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Abstract

A non-homogeneous semi-infinite elastic material containing a
semicircular edge notch of radius a, is studied for determination of
deformation fields and maximum anti-plane shear concentration. The mode
of loading on variable intervals [a;,bj], i =1,2, leads to expression for the

maximal stress, g, (a, 0) as a product of two terms; the first is analogous to
a known anti-plane stress concentration term for a circular hole in an

infinite body while the other term is a measure of the contribution of material
constants and changes at load site to the high stress concentration. The

special case of our result for g, (r, 0) when the notch is absent (a = 0) isin

a b
agreement with known results. The variations g, (a, 0) with b—(or—lj
a
1

are displayed on graphs

pp 47 - 56

1.0 Introduction

Stress analysis of homogeneous and isotropic elastiterials containing notches of various
geometries have been carried out by various auiisess for example [1-5] ). Mitchell [1] used trabed
mapping function technique to analyse a homogeneoaterial whose geometry is similar to the one
studied here but subjected to remote uniaxial tensind obtained results that indicate maximum stres
concentration factor of 3.08. Rice [3] considea@cklliptical hole, of semiaxesin thex direction and in
they direction in an remote biaxial inplane tensides, ) », (5, ) © and anti-plane shedk,) ».stresses

at the end of the semiaxis of length a are 0,@0)=(c,) o{1+ 2%} -(o,) ®
(1.2)
oﬂ(a,O)z(oﬂ)oo[nﬂ (1.2)
The uniaxial tensile result may be obtained fromXIn the absence ofx(, ) as
0, (a0)= (cw)o{n 2%} (1.3)

Anti—plane results often obtainable from simple calculations, clopeddict tensile

results, as (1.2) does to (1.3).

In this paper, we study states in a non-homogerimearly elastic semi-infinite material
weakened by a semicircular edge notch of raditheamaterial is made of two quarter planes pesfectl
bonded along their interface in tledirection which terminates at the notch. The mal® have elastic
constantsy, for the upper quarter plane and, for the lower quarter plane opposite shear lodds o
aggregate magnitudes @nd T,, which need not be equal, are prescribed on Margthaight line segments
of the feel surface, in the y direction. The nosthface is stress free (see Figure 1). The lodided
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segments are intervalg;[b] whose lengths L= h - g, = 1, 2, need not be equal nor symmetric about the
origin but whose alterations cause the change€g,in=1, 2. We adopt the convention of attaching the
subscript 1 to items associated with the uppertguatane and relate the subscript 2 to items coimg
the lower quarter plane.

Our method of analysis and loading direr from thagplied to the homogeneous cases cited and
has been used [6,7] in studying problems withdihibundaries whose sub-segment are loaded.

2.0 Governing boundary value problem
The non-vanishing stresses satisfy the relations:

ow. ow. .
O (X Y)W ——=(XY),0,(XY) =W, —=(Xy)i =12 (2.1)
0X oy
The following conditions are therefore satisfied at the lots:si

ow, T, ow. T
O; :——1'a1S Sbl, : On :_2’_a sys-b
50 (OY) m y o (OY) PR ys-b,
In terms of polar coordinates, xreosé, y =rsind the conditions at load sites become
ow r,iz =i,i=1,2
0o 2) u
Thus the problem is that of finding (r, 8), i =1,2 in the boundary value problem

2 2 _
0 410,10 )y (ro)=0 ""<o<” rza i=12 2.2)
or 2 2

ror r? o6’
w(r0)=w,(r0) % roy=p. 2 (ro), r2a (2.3a)
(AR AL 4 00 ) M, 20 J) =2 .
OW [ )T o creh,, 9=(-)*Z,i=12 a<a <b,  (2.3b)
0X 2 H U 2
O a6y=0, <ol (2.3¢)
20 2 2

Utilizing the conformal mapping function defined by
{(z):l(i—fj, 2= x+iy (2.4)
2\a z

The original notched half plane is transformed iatplane with a cut along its e_rgire left real Jikggure
11. Let p,¢) denote polar coordinates in tfeplane such thaf (2) = pe ¢ z=ré

_ﬂsqosmf—;[s@sg, p=0,r=a

Suppose&(r,0) =u(r,8)+iv(r,0) thenu(r,0) =pcose,v(r,0)= psing implies p(r,8) = {U’(r, ) +

g
VA(r, )} 7 and cotqz):M Whereu(r,e)=[li—3jcose andv(r,9)=[li—3jsin9. Therefore
v(r,6) 2a r 2a r
ﬂ(a,H):O,lrsé?sl—T; % r,tl—T :O,Q(r,O):O,rza
or 2 0 2 00
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2
Sincev r,il—T =%p r,iE = 1 r,2 , I =a, it follows thatL:p+(pZ —1)% and so
2 2 2\a r a

ae(r +7—Tj = (,o2 —1),0‘1, p@1l. Using (2.5) together with the fact thazp(r,e), i =1,2, we get

el "2
M r,tE :_Ovvi p,il—T a_qp r,tE , 1=12, p>1 (2.6a)
06 2 op 2)06 2
aV\4 (a,g):M p,il_-[ a_W(a’g)’ i=12, p<1 (Z.Gb)
or 08 2)0¢

The transformation converts the problem to thatad¥ing the boundary value problem fafp, ¢),i =1,
2 given by:

]Wi(p,(P)=0, p=0,—mM<E< T i =12 2.7)

op* pop po¢
ow, ow,
w(00)=w,(p0), 1, - (p0)= 4, ——=(0,0), p=0 (2.8a)
@ og
M p+]_T = at, [p+p2(p2 —1)%1:| a <sp<pB,i=12
op\" " 2) u o Emme (2.8b.c)
=0, pma,pepB,i=12
a=22,2] g LB a) 560 =12 (2.8d,e)
2{a a 2 a b
The asymptotic behavioursof (p,¢)i=1,2 asp - 0and asp - o are determined from (2.8c). The

results arew, p,(p)=C3p% sinc—zpasp -0, w( p,(p)=C4p% sin(—zp asp - «.

3.0 Solution of the boundary value problems
The Mellin transform of; (p, ¢ ) is denoted byw, (s,;z)): Iy W(p,qo) o~ ldp, —% T Res n%.
Taking the Mellin transform of (2.7) and (2.8) give

d° s Wi(s,9)=0 “lcRes<d, =12 (3.1)
d¢2 ! ] ’ 2 21 y .

— — oW W

W1(S,0)=W:(s0), ,ul—1(8,0)=,uza—(s,0) (3.2a)

0g og

OW, (52T =81 ¢ (gy,i=12 (3.2b)

0] 2) 2y,
Where the Mellin transform of (2.8b) yields
1 $+1_a$+1
fi(s>=fﬁip5”(p2—1)de+%, i=12 (3.3)
' s

1
The Taylor series expansion of (f) -2, |t| < 1 will be written as

(1-1)7 =Sat" (3.3b)
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(2k)!
22k(k! )2 :

‘S—2k+:‘l_a $—2k+1 ‘S+1 —O'.S+1
akﬁ AT P ot L i=12(3.4)
1 s-2k+1 s+1

Assuming the solution of (3.1) in the form

Where the coefficients are given /= In view of (3.3b) the integrand in (3.3a) conti

L
2

M

ps(l—p‘z) =:§)akps‘2k.Thus f, (s)=

k

V_\/i(s,(p)=A(s)sinS(p+ B,(s)cosgi =12 (3.5)
The continuity conditions (3.2a) yield
Bu(s) = Bx(S), 14,A(S) = 1,A,(S) (3.6)
Using (3.2b), (3.5) and (3.6) we get
A(S)=5 AT () +(L-Y)T, 1,(9)] (3.72)
Hi SCOS— S
2
B(9)=3| (L+v)= 1.(5)-(1-y) 1(5)} ! (3.70)
Ha i S sinEs

M, —H,
V = -
M, tH,
The displacement sought for is given by the invéisdlin transform denoted by

1 i 1 1
@) =— [T"W(s, “ds, ——<Res<=
Mp¢)2mkm( P)p 5 5

Using (3.5) and (3.7) we see that

. Shnsg ds

w,(p, qo)——{—. cela )T () +(1- )T, FL(8)] o7
SCOSES

24,

W Cf‘“[(1+y)u f.(5)-(1- v)—f(s)} B S R

2mi 2 ! ssin—s
2
The singularities that enter the evaluation of By residue technique are better understood byessmg
. . P - = t1—2k 2
f.(sjp™in the form f,(s =g(sB.)|=—| —-g(sa, where g(s,t) = —+ To
() (s)p™ =g( B.)(BJ 9( )( j olst)=S o+

P c1and P >1 jointly. Jordan’s lemma then
a

implies closure of contours in the left half plaRes < 0 forp <, and in the right half plane Res >0 for
sinsg

obtainw; (p,¢) when a, <p<p,,i =12wenotetha

p > a,,i=12. Whenp >g, the first integrand in (3.8) involvexs, S, ) which has simple

scosz S
poles located at s = -1§2 1),n = 1,2,3, ... and a pole of order 2sat -1. Consequently we derive

1 C+ico - SlnS
15 (0.0)= .L.wg( B )(,3 j —ids-ﬂ[—|n[;jsn¢ @pcos@+sing}p
! scosE i
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2 A _1 n-1 ﬂ 2-2n-2k
ZZ( ) k J
nn—1k12n 1" 2-2n-2k

cossg

*d€n(2n-1)g, j=12

in the second integrand of (3.8) is foun¢s, 5, ) which has simple & =2n,n=1,2,3, ... and

ssinE S
ats=-1. Therefore

(2) _ 1l e 1% B COSS@p _ 1ee(-1) /3,-1 o n -
12(0,¢0)=— g(s,ﬁj) il ~ ds=2pcosg-=3 3 a p®" cos2ng, j =12

- Je-iw k
B, ssinZs Tkt n 1-2n-2k
2
When£ >1, the functionsto be considered are-g(s,a, )ﬂ and-g(s,a,) cosslquo , =12
a scoszs ssinzs

in the first and second integrands respectively fitlst integrand has poles of orders Zat2n-1, n =1,

2, 3,... . While the second has simple polesatZzn-1,s=2n,n=1, 2, 3,... . Hence the integrals are
evaluated as follows:
1 e p)  sinsg (-1 Ano
1) = s,a )| &= | ——ds= k——— p " sn(n-1
(p.0)=— [ ,)[ ] - mzlkZlan L (n-1)¢
j scoszs ke

sin(2n—1)(p

] p-(2n-1), j=12

20" P B o
ﬂnZﬂ on-1 an{ Ina sm(2n 1)¢)+(pc05(2n 1)¢,

i

(2) _ 1 e P " cossg _¢ 9™ ~
15 (0.9) o . 9(s, ,)(ﬂ} ——ds D cos(2n-1)p

I ssin—s
2
+i iﬂg(zn’aj )prn C032n¢, J :1'2
JT n-1 n

The form of the solutiorw, (p,@)whena, < p<B,,i =12isthen writtenas

w,(p, cp)——{1+vﬁ[1(éip<p )+12(0,0)]+ (- V)T, 1 (0,9 412 (p.]

+Hi[(1+V)u {“)(D#P)}-(l—\/)%{l?( ®)+1% (p, tp)}”,iﬂz

2 1

(3.9)

Next we derive the form of(p,¢) for0<p < a,,i = 1, 2,... . By first noting that£<1 and [3£<1
a

all at once. This leads to the integrals in (:8)ng evaluated with p<1 and therefore wij{k) given in
(3.4). Jordan’s lemma indicates closure of contautke left half plane Res < 0. All poles there simple

and contributed by coszrfs in the first integrand and by 51'72113 in the second integrand. Hence
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. eviom . Snsp 2 e (-2
15 (v, cp)——I L f(s)p ——ds==Y+—"—
2ni scosgs T 2n-1

fj(l— 2n)p>* sin(2n-1)p, j =12 and

1(0.0)=

1 e . Cos " ) .
omi pard RN E)s ?—E[p T[Z( n) f, (-2n)p? cos2ng, j =12
ssin— 55

which then imply that for0<p <a,i =1, 2the solution is

w (p, )=%{[(1+vﬁll‘i) (p.0)+@-V)T,1" (0. 9)]

an {(1+ V)J—Zli”(p,tp)-(l-v)Ll(?(p,tp)} } i=12

(3.10)

2 1

4.0 Notch surface-interface junction fields
The notch surface- interface junction is approacheg — 0 sequel to which (3.10) yields the
displacement fields there as

w(p,tp)=i{(1—v>T1f1(—1)+(1—y)T2 f,(~L)}psingasp — 0,i =12

([5 -2k a—zk) B,
From (3.4)f,(-1) = Za T+2 In( ] i =12. Using the relationship
qi

k=1

(B j {ai - af—l] _
f.(-1)=In +In| ————|,i=12 (4.1a8)
a Bi - -1

> kktk— 2Int+2|n&[ N1- ) 2In2,|t|<1

it is readily seen that

2 2
Inserting (2.8d.e) into (4.1a) and using the fhatt%(q +1] —1=i(q—lj , we get
q q

4
b,a
f(-1)={In a_b +In(&j b >a =ai=1.2 (4.1b)
a a a
7+7 i
a a

From (2.4) we obtain the relationsl—%e(L+3]sin6= psn@asp - 0and r —» a. Hence
a r

W (r,8)= =2 {(1+y)T,f,(~1)+(1-y)T, f,(-1)} (L+Ejsin6, roai=12 (4.2)
21y, a r
The stress fields are obtained from polar equivalen(2.1). The results are
0iz(lf,9)=Zi{(lw)Tl1‘1(—1)+(1-\/) f,(-1)} (1-—j5|n9 r-ai=12 (4.3)
i
2
0,,(r,0) =2i{ (I+y)T, f,(-1)+(2-y)T,f,(-1)} (1+a—2jcose, r-a,i=12 (4.4)
i r
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The result in (4.4) agrees with the case givendi)(of [8] when there is no notcla € 0 ) under
concentrated shear forces. The results indicatenabsof stress singularities even wiaeis small enough
to approximate a narrow notch.

5.0 Conclusion

To understand the location with highest stresscentration, we investigate the fields near the
point (a, 0 ) and as - . Letq be a ration umber close to but greater than 1.allAbcations (r,e)
within the material withr = ag, we see thao, (qa,e)s O, (a,O) and o, (qa,e)s O, (a,O), i=12. The
form of w, (r,e), asr - o, i =12 is deduced from that ofv (p,(p), whenp @f,,i =12. Since for this
casep@f, and ppa, atthe same time, (3.8) is evaluated WiItj(s) given in (3.4) andp¢l1l. The

contours are closed in the right half place Reswh@re the integrands in (3.8) have simple poléke
dominant term ofw, (p,(p) is obtained as

w(p,cp)=2_—TS{(1+v)T1f1(1)+(1—v)Tzfz(l)}p‘l sn?,asp - @,i=12.

Application of the relatiorp™ sing=2ar ™ sin® obtained from the mapping (2.4) ps-» o, andr - «

yields  w (r,@)= _Zéz {a+y)T,£,0)+@-y)T,f,(@}r *sinb, asr - w,i=12 (5.1)
w (@)= — 2@y, @+ @-y)T, 1, @) " sing, asr - w,i=12  (5.2)
wo (.0 = 222 ()T £, + @-y)T, £, @)} cos6, asr - w,i=12  (5.3)
From (3.4) fl(l) contains iakﬁ whose sum is found by noting that integrating bsites of

k=2 = 1-k

> at™=-t —%t’l +(1—t’1)_7, | > 1 and changing variables through=1t" yields
k=2

RS 1 1
Yo, =—t—EIn t+2[(1+&%)2de+c, [t|21
© trx 1 1 1
from which we get DL :—t—zln t+t2 (t-1) +In(\/f+\/t—1)+c, |t|=1 then
k=2 -

1

- _2(1—k)_ ‘2(1-k) . s
L)=2a, %Wﬁf ~a?)= -t + (g )7 - (o <)

5.4

,81 +\Jﬂi2 -1 . 64

+In| ———,i=12
a, +yal -1

In view of (3.4) f, (1) i =12 is defined at all finite values @, @ a, ¢ .1t follows from (5.2)

and (5.3) that the stresses vanisiras . On the other hand wher= a and 6 = 0, (4.2) indicates that
the junction of the notch and the interface isdisplaced but that the stress concentrated thetedaced

from (4.4) as o, (a,O):%[(1+ YT £ (-)+@-y)T,f,(-1)] (5.5)

The notch tip stress (5.5) therefore experiencesntlaximum stress concentration. This implies that
cracking induced by loads will commence at the Indis. The response af, (a,O) to variations of the

applied loads achieved by changing the load sigthes is displayed in Figure 3 for the case when
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T,=0,a, =Ab,A@0, so that the variable load site is the interv@k bl,bl] of length
L= (1—)\)bl, OrmA ml. From (4.1b)f, (—1) takes the form

f,(-1)= (5.6a,b)

In Xt +1 X:& i
(Ax)+1]] a’

N

The load site length may be varied by selecting from terms of a sequence that converge to 1. From
(5.5) we see that,, (a,O) depends on materials constants except W'Fleﬂp(—l):T2 fz(—l) which arises
from application of equal and opposite loads omsags of equal length for which

b a
a b b
0ez(a,0)=ET1 In| 22 +In(—lj
il A a)
a a
The stress concentration for a hole in an infipisne under remote anti-plane shear may be dedtmed
(1.2) whema=b as oyz(a,O) = 2(0yz}oo (5.7)

The infinite plane with a circular hole is equivaléo a semicircular notch in a semi-finite plarieried
with its mirror image. Now substituting, (—1), i =12 of (4.1b) into (5.5) yields the maximal stress
concentration as

b, a b, a
24+ 2 24 2
o, (a0)=2T | In| 2P | 4in[ 2 (ﬂjun in| 2P | 4in( 2 [ﬂj (5.8)
a ., a a 21 a,a a, 21
a a a a,

In (5.8) each term on the right hand side is coragas 2T, , i =1,2 comparable tdz(cﬂ)oo , of a circular

+
hole in an infinite plane, an(gll'—y)% f, (—1), i =12 that contains material constants and is a fatilitaf
T

estimates of effects of load site perturbationshenstress concentration.

5.1 Concentrated shear force
2
The relation [9]In[£J=£—1+O (B—lJ ,B—J‘nl implies In[—pj=£—1 asq - p and
a, ¢ q q a, q
may

be applied to (14.1b) to get

fi(—1)={[bi "4 _ 23 (h-a )}(ﬁ+i}l+b‘ ;a‘} asa - b,i=12 (5.1.1)

a ab a a

Shear forcet, , concentrated at a distanbefrom the origin is obtained i, - « and (bi -3, )Ti - T, as
b (b B

a - b. With such consideration, (5.9) leads tdT, fi(—l): 2%[—'(—'+bij ] as
i a a i

a - bi Ti(bi _a‘i) -
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T,,i =12 which substituted into (5.5) gives the state ofstress concentration at the tip of the notch due

to prescribed concentrated shear force. Divisignbp to getb—' in the expression foif, fl(—l) was

introduced for dimensional consistency (see fomgla equation (4.2) in [8]. Here, T, fl(—1)= 2;—

whena = 0. The cas&, = 0 gives stresg, (a,O) due to concentrated share forceas

& —E -_— 2 o :3 :E - 2 2 - :&
- oez(a,o)—n(l y)(x +1) , X 5 ml T[(l y)x (x +1) , X a(pl

1 1

. - . a b .
and is used to study the variation @f, (a,O) relative to— or — under the prescribed concentrated loads
a

1

as shown in Figure 4.

bl- r Bl -
-, M w, (x,y) M, w,(p.)
a, a,
- L}
P
a < < ¢ |
O,
-
a, M, w, (x,y)
-, M, w, (x,y)
_b L] _Bz L]
Figure 1: The semicircular notch and load sites$ (recessarily Figure 2: Corresponding load sitté, (¢ — plane
Symmetric):[al,bl] for T, and [a2 ,bz] for T, (not necessarily symmetric)
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0.6
0.5

0.4
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L =0.1b =0.9b
1

131
0.1

| |
T T T T 1 T T T T T
0.0002 0.1 0.2 03 04 05 067 M8 19 10 11 12 13 145116 1.7 18 19 20 21

2.2
. .. oez . a b1 .
Figure 3: Variation—— (a,o) with —| Or— | for various values df
T b, a
bo
0z
= (a0)
T
1
1.1
1.0 i
0.8 :
|
0.7 |
|
0.6 |
|
05 |
0.4 |
|
0.3 |
0.2 I 2 205 05
. : \/—3 ’“2 = ,Hl— -
|
0.1 :
R T T T S T S S S S S
0.0002 0.1 0.2 03 04 05 067 ®8 19 10 11 12 13 145116 1.7 18 19 20 21
2.2
a b
b, a
. L. blcez . a bl
Figure 4: Variation of—— (a,o) with —[ Or— | under concentrated shear force
T (!
1
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