
relationship found in [17], which will enable us to analyze the role played by a multiplicative white noise as it complements the
efforts of time lags in sustaining oscillation in solution of the newly formed SDIDE.

2. PRELIMINARIES:

Armed with the fact that first order ordinary differential equations (ODES) do not generally possess oscillatory solutions, one can
easily see that oscillation in first order delay differential equations is generated by delays or deviating arguments. Moreover, when
such equations are perturbed by some external or internal noise, the resulting equations are called stochastic delay differential
equations. We shall consider the deterministic linear piecewise delay integro-differential equation whose right hand side is
piecewise continuous of the form

X(t) =§ £ (EX(t - 4,) +f; g(u,t)x(u)du + h(t)son (st - r]) t= ol

®
X(t): ¢(t), te[tofimfr'to]J
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Where r > 0 is a constant called switching delay, A, are the usual time lags
0=A, <A <...<4, (2)
f(t)i=0,1...,m and g(u,t)are nx m matrix functions analytic for u,t>t,, h(t) is an nxr function analytic for

t > t,, S() isanr—dimensional column vector function, analytic in the n- dimensional Euclidean space E " and X(t) isann
— dimensional column vector. Define the vector sgnS (signum S) by

sgn S=(sgn S,,sgn S,,...,sgn S,) (3)
Where S,, S,, , S, are the components of S and
+1, for S, >0
Sgn S, :Jundefined ,fors, =0 (4)
{—1, for S, <0

The analytic hyper surfaces S, € E " denoted by
S, ={S:S,(x)=0}, k=1,2,..,r (5)
are called switching. Moreover, we decompose the Euclidean space E" into two domains p’ and D, in which s (x)>o0

respectively and S, is the common boundary of the domains. Again we let v =|JS, and £ =E"\S
k=1

Definition 2.1
A continuous vector x(t)=x(t,u) e C([t,,~ T} %) for t,, where T = max (max i, r) is called the solution of Eq.(1) if (i) x(t)

1<t<m 1<t<m
satisfies Eq.(1) in & together with the initial function (ii) x(t) has only isolated points in y .
Moreover, since the matrix functions f,,i=0,1,...,m; g(u,t)and h(t) are analytic for u,t> o0, x(t) = x(u,t) is analytic in the
neighborhood of t > .

Definition 2.2

(i) A function f is said to be piecewise continuous in a domain D, if it is continuous except at a finite number of points in D. If a
function f can be locally represented by a power series then it is said to be analytic.

(i) Suppose that solution x(1)exists on some sub- infinite ray [t ) and satisfies sup {\x(t)\:tzT} >0 for every T>T, then

x(t) is called a regular or non-trivial solution. That is [x(t)| = o in any infinite interval [T, ) .
(iii) A non-trivial or regular solution x(t)of Eq.(1) is said to be oscillatory if and only if it has arbitrarily large zeros for ¢ > .
That is, there exists a sequence of zeros ({t, }:x(t,)=0) of x(t) such that Limit t, =+ oo If a solution is not oscillatory,

n— o

then it is called non-oscillatory.

(iv) A non-trivial solution x(t) defined on a half-line [0, « ) with differentiable components is called eventually positive if there
exists t, >, suchthat x(t) > 0, for t> t,. Also, a non-trivial solution x(t) defined on a half-line [0, ) with differentiable
components is said to be eventually negative if there exists -t such that x(t) < 0, for t> t,. If x(t) is either eventually

positive or eventually negative, then it is said to be non — oscillatory.
The reason for our work is to consider how, the solution of the deterministic DIDE (1) behave in terms oscillation or non-
oscillation, when perturbed stochastically into a stochastic delay SDIDE of the form:

X (t) :(Zm: fOX(t-2,) +J':D g(u,t)X (u)du + h(t)sgn (s[t - r])),dt +oX (t)dB (t) t=> Ol (6)

x(t):ki;o(t), ! telt,-2,-rt] |
Where o is the noise scaling parameter, {B(t)}:e[o:] =(B,(t), B, (t),B,(t) ..., Bm(t))T is an m-dimensional standard Brownian
motion defined on a complete probability space (a,F,p ), with filtration (¢ doo which is right continuous and of which

each g contains all P-null sets. Brownian motion was put on a solid mathematical foundation by [18] when it was

established the existence of a complete mass distribution P(B) with total mass +1 defined on the class of all continuous paths
0<t — b(t) by
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exp [— (x=y) r2(t- s)]d
A [2z(t-s)'"
Fort >s, x=b(s) and Ac®R*. It was also established in [19] that the Brownian motion is continuous but is nowhere differentiable.
Throughout this work, we shall contrast the oscillatory and non-oscillatory behavior of the SDIDE (6) with those of the comparable
deterministic delay system in Eq. (1) which has the same initial function ¢ .

Plb(t)e A/b(r):r<s] = J'

Definition 2.3 ANy — valued Stochastic process X = X (t):[— r,T]x O — %, is called the solution of the SDIDE (6) if X is a
measurable sample — continuous process, such that X /[0, T ]is {F o . . L
P P [o.7]is { ‘}‘e[”]- adapted and satisfies the equation together with the initial

4 f g and h are piecewise continuous matrix functions.
function™’. Moreover,

A non-trivial continuous function x(t)=x:[t,,0) > R is called oscillatory if and only if, there exists a sequence of zeros

0!

. =({t,}: x(t,)=0, for all t>t,, for t, >t,) such that Sup z, = Limit t, = + o

n—ow

Extending this in an autonomous manner to stochastic processes: a stochastic process {x (t,w)},_, defined on a probability space

t=

(@, F,P) is said to be oscillatory, almost surely if and only if there exists a sub-sample space o, ¢ o with P[Q,] =1such that
forall we o, the path x (., w) is oscillatory. If X is not oscillatory, then it is called non-oscillatory.

3 USEFULOSCILLATORY CRITERIA AND COMPOSITE RELATIONSHIP:
In this section, we introduce a linear scalar random delay differential equation
Z‘(t)zfzPi(t)z(t75i)+ZQi(t)Z(t7ri) (7)
=1 1=1
wherep (1), Q,(t) e c(lt,. =) %) are random positive continuous functions and s | r e(0,0)i=12,...,n, j=1,2,.. mare

positive constant time lags. By a solution z¢) of Eg. (7), we mean a continuously differentiable function

z eC([E— F,oo), ‘R) for some t, where T = max {max S,,max r, },WhiCh satisfies Eq. (7).

1<i<m 1<i<n 1< j<m
Moreover, p(t) >0, Q,(t)>0 are random non-negative continuous functions defined on €, < Q by

f. (t)e*ﬁﬁ‘e(*1)(B(t)(W)fB(Hr.)(W))Y for t>t

(
P(tw)=1{" ) 8
(tw) %[ — f,(t)e H RO, for t <t ®)
2. tw) _4(_ h(t)e’“‘e"“(B“)(W”B("”)‘W”, for t>t o)
AR B (3 for t <t

2

Whereﬂ[g(t)l;j’tinf fi>0:t o —0, t - r, — o} Suchthat forall t>t,

t-o, 20,t—r, 20 and weQ. We see that p (t,w) and Qj(t,w) rely on the increments of a standard m-dimensional Brownian

motion {g(t)} _, - The sufficiently large differences in such increments make it possible for the P, and Q ; to be large enough to

propel oscillation in the random linear scalar DDE (7)
Moreover, due to the fact that our oscillatory results shall always be compared with the oscillatory behavior of the deterministic
Equation (1), the equation can be written in pure delay terms. We now express the solution of the stochastic delay integro-
differential Eq. (6) in terms of the solution of the deterministic random DDE. (7). This will be achieved through a technique,
which relates the solution of the stochastic delay integro-differential equation (6), the solution of the random deterministic system
(7) and a conjugation random flow similar to the type found in [17]. We next recall for application, on a path-wise sense, some of
the widespread oscillatory results in the classical theory of oscillation of delay differential equations.
The result below concerning oscillation of delay differential equations appeared in [8], (Theorem 3.2):
Proposition 3.1  Assume that the following are satisfied:

(w,) P(1). Q (1) e iy, o)), O e @ehizt2ean 0
(w2 )There exists a positive number p<n and a partition of the set (1,2, ... m) into p disjoint subsets

J,,Jd,, .., such that each jeJ, implies that r<o;.

p
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(w,) P(t)2> Q,(t+r, —0c,) for t2t,+o, -1 and i=1,2,....p, p=max (co,)

ke,

p
i=1 kel; i=1

(w,) 2 > I::Qk(s)ds <1, for t>t, +o,. Let x(t), i _[t‘w'[Pi(s)— > Q. (s+r, —cri)]ds >0

for t> ty .ty >0, Also assume that

(w, ) Limit Sup J‘:wr[Pi(s)ZQk(SJrrk O'i)] ds >0 and

ked,

r

(w,) j[:[z [Pi(s)— > Quls+r, —ai)]ds] ln[ei j““"{pi(s)_ 3 Q,(s+r, —ai)]ds]dst =

i=1 ke,

. Then every solution of
K@) = - POk -5,) + Y Q,(Ox(t - ) (10)
oscillates. 7 7

Also Qian and Ladas [1] stated a necessary and sufficient condition for oscillation of Eq.(10). As follows:
If t— coLim inf I‘ [P(s)-Q(s+r - o)is 21 when n - m -1 then every solution of Eq.(10) oscillates.
t-I e

We also have extensive non — oscillatory results which can be recalled on a path-wise basis for use in the analysis of the effects of
multiplicative noise perturbation on oscillatory behavior of delay differential systems. The following is a special case of the result
found in [20], (Theorem 4):

Proposition 3.2 Assume that

0] Pi,QjeC([to,oo),‘JW)and o, el0,), fori=1,...,nand j=1,...,m
Wi > o
(iii) P =P(t)-Q,[t+o,—r,)>0, for t2t, =t +r,—o,0or Q, >0

If there exists a positive constant A" > 0 such that

then Eq.(10) has an eventually positive solution x(t) on [t,, ), which tends to zero exponentially and hence Eg. (8) has a non-

oscillatory solution.
The main focus here is to establish that whenever ; , ; _r where T = max (max 2 r) satisfies the conditions of Proposition 1 and

i<t<m ‘1<t<m

Q,(s+ o, )e’ s + .[x P ) s t,
t

f.(t) <0, h(t) <0, then the solution of the SDIDE (6) is oscillatory with a very positive probability and for the choice of any initial

function ¢ . Also by applying Proposition 2, the classical delay integro-differential equation (1) can admit a non-oscillatory for

sufficiently small coefficient functions.
The proof of the main results depends on the transformation of the solution of the stochastic delay integro-differential equation (6)
into a composite relationship using a stationary bijective random process and the continuously differentiable solution Z(t) of the
scalar random delay differential Eq. (7).

To this end, we consider foreach ue R"™, te R, and each weQ arandom stationary coordinate change {( (t, .))}te‘R .
As for the process {( (t,.))}

Lemma 3.3
C,: {(~(t.)},, s acontinuous ¢ **<semi-martingale with 0<z<s such that for all weQ, R" su— A(t,u)e®"isa C

teq » the following properties in the Lemma are true:

k+1

diffeomorphism of R "™ .

C,:For all t>s,ve®R", and we Q, /\(t,v)+'[t,u(du,/\(u,v))+.|'tl"(u,v)du
s s

where {[(t,.)} ., is a continuous C*“° semi — martingale .

C, : The processes {a (t,.)} wn @nd {r(t,.)} ., are perfectly stationary. That is,
A(t,v,w)=~ (0,v,0(t,w)) and T(t,v,w)=T(0,v,0(t,w)), for all te R", we Q

Transactions of the Nigerian Association of Mathematical Physics Volume 12, (July — Sept., 2020), 187 —194
190



Sustained Oscillation in Solutions of... Atonuje and Okposo Trans. Of NAMP

Proof: (See [17]).

The next step is to use the stationary coordinate change {x (t,.)}_, to establish a conjugation or composite relationship, which
holds forall t >0, w e :

X(t,,w)=A(0,, 8(t,w))oZ(t,.,w)on(0,.,w) (12)

where, x (t,,,w) is the solution of the stochastic delay integro-differential equation (6) and Z(t,., w)is the continuously
differentiable solution of the deterministic random delay differential equation.

A method of obtaining a composite relationship between the solution of a stochastic delay differential equation and that of a
random deterministic delay differential equation was employed in [13], by using a generic random process.

4. ANALYSIS OFNOISE CONTRIBUTION TO OSCILLATION OF STOCHASTIC DELAY INTEGRO-
DIFFERENTIAL EQUATION:

We need the following lemmas to enable us establish the main results:

Lemma4.l

Assume that P,(.)and r, eC([to,oo), sn*), for i=1,2,...,n, then the differential inequality has

x'(t) +§n: P(t)x(t-r)<0,t>0
eventually positive solution if and only if the differential equation x\(t) + - P(t)x(t-r)=0,t>1 has an eventually positive
i i L
i=1

solution.
Lemma 4.2

If :
x‘(t)+Z[Pl(t)— Q, ()t +r, —(rl)]x(t—r) =0,t>t,

ke,

has an eventually positive solution, then

jl””(P, (- T Q, (t+r, - a,)]ds <1i-1, 2, ncventually.

kel

Lemma 4.3
Assume that . SUpJM[

Pi(s)7 z Qk(s)(s+rk 7O-i)

t—
” ked,

}ds _, for some i and x(t)is an eventually positive solution of the delay

, then for some i

Limit inf X020

differential equation .
S

I(I)+i[Pi(t) ZQk(t)(t+l’k o-i)jx(tl’i)=0, t2t,

i ked,

Proposition 4.4
Assume that f (t) >0 and h(t)>0 for tet, - o, —r, t,] and an initial function 4¢).o. Then Eq.(6) can have an eventually

positive solution almost surely (a. s.) on the half-line (0, «) and as such is non-oscillatory.

Proof:
Define the probability triple (o F,p) and let o, = o be an almost sure event on which the solution Z(t) satisfies the relation in

Eq.(11).
Define (t,,w)=inf {t>0:Z(t,w)}=0. Since z(t) = 4(t) >0 forteft, ~o, -r, t,] Adwe ,. Clearly 4 >0, t,(w)>0. And by

definition, it must be that Zz'(t,(w),w)< 0. Since - max {max Givf}>O,Z'(tl(W))—Z(tl(W),W)>0 as such

1<i<i

z(t,w) > 0, for t<t,(w). Hence, as ¢(t) > 0, f,(t)>0 and h(t) >0, We see that z'( (w)w) > o Which contradicts our earlier
definition of z'(t(w)w) . Therefore, z(t,w)>0 for all t>0.Applying the relation in Eq.(11), we see that
X (t,w) > 0, for all t>0,showing that X(t, w) is on a path-wise sense a. s. eventually positive and hence non — oscillatory as

required.
In the following result, we establish that if the feedback coefficient functions f,(t), and hit) are negative, for some initial function,

then the SDIDE (6) can possess an eventually positive solution and as such non-oscillatory.
Proposition 4.5 Assume that f (t) <0, for i=1,2,...n and h(t) <0and t -t - is non —decreasing, where o <r <o . Then for

the choice of any continuous initial function ¢(t), the solution X(t,w) of the SDIDE (6) is a. s. oscillatory on the half-line

[0, )
Proof: Since the relation X (t,.,w)= A (0,., 6(t,w))oZ (t,.,w)o " (0,.,w) holds and following the definition of stochastic processes,
we have that
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Y = {t>0: X (t)=0}holds true for syp vy =« almostsurely if and only if v - {t>0: z(1)=0} satisfies Sup Y, =0, a.s. Introduce
weQ and t >0Such

Pittw)=—f,(t)r(t-—o,,w)A " (t,w)and Q(t,w)=—-g(t)a (t - rJ,w)/\’1 (t,w)

Then on [0 oo) we see that p()and () are non-negative continuous functions. Moreover, the solution Z satisfies

Zth ZQ (tw)z(t-r,) for t>0 (12)
Now given that there exists Q, < Q such that

w [ [T tt+o, 1
Q, ={WE Q: thz [Pi(t)— >Q ()t+r -o,) In\LeZ J" P(s)= > Q.(s)s+r, —astJdt}:w
with P[Q,]=1 (3)
It follows thatp(), q()and t = t -, satisfy the axioms of Proposition 1, for w € Q, , indicating that the sample path Z(., w) is

oscillatory. Applying the relation in Eq.(11), we see that the solution path X(., w) of the SDIDE (6) is also oscillatory and as such
Eq.(13) is an almost sure event. If not, we assume by way of contradiction that Z(t,w) has an eventually positive solution, say
y (t,.)» Which is almost surely decreasing. It follows that y(t) Z Zf (s 1 )x(s)ds is an eventually positive. Moreover,

i=1 kel;

since 0 < y(t) <x(t), y(t) satisfies

+Zr‘{Pl(t)—ZQk(t+rk—o-l)]y(t—o-l)ﬁo (14)

And applying Lemma 2, we see that the delay differential equation
+Zr:{Pi(t)—kZQk(t+rk _ai)]y(t 5)<0
admits an eventually solution. Now put g(t) =—y ' (t)/ y(t), then p(t)>0 and as such there exists t >t , with y(t,) > 0
such  that — yy_y ¢ exp( I A )dsj Hence ) satisfiesﬁ(t) -3 sz Q. ()(t+r, — o, )exp (I A( )ds) Define
YR Do e er -, ).
The foIII:c:wing gener:IJilzed characteristics of the exponential function are true:
(iYe"  <pe*+-p, p<1

In (ep )

(ii)e™2x+——=,if p>0
p

(iii )e™ > qx+£|—1—ln£~|, if p.>0and q>0
al "]

Using (ii) above, one gets
-3 R0 X0+, oo [M -] U‘ﬂ(S)dSJ

M (t)

= ZR0- o0 o)

Equivalent ly,

Zi:J:m[Pi(s)szk(s)(SJrrk—a stﬂ ZrlPl ZQk(t)(tJrrk—ai)ji B(s)ds

kel

.y [p, ©)- ¥ Q,()t+r, - o, )J j (s Jsct
Then for N > T, we have that

NTIN [ )—zousxwkfai>ds]dtfjfi[a<t)—zok<t><t+rkfmjjjwlﬂ(s)dsdt

> LN[Z; P()- > Q, (t)t+r, 7(;,)j In [ej’l””' P(t)-> Q,(s)s+r, 7al)ds)dt (15)
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Applying change of order in integration, we have

N Z [p, 0- Q. 0rr o, )]L‘% p(s)ds dt

> J.TN%(J.:.U‘ZZEP'(O_ Z Q, (t)t+r, —a‘)]dt]ds

3,

N-o;

zi J’T ﬁ(t)[jl“v' P(t)- 3 Q (t)t+r, a'i);jsjdt 17)

ke,

Using (16) and (17), one gets
jjﬂ(t)[i J-“‘”w [Pi (s)-X Q. (s)s+r, -0, )st]dt

[ > [p, t)- ¥ Q, (t)t+r, - al)]dsdt

i-1 ked;

Z.[TN Zr: [pl t-> Q. (M)t+r, - ai)][ Inezr: j‘wa‘[Pi(t),

ked;

Q, (t)t+r, oi)st]dt (18)

ke,

As such

i J:ia‘ ﬂ(t)[J_luJ [P, (s)->Q,(s)s+r, -0, )]ds jdt

ked,

ZITNi[Pl(t)— 3 Q, (t)t+r, o‘i)][ln ef‘(*”'i[pi(t),

Applying Lemma 3, one gets

ked;

j [p, t)- > Q, (t)t+r, - JI)JdS <li=12,..,,T, (20)
eventually. Using (18) and (19), we have
D j B(t)dt

> j[z P()- 3 Q,(t)t+r, 70,)] In[ej':w‘zll P(t)- > Q,(t)t+r, - a,)ds]dt

ke,

Equivalent ly,
y(N - g, )

.zzlm y(N)

ZITNZi:[Pi(t% > Q, (t)t+r, ,Ui)J In[ejl‘gli[P(t)

Applying (ws) in Proposition 1, we have

which is equivalent to

t—
Limit 20 (23)
t o y(t)

Applying Lemma 4, it follows that

Limit if Y (t-o.) - ., Which contradicts Eq.(23). As such of Eq.(7) is oscillatory.
t—>wo y t
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Now from the dependence of P(.) and Q(.) on the increments of Brownian noise as in Eq.(8) and (9), one gets that

2
t+o tro

_.'t ‘Pi(s)ds:J“ . (s)exp [—g(u,s)—%)aiexp (-n(B(s)-B(s-r,)))ds

2

> f,(s) max [l,eXp [[g(u,S)UZJG.DL: exp (- 17(B(s)- B(s - ,))s

and

2
t t+o

.ok = [ ne)om - 900.9)- L] o0 (-(o(5)-ols - s

t-R

2

> — h (s)max [1,exp [ [g(s)ﬂ]rjj]j‘la o (-7(B(s)- B(s—r,)s
The sure event Q , as in Eq.(13) exists almost surely, whenever

Limit [ e (- n(B(s) - B(s ~))is ==, (24)

The proof is complete.
In Proposition 4, the main propelling force which sustains oscillation in the SDID (6) is (24), which makes Eq. (6) satisfy the
conditions of Proposition 1.In contrast, in the deterministic delay integro-differential DIDE. (1), where the noise is absent,

Limit L' exp (- 7(B(s)— B(s - '))jgs = and at that point the conditions in Proposition 2 are satisfied, thus making Eq. (1), which

is without noise, possess a non-oscillatory solution. The presence of noise is actually responsible for sustaining oscillation in the
stochastic system.
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