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Abstract

The purpose of this study is to investigate the pamtness of cores
of targets for nonlinear delay systems. Our resudtre obtained by exploiting
the non-singularity of the fundamental matrix forhke homogeneous part of
the system and its “conjugate” equation. Hajek'sguments in[4] of the
notion of asymptotic direction and other conceptsamnvex set theory stand
monumental in the development of this study. Walhperturbation function,
satisfying a smoothness condition — growth conditio A relationship is
established between the boundedness of cores afetarand the Euclidean
controllability of the nonlinear system. This refi@nship gives vent to the
establishment of the compactness of cores of tarfyet the system. We
complement Ukwy9] and Chukwu[1] by answering in the affirmative that
under certain smoothness conditions, the compaciescores of targets for
a linear system guarantees the compactness of coffewrget for the linear
perturbation.
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1.0 Introduction

A core of target' is the set of initial states ofystem that can be steered to the target using
appropriate control. The subject of cores of terdms captured the attention of many authors dante
times as it is being understood as the seeds foexpected outcomes. Markus [8] and Hajek [4] have
investigated the compactness of cores of targetsrétinary systems without delays. Chukwu [1] exted
the results of Hajek and Markus to some non-lireamtems. Ukwu [10] exploited the results of these
earlier authors to establish the compactness adscof targets for linear delay systems. lheagwam [6
established a relationship between cores of targets Euclidean controllability of linear system#
computable criterion for the compactness of cofdargets for linear delay systems was also adiedl by
Ukwu in [9] and initiated effort at studying theres of targets for perturbed linear delay systerhs.
present endeavor is an attempt to extend the sesbthined by Ukwu to non-linear delay systems with
varying arguments in the perturbation function.e Bystem below is therefore presented for invetitiga

& () = Ax (t) + Bx (t-h)+ cu (t) + f(t, x (t), X (t - h), u (t),u¢ h))
(1.1)
X (t) = @(t), t I[to- h, o] h>0; u(t) = uy fort Jfto—h, t]

where A andB are n x n constant matriceS,is an n x m constant matrix amgis
continuous. The contral is a measurablarvector valueau(t) constrained to lie in a
compact, convex non-void subsél, of the Euclidean m-space, suchuais called
admissible, x and f are n-vector functions. The targdtiseta closed, convex, non-void
subset ofE". Let w® denote the Sobolev spage® ([to - h, to] , E") of continuous
functions@: [to - h, to] — E" which are absolutely continuous and whose derivatives are
square integrable on finite time intervals. xif[to - h, t] — E", then fort O [to, t1] the
symbolx; denotes the continuous function og-[h, ] defined by x(s) =x (t + s), s
[to-h,tq].
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2.0 Notationsand preliminaries
Definition 2.1

The system(1.1) is said to be Euclidean controllable if for eadp /7
W, x, DE"there exists a timg t to and an admissible control u such that the solution

X(t, @ u) of (1.1) satisfiex, (pu)=¢ and x (t pu) = x.
Definition 2.2
The core of the target set HE denoted by core (H) consists of all initial points

@ (to) 7 E" for which @ 7 w® such that there is an admissible control u for which the
solution x = x @@ u) of(1.1) satisfies x(ty/G for all t >

to. If @/ W/ and u is an admissible control, then there exists a unique solutiont@isys
(1.1) for t > { satisfying x(t) =@(t) for t [7[to - h, §]. This solution is given by

& (t, @u)=x(t@o) + [ X(t-s)cu(s)+f(tx(s),x(s-h), u(s) u(s-h))ds] (2.1)
whereX(t) , the fundamental matrix of the homogeneous system given below

®(t) =Ax (t) +Bx (t—h), t>0 a.e (2.2)
satisfies
| t=0
X(t) = {O L <0 (2.3)
and where
X(t, @ 0)=X(t) Qo) + B [° X(t-s-h p(9ds (2.4)
Remark
As a consequence of (1.1) being autonomousX (t, s) = X (t -s0) =X (t - 9)
(2.5)

For further definition of the solution matrix see ref [5] page 145. By the tramsfionX
(t,@0)=T () (o) (2.2) becomes

X(t, @ u) = T(t) @to) +J: X(t - s)eu(s)+ f (sx(s)x(s—h).u(s)) ,u(s—h)lds (2.6)
where the family J(t): t > to} is a semi—group of linear transformations with properties
spelt out in ref [5] and [10]
Lemma 2.1 [ref [10] see proof in Section 3.0]

For any a/JE", X(t —s)a =T(t— s)a

3.0 Main results

Proposition 3.1
With the following conditions imposed dn

0] ftx (t), x(t— H,0,0)=0

(i) The set{(t x(t), x(t — h), u(t) u(t-h): L] is convex for alt > to, x 0 E"

(i) fis continuous and bounded locallyunif 0 [0 H and 00 U then OO core H)
and hence cordH]) is non-empty with respect to system (1.1)

Proof
Since f(.,.,.,0)=0, we can choose(to) = 0 andu = 0 in (2.7) to gex(t, ¢, 0) = 0

for all t > t,. This implies that O is in the targdt and so O core {) and coreHl) is
non-empty. Sequel to the convexity dfandH and the conditions imposed on f in
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proposition (3.1), the convexity of cordd)( with respect to systemHj becomes
immediate. The closedness was proved using a weak compactness argument.
Theorem 3.1:

Under the standing assumption on the control system (1.1) core (H)vexcand

closed.
Proof (Convexity)

Let @u(to), @(to) 00 Core H). Then there correspond two admissible contrgls u
and y and two solutions x{m u;) and x¢,@ uy) of (1.1) such that(t, ¢, ux) 00 H for allt
>tk = 1,2. Leid,20 B=00a +B =1. Thenax (t, @,u) + X (L @ W) [/H for
all t = ty sinceH is convex. From (2.6)

T() (a@ + B@) (o)

+ [ X(t - s)ev(s)+ f (sx(s).x(s—h) M(§ Ms-h))ldsOH, Ot=1t (3.1)
andv = au; + Bu is admissible. Hencex( + B@)(to) U core {H). This shows that
core {) is convex.
(Closedness)
The setG = {u: ud L [L(to, »), U] is a closed, convex and bounded subset of

L% ([ to ) E™). SinceL; is reflexive, we conclude that G is weakly compact. lggt {
(to)}, k=1, 2, ... be a sequence of points in categuch thaﬂiim@(to =plt,)). Letug, k

=1, 2, ..., be the appropriate corresponding admissible controlsteatet{tt ¢, ux) [ H
for allt = to. SinceG is weakly compact there is a subsequengg,{k = 1, 2, ... which
converges weakly to an admissible control functiah G on [y, t1], t; <. That is

lim N X(t—s)[cukj + f (x(s),x(s—h),ukj )J ds=

[o X(t - 9cu(s)+ f (x(s).x(s~h).u(s)u(s—h) )] ds (3.2)

Let {@j (to)}f be a subsequences{gf(t,)}: corresponding t<$ukj }1 then

X(t,qokj Uy, )=T(t)qokj (t0)+jt‘0 Xt —s)[cuki (s)+ f(x(s),x(s—h),uki (s),uy (s—h)] dsOH (3.3)
for all t = tp since H is closed. By continuity of the class oft]} we have
imT(t)g, (t)=TH)lime, (t)=T{)e(t) (3.4)
We obtain from (3.2), (3.3 ) and (3.4) that
lim x(t,qokj Uy, )=T(t)(p(t0)+jt‘0 X(t-s)cu(s)+ f(s,(g),x(s=h).u(s) us-h)) JdsOH (3.5)
for all t = to. Thereforep (tp) 1 core {H) and hence coréH| is closed
Definition 3.3
A point a/7E" is an asymptotic direction of a convex seffE" if for some X7
Dandallt=0x +ta//D.
Proposition 3.2
A non-void convex subset of & bounded if and only if 0 is its only asymptotic
direction
Proposition 3.3
If a non-void convex set D is of the form D = L + E where Bdanded and
contains zero then L is a linear subspace of D and necessary coincitiethevset of
asymptotic directions of D.
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Theorem 3.2
Under the standing hypotheses on system (1) is an asymptotic direction
of core (H) if and only if X (t -s)a is an asymptotic direction of H.
Proof:
From (2.7) it is deduced that
X (t-s,@u) =T (t-s)@(to) + [* X(t—s-7)[cu(r)+ f (s,x(r).x(r = h),u(r)).u(r —h)] d7 (3.6)

for fixedt >ty +s. Take any asymptotic direction a of core (H). Chapég) [ core (H)
so thatg(tp) + a O core (H) for eacht® > a Choose an appropriate corresponding
admissible control ugto) - U such that
X (t, @ug) = T (t-s) [@(to) + 6a]
+ [ X(t-s-7)[ cu(r)+ f (7. x(z) x(r - h).u(r)),u(r - h)]dr OH (3.7)
fort=> 1ty +s. For6 = 0 the proof is trivial. FoB # 0, we divide through b9 and take
limit as@ — o to deduce that

X(t—s)a=gm%bg (3.8)
for some b OH. To show thaK(t - s) a is an asymptotic direction of H, take ariy Hl,

A = 0. We must show that+ A x (t — s) a//H given that (3.8) holds. Keepiigfixed, if
> A then 0 <A/@< 1 Thus

[1—i)c+ibg OH (3.9)
6) @6

by the convexity of H. Take limit of (3.9) & — . Since H is closed it follows from
(3.8) and (3.9) that

c+AX(t-s)aJ/H (3.10)
Therefore X{ — sh is an asymptotic direction of H. Conversely let X(sh be any
asymptotic direction of H far>t, + s. Then H+ X (t-s)a/H

(3.11)
for all @ = 0. Take anyp (t) O core (H) and an admissible contrglawch that
X(t—s) lp(to) + O] + [*X(t-s=7)eu, (r)+ f (. x(7)X (=D, (7)u, (7 1)

OH+6X(t-s)a for t=t, +s (3.12)

We therefore conclude that(ty) + 8a [0 Core H since the same control holds the pint
(to) + 85 with H, showing that a is an asymptotic direction of céte (This completes
the proof.

Ukwu [9] in conjunction with Iheagwam [6] have earlier providedaialyf long
proof of the Euclidean controllability of the system

& (1) =ATx (t) + B x (t-h)+ M u (t) +f (t, x (t), x (t=h), u ¥, u (t-h)3.13)
This result will here be used to conclude the boundedness®fd) with respect to system (1.1)
Theorem 3.3

Consider system (1.1) with its basic assumptions. Let the targetdfithe form
H =L + E where L = {x/7E™ Mx = 0} is a linear space and E, a compact, convex set of
system (1) with @/E; Misan m x n

Journal of the Nigerian Association of Mathematic&hysics, Volume 8 November 2004
Compactness of cores of targets for nonlinear delay systems V. A. lheagwam and C.
A. Nse J. of NAMP



constant matrix. Let the continuous function f = f('t, x (t), X (},-uft) u( t - h)) satisfy
the condition.

i L] (e,x(t).x( —|h),|u(t)),u(t—h)|]=0 (3.14)
up=e u
uniformly in (t, X (t), X (t = h) u(t), u(t-h)YE x B x E'x E"x E". Assume that 0/U and
0 [£H then Core (H) is compact if and only if the sysgeft) = A" x (t) + B" x (t — h) +
MTu (t) +  (t, X (t), X (t - h), u(®) u(t - h)) is Euclidean controllable.
Proof

Let {@ (to): n =1, 2, 3...} denote the set of asymptotic directions of Core (H)
Then by theorem 2, {Xt(- 9 @ (to): n =1, 2, 3...} is the set of asymptotic directions of
H we invoke proposition (3) to deduce that

L={X(t-9@(t)):n=1, 2, 3} (3.15)
forallt >ty + s. It follows from the hypotheses of theorem 3.3 that
MX (-9 @ (o) =0 (3.16)

for eachn andt = ty + s. Taking the transpose of both sides of (3.16) yields
@ (t,)X"(t-sM™ =0 for each n and* to + s. By Lemma 2.1 and Theorem 3.1. Core (H)

is a non-void, convex and closed subset'bf By Proposition 3.2, Core (H) is bounded if
and only if O is its only asymptotic direction. By the Euclideantollability of system
(3.12) its linear part is also Euclidean controllable and thigussalent to requiring that
7 (t, )X (t-sM™ =0 impliesq (to) = O for allt = to + sand for alln. This shows that 0 is

the only asymptotic direction of Core (H). Hence Core H is boundéus result and
Theorem 3.1 yield the compactness of the system, since boundednedssaneéss
implies compactness of subset of finite dimensional spaces. Gelhwtat Core (H) be
compact then 0 is its only asymptotic direction. This mearts gf{a)x"(t-s)M™ =0

implies@, (to) = 0 for allnandt > t; +s. We then conclude that

®lt)= AT(t)+B"x({t=h)+Mu(t)
Is Euclidean controllable or[t;] t1 > tp (Ref [2] ) and hence system (3.16) is Euclidean
controllable. (Ref[3]).

4.0 Conclusion

A core of target for a system is the set of alliaipoints that can be steered to the target using
appropriate control energy. With the growing signaihce of the subject; as it is becoming knowrhasset
of seeds for our expected outcomes, the need t@aatieaize cores of targets is now of great interdste
present study investigated the convexity, boundesimad closedness of cores of Targets for nonlinear
systems, which have been established in the affivsma Beyond these results is the realizationhaf t
relationship between compactness of cores of Tarfgeta system and the Euclidean controllabilityaof
related system. The notion of asymptotic direGtieeak compactness argument and the imposition of a
growth condition on the perturbation function to kaat smooth remarkably reinforced each other in
providing the method of approval for this investiga. This research is an extension of the resul{40]
and [5] and a complementation of the efforts in [9he success of this study is a happy augury asti
only characterizes cores of targets for non-lirs@tems but also provides governments and entrepren
with broad policy guidelines for the commencemaenrt axecution of projects to ensure their completion
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