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Abstract

We establish further results concerning the existeminiqueness and stability
of weak solutions of quantum stochastic differémguations (QSDES). Our results are
achieved by considering a more general Lipschitdétoom on the coefficients than our
previous considerations ifil]. We exhibit a class of Lipschitzian QSDEs in the
formulation of this paper, whose coefficients andyacontinuous on the locally convex
space of the weak solution
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1.0 Introduction

We investigate the existence, uniqueness and ityabiilweak solutions of QSDEs in integral form giv
by

X(t)= X, +[{ E(s,X(s))d O, (s)+F (s,X (s)dA (s)+G (s,X(s))dA (s) (1.1)

+H(s,X(s))ds),t0[0,T].

This paper continues our previous work in [1] in thenfesvork of the Hudsom-Parthasarathy [2]
formulation of quantum stochastic calculus. We consider @ meneral class of Lipschitzian coefficients E, F, G,
H. Our approach in this paper is the weak formulatiorhefrhethod employed in [3]. As in [3], we are able to
exhibit a wider class of Lipschitzian QSDE (1.1) whose ddefits are only continuous on the space of our
guantum stochastic processes. Our previous works [8]4iave focused on some qualitative aspects and
approximations of the weak solutions of [1.1].

We employ the notations and structures introduced in [LV&§ refer the reader to the references for the
details of the various spaces employed in this paper. Quitsrés this paper enables us to accommodate a wider
class of equation [1.1] in our approximation theory,ségtig the Lipschitz condition with respect to the weak
topology employed in the references [1, 4, 5, 6, 7]addition, we refer the reader to [2, 8, 9.] for some istarg
accounts of the Hudson—Parthasarathy quantum stochastic calghledirst and second fundamental theorems of
Hudson and Parthasarathy [2] induced the weak and strootpgigs employed respectively here and in [3]. For
any pair of, 01D O IE such thatp,=cO g a),§ = dO e(,B),a,,BDLﬁ(IRJ, we shall in what follows, employ

the equivalent form of (1.1) given bg[ <n, X(t) & =P(t; X(t) (n7,5), X(0)=Xq,t0O[0,T]

(1.2)
The explicit form of the sesquilinear form valueapi is of the form P(t,x)(77,8) = <7, p,, (t, X) &>where the

mapP/p_ [0, T]x A ~ Ais given byP, , (t,x) = f,, (1)E(t,X) + yB(t)F (t,X)+ 0, (1)G (t,X) + H (t,x)

forall (t,x) O[O0, T] % A (see[1,5,7]for details)
|
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The rest of the paper is organized as follows: iBec2 is devoted to some fundamental results and
assumptions. Our main results concerning the axsteuniqueness and stability of QSDE (1.1) arabdished in
Section 3.

2.0 Preliminary results and assumptions
As explained in [1,4,5,6,7], in this framework, guam stochastic processes ke valued maps on [0.7];
the spaceﬂ is a locally convex space whose topology is gardrhy a family of semi-norms
Ix]l,e=I<n,x&>1],n7,§ 01D O IE. HerexOA=L,(ID O E,IRO /(L (IR,))).
Definition 2.1
(@ Let F(ID OIE)*.denotes the set of all finite subset§ldf O 1IE)*. If xO Aand ©0 F in (ID 0 IE)Z,

define |x|© by |x|© = (m)ax"x””{ . Then, the sef||],: @O Fin(ID O IE)?} is a family of semi-norms oA . We
7.§) 0e ! -

denote byr the topology generated by this family of seminaoma .
(b) Let | = [0,T] OIR,.. A map®:IxA - Awil be called Lipschitzian if for each pairn( ¢)
O(IDOIE)?, the map satisfies an estimate of the type

1Pt x) =P V), ¢ <K LOITX=Y ooy - (2.1)
for all x,yOAand almost alltd land where Kpeil - (0,oo) lying in L',.(1) and ©, is a map from
(IDOIE)® into Fin(IDOIE)?.
Remark

Let L (,Z\) denote the linear space of all continuous endqmsms of A. Then the above definition

enables us to exhibit a class of Lipschitzian mep®llows.
Theorem 2.2

Let A IR L(;&)L and F:IR, x A A be given by F{t, x) = A (t)x, foxd ;A-\,tDIR+ then F is

Lipschitzian.
Proof

Let x,yO AtO R, ,then

IIF (& x)- F@ Y) 17 = [IAGM) x-A®YIl7e= [ AO(X-Y) llne < C AM)IIX= Yl (179,
where C (1) is a positive function depending 8nt,¢, and ©, .is a map from(ID O IE)? into Fin (ID O IE)*.

Remark
€) Theorem 2.2 demonstrates that all continuous lineaps of A into it self are automatically Lipschitzian
in the sense of this paper.
(b) SinceO is a finite set, we see thiiix||,= || x]|, ¢ for some ' &) 0O . Using the foregoing fact, we

employ in the proof our main results below the fhett a map®: | xA - Ais Lipschitzian if given anyr( &)
O(ID O IE)?, there correspondsy( ,&) O( ID O IE ) such that||® (t, x) = ® (t, y)Il,, < K7 () [[x=y]l, ¢ for all

X,y A and almost all C1.
(c) By employing the definition of the map R{{(n7 &) that appears in (1.2), and by the remark abovés it
easy to show that if the coefficients of (1.1) lapeschitzian, then the map Pxt)(n ) is also Lipschitzian. That is,

there exits ', ¢ )O(ID O IE)?I such that for allx, y [ ~A [P(t,x)(-PEY)(n7, OI<K? e OI|X-Ylln' e, where the
map K" :[0,T] - IR+ liesin L'[0,T].
(d) Using the definition in (b), we see that ifIR; +— A and (7,,&) O(IDOIE)? is a fixed point, then the
map F defined by F(k) = <n,,x &> P(t) is Lipschitzian, since for anyitiR, ,x,y,0 A

[F (620 F(y), <P, =Y,
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In what follows, we shall frequently employ thesfirfundamental theorem of Hudson and Parthasan@tsy
[1,2,5]).

3.0 Existence, uniqueness and stability of solution
The main results of this paper are establisheflimgection. We recall here that by a solutioeaiation

(1.1), we mean a weakly absolutely continuous ststith processp] L2 (A) satisfying equation (1.1). First, we

present the following notations.
Definition 3.1.

Let K;(t) be the Lipschitz functions appearing in (1.3.hefl, we define the following constants

K,; =esssupKr, (s), j=0L--1, (7,.&,)=(7.¢)

L’] - ma){Kme" j=012-- ’n_]}’ Lne’ :Sn;‘,l\‘r{l‘/zf.n}

loc

Theorem 3.2
Suppose that the coefficients E, F, G, H appeanmngquanon (1.1) satisfy estimate of the form Y21dd

belong to L, (I XA) Then for any fixed point @Xof A there exists a unique adapted and weakly absglutel

continuous solution®® of quantum stochastic differential equation (1dfjsfying @ (0) = X,.
Proof
As in [1], we will establish the theorem by consting a Cauchy sequenc{@bn}n >0 of successive

approximations of® in Z, In what follows, let7,é 01D O IE be arbitrary. Let [ [0,T] and define®  (t) = X,
and forn> Q. o

®,.(1)= X, +; (E(s.®, () dA(s)+ F (s.,(s))dA (5)+G (s, () dA () + H (s, (s))ds).
We have established in [1, p. 53] that ed@le(t),n=> defines an adapted weakly absolutely continuousga®in

m(A) Next, we consider the convergence of the suoceesgiproximations. We have by using the definitbn
the mapP that appears in (1.2)

I®,..©-®,Ollpe=1<n, (®,..0)- P, ©)5>]= (P(5P,(5) M.§)=P(s, @, (), §))ds|.
Since the coefficients E, F, G, H are LipschitzidagnP is also Lipschitzian; in the sense that correspantb any
pair of elementsy, §0 ID O IE , there exists another paj; ;11D O IE such that

IP(tx) (7,€) =P (ty) (7.6) | < K2e®) [ 1X-Y | Ip,&, . Ox,yO A t0[0, T],
with Lipschitz functionsK ?¢:[ 0, T] - (O,)lying in L ([0,T]).
Hence, @ 0)-P Ol <K, E)IP,6)-P, . (8)l , &
Again, 12,(8) =@ ()l g, ST K (8NP (S ) =@, (S ), S
Therefore, ., (0 -®, (1) llpe < [K.2 (8) [ K2 NP, (8" )=P (S )l,p,, B'F
SK Ko Lol @,.(8")=@,, (3" )Il,,., d$ ds.
Consequently, at theth iterate, we obtain
@, () =@, )], < BKF (DL K g () L7 KE e, SN @4(5,)- @8Il dsds, Tds,
Since the map s- ||@,(s)— X, || is continuous on [ 0,T], we pR , = sup || @,(s)=X,]|,,, - Then the last
sO[0.T]

282

Inénn

inequality satisfies

sn-1 tn (LHET)"
|®...(t)-,(t )|| <K,K,, OIK, R [0 dsds, Mds, <(L,.,)"R,, SR
N T
therefore, for any n>k,[| @ ,(t) =@, ()], < 2 || @,..(t)-@ (1)]], < Z &, )< R, exp(L,T)<w
m=k+1

It follows that{® (t)} is a Cauchy sequence i and converges to some adapted, weakly absolubelincious
processd(t). We conclude that the limit satisfies equatiorl)®xactly in the same way as in [1].
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3.1 Uniqueness
Suppose that(t), t O [ 0,T] is another adapted absolutely continuodstim of (1.1) withY(0) = X,
Then, in the same way as in the proof of existericmlution, we obtain the estimate

L,T)"
I|¢(t)-Y(t)|IUS%[SOl#PII o(t)-Y(1)l|

nén "

Since the right hand side of the inequality istérfor eachn [0 N , the sequence converges to zero as v .
Consequently| ®(t)-Y(t)|[,=0,0n,e0DOE, and so®(t)=Y(t) on DOE,tO[0,T]

3.2 Stability

As in [1], we show under our present Lipschitz aition, that the solutions to the stochastic ddfetial
equation (1.1) are stable. By this stability, weam that small changes in the initial conditiordléasmall changes
in the solution over a given finite time intervaidafor arbitrary pair of elements,e 1D [ E. to this end, we make

the following statements. The coefficients E, F,HGand the integrators] , A, ,A; and the Lebesgue measure
remain as in Theorem 3.2 above. Xéf), Y(t), t O [ 0, T ] be the solutions to the QSDE (1.1) cormegfing to the
initial conditionsX(ty) = Xo andy (to) = Yo, respectively wher,, Yo O A .
Theorem 3.3

Givene >0,000 >0such thatif || X, =Y, ||,.<0,for alln,e 0D O E,then|| X (t)-Y(t)]|,, <Oforallt O]
0,T].
Proof

As in the proof of Theorem 3.2, 1&, (t), for n = 0, 1,... andyY, (t), for n = 0, 1... be the iterates
corresponding to initial condition§ andY, respectively , so thay(t) = X, andYy () = Y, for all 0t <T. then we
obtain the following inequalities.

11X () =Y (O T X0 = Yo e+ Ko [0 X =Y T K I X s (8 ) = Yo () s it )t ]
=X, =Y, I, +K ot X, =Y, [ +K Knmugluxnl(t) () ], dtdt,.
Again, thereexits (n,,¢,) (DU E)? sucnthat
11X, () =Y (O I <X =Y, [l +K Lt X, =Y, ||qm
K K [ Glx Y, Iz +K e :fnx“(t) (1) s it B,

=X = Yo Il +K X =Y ] IIX =Yl

niel nlsl n2e2

SR KKl [ T2 X (6) =Y, )||n353 dt,dt,dt, .

niel
At thenth iterate, settindr]o, 0) = (n,E), we obtain the estimate

ntn

I X (O =Yoa (O 1 S OX G =Y e +L 11X =Y [y + 0B O — ] X, =Y, ||

nlel

nnen

n+l € m
+L mjoj | X (t, +1) =Y, o (Loia M lnesenss At A, OIIAIE, Z L t™ 1 Xy =Y e
< Z m ” X Y ||r|rr£m S|| XO _YO ”r|1£' exm anT)
wherel| X, =Y, ||, = max{|| X, —Y0 Il e »M =012 (M +1}.

We now apply the condition thX,-Y,|,.<d forall (7',')d(IDOIE)*, and conclude by letting

O

n - oo that|| X(t)-Y(t <e¢,whered =———
[ X(t)=Y(t)]l, expL.T)
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