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Abstract

An automorphism Sis called a square root of an automorphism T if &= T.
The Problem of describing the square root of a given automorphism T is completely
solvable only when T has a discrete [1], [2] or guasi-discrete spectrum. Katok and
Stepin [3] gave a general construction of an automorphism with a continuous
spectrum but no square root. In this work, we construct a particular example of this

kind of automorphisms using the following result.

ppl-4

1.0 Introduction

With the successful construction of the generamfaf automorphism with a continuous spectrum and no
square root, Katok and Stepin has opened the waRRdsearchers to explore the results obtainedomstoucting
typical examples of such automorphisms.

The Automorphism we shall construct in this workhwthe properties stated above shall be a typical
example of what was described by Katok and Stepiiris important to Note that the following theorgnbemma
and definitions will aid our work greatly.

Theorem 1

If an automorphisnT admits a cyclic a.p.t with spee%l and the functiomv(x) is such that the set W(—
n

1) is oddly approximated with respectetowith spee{%), the spectrum of the operator i simple [3].
Theorem 2

If an automorphisnT admits a cyclic a.p.t with spee((%j, the operator Y has a continuous spectrum
and the function w is such that the sets"W(-1) and W* (1) are oddly approximated with respectetowith
speed(%), then the spectrum of the operatdf is continuous [3].

Lemma 1l

If an automorphisnT with a simple spectrum admitsZa fibring J, thenv'7 admits J ifv/7 exists.
Definition
1. We say that the ordered pair of numbétsB) in [0, 1] satisfies conditiol€ if A is irrational and there

. . . . P
exist a sequence of irreducible fractions such that
a,

F’n_ﬁzo(a (1.1)
q, a

C.2: There exists> 0 such that for all integets

C. 1

> holds (1.2)
a,

-8
d,
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2 Suppose that for the pair of numbers
1-a -
= 1o go Bro L9
1+f-a 1+ -a

. P . L .
The sequences of rational numbe#s andﬁ exists satisfying the conditions

a, d,
B.1: P, andg, are relatively prime and], — O
B.2: Line Al=° (izj (1.4)
ql‘l qn
B.3: Y _B =°ﬂli (1.5)
qn qn

Then the automorphisn®, , admits a cyclic a.p.t with spee’c(n’l). Now our construction begins, Ié'vl ,,u) be
the direct product of [0, 1] with Lebesque measure and thepbint spaceZ, :{l—]} with measure(%,%] . We

consider the automorphism S of M that is a fibre bundle étseP, , defined as

x+l-a for 0sx<a
P, ,(X)=1x+1-a-p for a<sx<p (1.6)
xX=pB for § <x<1

and function
-1 for Osx<(B-a+1)*

wW(Xx) = 1.7
) 1 for; <x<l1 (3.7)
1+8-a

for a -t and :é. Now let S be a fibre bundle with baBe , (x) define as

242

3

NI

2

x+1—i forOsx<i

22 22

1 2 1 2
P, (X)={x+l-——-< for——<x<= (1.8)
% 22 3 227 3

x—E for<sx <1
3

and function
-1 for 0sx<(B-a+1)*

W(X) = 1.9
) 1 for ! <x<l1 (1.9
1+B-a
operating in the space M. Note that since thetfanav(x) has valuest 1 and since, is the decomposition of [0,
1] into intervals C,= {EI—} fori=1, 2, -0 (1.10)
' q, G,

(whereq" = 10" + 1), the set W(1) and W(-1) are oddly approximated with spe%cﬁn_l) with respect to the
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sequence of decompositiep From theorem 1 together with definitions B1B3 the automorphisn® ,  (x) has

27\/? 3
a simple spectrum. This is true becaus& :'rfl_—a, where a :iandﬁ:E then A:Mand
1+8-a 242 3 382
A+ =0.492300706 Also B = F-a 142-36/2 = B* =0.238451047 Now using
1+8-a 382
P
- - A{ < iz (1.11)
qn qn

With a fixed g,=10" and since between any two real numbers thererai@nal number, we can choose positive
rationals R, P,, ..., B, such that

LN P
10 10°
P, 1
-Al<
10° ‘ 10
R _ Al< 1
10" 10"
Forn=1, 2,... condition C1 holds: Also since B* = 0.23845104a@ndition C2 holds witlh = 1. Thatisiff =1 >
0 then for all integers 't B > L (1.12)
d, d.

holds. For conditions B1- B3 observe that B1 holds since we can choose flestch thatq, =10" +1 and R

are relatively prime withg,, - © as n - . For B2, we see from the above that

P
L-Al=° (iz] (1.13)
qn qn
.| P
Q:|—-A| - as N o (1.14)
- . t 1
Similarly, B3 holds, since ~—-B|=o (—ZJ (1.15)
qn qn
QL= -B - wasn - w (1.16)
Now, since conditions C1 and C2 hold, the automisrphP , _ (X) has a simple spectrum and by Theorem 1,
ﬁ' 3
together with B1 — B3 the automorphisn® ; _ (x) admits a cyclic a.p.t. with speé’d(n_l) Now consider the

242 /3
fibre bundle U with base S and function(y) =w(x, j) = j with y=(x, j)tm, j==1. Again the sets W* (1)
and W ! (-1) are oddly approximate with respect to theusege of decompositios, of the space M with space
° (n‘l). By theorems (1) and (2) the automorphism hasnéirtuous spectrum. Also Lemma (1), the squaré @bo

U is a fibre bundle with bas¢'S (if it exists) and function Kff where F¢) must satisfy
F(/Sy) Fy) = w(y) (1.17)
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Equation (1.17) was obtained from the definition af fibore bundle T' with base T and function
T (% j) = (T,, W) j)xe mjeZ, Now U(y,i) = (Sywy)i) y=(x j)i0z, (1.18)
VO, L)=(Vsm) FviL (1.19)

where S(V,L) =P, V), wV)nnOZ, PutV =Js y in (1.19) then we have

L
JulVsy L)=lVs vsw) Flvsm)Ly =(sm. Fvsm L) (1.20)

If L(y) = | F(y) then|L(y)| =|iF(y)| =|F(y)||i| =1 using the fact thafa,,b,) = (a,.b,) iff @, =a, andb, =b,

and comparing (1.18) and (1.20) we have that  F(y/S(y))F(y) = w(y) (1.21)
If we put J(X, |) =(x,—j). Thenvv(j y)=—w(y) which from (1.21) gives

FVS@ y)F@a v =-wy) (1.22)
Multiply (1.21) and (1.22) F(y)F(j y) F(\/g(y))F(\/g(j y))= -1 (1.23)

We put F(y) F(j,)=6(y) sincej is a Z, fibering of S and S has a simple spectrum by Lenfiathe
automorphism; and +/S commute (i.e. jo+/S =ySe j) and thereforé (yS(y))F[VS(j,))= 8lvS(y)) from

(1.23). We obtain ()6 [Vs(y))=-1 (1.24)
Since @ (y) takes valuestl, it follows from (1.24) thatd (y) is not a constant. Noqvﬁ(y)| =1 for ally,
then from (1.24) 6 (\/5( y)) 6 (x/§( y)) =-1 (1.25)
e 6 [Vs(y)) 6(sty) =-1 (1.26)
Since 8 (\/g(y))2 =1, becaused takes only the values 1 and — 1, we have by (128)
oVs(y)) e(sty) =-(8s(y)) (1.27)
Hence 6 (S( y)) =-60 (\/g( y)) or (1.28)
o(sty) =6 (/s(y) (1.29)
the latter i.e (1.29) cannot hold because of (1.26) 6 (S( y)) =-0 (\/g( y)) (1.30)
Also -8 (y) 0(\/§(y))=1 by equation (1.24). Se,té?(y)é’(\/g(y))=(6’(y))2 (1.31)

becaused take valuest 1, hence-6 (\/g()/))= é(y) ord (\/g()’))= @ (y). Again the latter cannot hold because
by (1.24)8 (y)and @ (\/g(y)) always have different signs. Sd? (\/g( Y))= a(y) (132
Thus , 6(s(y))=- 6[/s(y)) =6(y) (1.33)

Which contradicts the fact that S is ergodic, beeaan automorphism on a probability space is weakgif and
only if it has a continuous spectrum and becauseak mixing automorphism is ergodic.

2.0 Conclusion
SinceU does not existsy/S which is the base oflU does not exists ang . . which is the base of
27273

JS does not exists. Therefor® % with a continuous spectrum does not have a sqoate
?/E' 3
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