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Abstract

Atonuje and Okonta in [1] developed the Cooley-Turkey Fast
Fourier transform algorithm and its application to the Fourier transform of
discretely sampled data points N, expressed in terms of a power y of 2. In this
paper, we extend the formalism of [1] Cookey-Turkey Fast Fourier transform
algorithm. The method is developed in this paper to guarantee the

application of (C-TFFT) algorithm for arbitrary factorssay N = PP, .

pp 121 - 124
1.0 Introduction
We shall consider the discrete Fourier Transfofml goints, usually written for any continuous
N-1 _
functionf (x) as F(u) = Z f (X)e_zs'nI N (1.1)
x=0
foru=01,2,A ,N-1. By definingW as the complex number
W = e—ZsinI N (1 2)
N-1
The Fourier transform now becomes F(u) = Z f (X)W XX (1.3)
x=0

(1.3) simply means that the vecfdi) is multiplied by a matrix Whos(au,x)‘h element is a constant W to
the powerux. Thus the matrix multiplication produces a veetsult whose complements dFe(u)'s. It

is a documented fact that the general discretei€¢omansform (1.1) foN values ofu corresponding to the
discrete values) =012 N - Is evaluated as follows

F(0)= (0)exd-2 n(O))x%+ (1) exd-2 n(O))x%+A

F() = f(0)exd-2 n(l))x% +f(1)ex-2 ’7(1))X% A (1.4)
M M M

F(N-1)= f(0)ex-21 (N —1))x%+ f (1) exp(- 21 72(N —1))x% +A

Evaluating ofF(0) requires a total of (2- 1) operations, since we have to perform N mutgilons, (that
is f(x)exd[)] andN — 1 additions.

Similarly, evaluation oF (1) requires a total of (2N - 1) operations aneésainit the evaluation
of F(u) over allN values ofu. This requires a total number df*> and N(N —1) operations.

The Cooley-Turkey algorithm results in matrix factorizatmocess, which introduces zeros into
the factored matrices and as a result reduces the required nuimbeltiplications and additions. The
case where the number of sampled poink$ #2”, a base 2 operation was presented by [1].

In this paper, we develop the fast Fourier transform algarivhich removes the assumption that
N =2%,an integer. We show that significant time-savings can ltaired as long asl is highly
composite, that isN =P,P, A P, whereP is an integer.
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2.0 Thenew (C-T) Fast Fourier transform for arbitrary factorsn = p,p,
Assume that number of points N satisfies the relationddipP,P, where P, andP, are integer-

valued. To formulate the FFT algorithm for this case, vt éikpress andk indices in the discrete
Fourier transform

f(n)= 3 f,(KWw* n=012A N-1 (2.1)

as

n=np, +n,;n, =0LK p,Ln =01LK p,-1 2.2)
k=k,p, +k,;k, =01K p, -1,k =01K p, -1 '
We observe that the method (2.2) of writing the indices allasvto give a unique representation of each
decimal integer. Using equation (2.2), w can re-write @sl)

Pl | Ppt nk, p nk
f(nn)= % { 5k ko W™ }W ° (2.3)
k0=0 k1=0
. (”1 PL*g ) kyPy .
Rewrite W and we obtain

w2 = W(”lpl"”o Jerp,

L O [y
where we use the fact that™* =w" =1
From (2.4), we rewrite the inner sum of equation (2.3 asw array

f,(n k)= kplZ_:fo(klko)W”"klkz 2.5)

"

If we expand the termiWnke the outer loop can be written as

fnn)= 3 (ke @6)
The final result can be written as f (n1 ,no) =f 2(n0 ,nl) (2.7)

Thus as in base 2 algorithm presented by [1], equation)s (2.6) and (2.7) are defining the FFT algorithm
for the caseN = PP,

3.0 Application
3.1 Theformulation of the base 4 C-TFFT algorithm
Consider the casd = 16. By the C-T algorithm, we writé =P ,P,=4x4. That is, we will

develop the base 4 fast Fourier transform for the case N Jdihg arbitrary form, we can represent the
variablesn andk in the discrete Fourier transform f (n) = Nf f,(Kw™,n=012K N-1
k-0

(3.1)
In a base4 or a quaternary number system

n=4n +n, n,n,=0123 (3.2)
k=4k+k,; k k,=0123 '
3 3 nk1 nk
Equation (2.3) then becomes  f (n1 ﬂo) = kZLZOf O(kl,ko)W }W ° (3.3)
0= 9=

Rewriting w"™* we have
W™ = W4(kn1+n0Jk1 = Wy = [\Nla]nlkz Wk , WM = i (3.4)

The term in the brackets is equal to unit, sim¢&=1. we can now rewrite (3.1) as
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Me

f (n1 ,no) = ZS: fo(klko)w(4n1+no)(4kl+ko) - 23: ZS: f O(kl,ko).\lv(4nl+n°)4kl W(“"z*”o)ko

ko=0 k= kg=0 k=0
— 23: if (k K )Wlenlkl ]W4n0kl(4"1+n0)k0
k=0 k;=0 orTTro

Theterm in the brackets becomes 1 and we have i [ i f (k k) W4"°k1} W(""fnO ko (3.5)
kOIO k120

Equation (3.5) represents the formulation of the FFT algori Considering the inner brackets of (3.5), we

3
have f 1(n0 !ko) = kzo f o(klxko)wm1Okl

=
£,(00)= £,(00)W°+0+0+0+ f,(1O)W°+0+0+0+ f,(20)W° +0+0+0+ f, (3,0)W°+0+0+0
f,00)=0+ f,(01)W°+0+0+0+ f,(1L)W°+0+0+0+ f,(21)W° +0+0+0+ f, (3L)W° +0+0
f,02)=0+0+ f,(02)W°+0+0+0+ f, (1L2)W°+0+0+0+ f,(22)W°+0+0+0+ f,(32)W° +0
f,(03)=0+0+0+ f (03W°+0+0+0+ f, (13W°+0+0+0+ f (23)W°+0+0+0+ f,(33)W°
f,0,0)= f,(00)W°+0+0+0+ f,(LOW* +0+0+0+ f,(20W*+0+0+0+ f,(30)W=2+0+0+0 (3.6)
fa1)=0+ f,(01)W°+0+0+0+ f,(A)W* +0+0+0+ f,(2U)W*+0+0+0+ f,(31)W* +0+0
f,0,2)=0+0+ f,(02)W°+0+0+0+ f,(12)W*+0+0+0+ f,(2,2)W*+0+0+0+ f,(3,2)W= +0
f,03)=0+0+0+ f,(03W°+0+0+0+ f (13)W*+0+0+0+ f,(23)W°+0+0+0+ f (33)wW?
f,(20)= f,(00)W°+0+0+0+ f,(10)W®+0+0+0+ f (20)W* +0+0+0+ f,(3,0)W* +0+0+0
f,(21)=0+ f,(0)W°+0+0+0+ f,(L)W®+0+0+0+ f, (21)W* +0+0+0+ f,(31)W* +0+0
f,(22)=0+0+ f,(0,2)W°+0+0+0+ f,(12)W*+0+0+0+ f,(22)W* +0+0+0+ f,(32)W* +0
f,(23)=0+0+0+ f,(03)W°+0+0+0+ f,(13W*+0+0+0+ f, (23)W* +0+0+0+ f,(33)W*
f,(30)= f,(00)W°+0+0+0+ f,(1LOW®? +0+0+0+ f,(20W>* +0+0+0+ f,(30)W* +0+0+0
f.B1)=0+f,(01)W°+0+0+0+ f, LYW= +0+0+0+ f,(21)W> +0+0+0+ f,(3L)W* +0+0
f,32)=0+0+ f,(02)W°+0+0+0+ f,(1L2)W=2+0+0+0+ f (22)W>* +0+0+0+ f,(32)W* +0
f,33)=0+0+0+ f (03W°+0+0+0+ f,(13)W=2+0+0+0+ f,(23)W* +0+0+0+ f,(33)W*
If we rewrite (3.6) in matrix notion, we get
(f(00)] [t000 1 0 0 0 1 0 0 0 1 0 o0 o 1[f(00)]
o)) Jo1 00 0o 1 0 0 0 1 0 O O 1 0 O f,(01)
flgo,z))00100010001ooo1o f,(02)
f,(03 o001 0 O O 1 0O 0 O 1 0 o0 0 1 f,(03)
00 |1 000w 0 0 0 w 0 0 0 w*° 0 0 0 f,(L0) (3.7)
)| o100 0 w 0 0 0 w 0 0 0 w® 0 0 f, (1)
02| loo10 0 0 w 0 0 0 w 0 0 0 w’ 0 f,12)
3| looo1 0o 0o 0 w 0 0 0 w 0 0 0 wt f,(L3)
f20))7|[1 000w 0 0 0 w 0 0 0O w 0 0 0 f,(20)
f2)] o100 0 w 0 0 0 w 0 0 0 w 0 O f,(22)
22)] lo o120 0 0 w 0 0 0O w 0 0 0 w 0 f,(2.2)
f(23) lo o021 0 0 0 wW 0 0O 0O w 0 0 0 w f,(23)
30)| |1 000 w2 0 0 0 w 0 0O O w 0 0 0 f,(30)
fB)] |lo1 00 0 w* 0 0 0 w 0 0 0O w 0 0 f,(31)
f32)] l[o o1 0 0 0o w* 0 0 0 w 0 0 0 w 0 f,(32)
|.@3)) [ooo0o1 0o 0o o w* 0o 0 0 w 0 0 0 w (s3]

Nkmod(N)

The matrix (3.7) is obtained from equation (3.6) by ushwey reIationshipWnk =w Recall that
[nkmod(N)] is the remainder upon division ok by N. Similarly, we write the outer summation of (35)

fz (no ’nl) = kozi:ofl (no ’ko )‘N(4n1+n0)k0 (3.8)

Equation (3.8) can be written as
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™)

1)=0+0+0+0+ f (LO)W° + f,L)W*® + f,(L2)W™* + f,13)W* +0+0+0+0+0+0+0+0
(2
2

2

0+0+0+0+ f,(LO)W®° + f,(LL)W° + f,(1,2) W* + f,(13)W? +0+0+0+0+0+0+0+0

,(00)= f,(00)we + f,01)W° + f,(02)W° + f,(03)W° +0+0+0+0+0+0+0+0+0+0+0+0

,(02)= f,(0.0)we + f,(01)w* + f,(02)W*® + f,(03)W*? +0+0+0+0+0+0+0+0+0+0+0+0

,(02)= f,(00)we° + f,(01)W® + f,(02)W* + f,(03)W> +0+0+0+0+0+0+0+0+0+0+0+0

,(03)= f,(00)we + f,(0)W® + f,(02)W* + ,(03)W* +0+0+0+0+0+0+0+0+0+0+0+0
,10)=0+0+0+0+ f (LO)W° + f, (L)W' + f (12)W? + f (L3)W° +0+0+0+0+0+0+0+0 (3.9)
( .

(

2)
13)
.(2.0) |
(21)=0+0+0+0+0+0+0+0+ f,(20)W° + f, (2)W® + f,(22)W= + f,(23)W* +0+0+0+0
(

=0+0+0+0+ f,(LO)W® + f, L) W™ + f,(1L2)W* + f,13)W® +0+0+0+0+0+0+0+0
(20)=0+0+0+0+0+0+0+0+ f,(20)W° + f, (21)W? + f,(2,2)W* + f,(23)W° +0+0+0+0
(22)=

,(22)=0+0+0+0+0+0+0+0+ f,(20)W°+ f,21)W™ + £ (22)W® + f,(23)W® +0+0+0+0
,(23)=0+0+0+0+0+0+0+0+ f,(20)W° + f,(21)W* + f,(22)W® + f (23)W*? +0+0+0+0
(30)=0+0+0+0+0+0+0+0+0+0+0+0+ f,(30)W° + f,(3B)W>+ f,(32)W* + f,(33)W*
,(31)=0+0+0+0+0+0+0+0+0+0+0+0+ f,(30)W°+ f,3B)W7 + f,(32)W* + f,(33) W™
,(32)=0+0+0+0+0+0+0+0+0+0+0+0+ f,(30)W° + f,(3)WH + f,(32)W?= + f,(33) W™
,(33)=0+0+0+0+0+0+0+0+0+0+0+0+ f,(30)W° + f,BYW? + f,(32)W* + f,(33)W*

29!

f
f
f
f
f
f
f
fZ
f
f
f
f
f
f
f
f

Enumerating the outcome in (3.9), in matrix form we have

f,00f 21 1 . 1. o o 0o 0 O O O O O O O oOfff
fof] 1w ww? 0 0o 0o 0 0 0o 0o 0o 0o 0o o0 oflf
£ [t W wWw o 0o 0o 0o 0o o 0o 0o o o o olfflf
03| [tw?wWWw 0o o o o 0o 0o o o o o o olf|lf
10| [o o 0o o Wwwww o 0o 0 0 o0 0 0 o0 f,
f, 00 0o owWwwow®o 0o 0o 0o 0o o o offlf
f, oo o owwww!o o o o 0o o o oflf
f, oo o o wWw3w°w 0 0o 0o 0o 0o 0o o oflf (3.10)
f, oo o o0 o0 o0 o oww ww o o o oflf
f, oo o 0o o0 o0 0o owWww?w o o 0 o f,
f, o0 0 0 0o 0o o o wWwoww*o o o oflf
f, oo o 0o 0o 0o o owWw*w?w o o o olflf
f, oo 0o o0 o0 0 0 0 o0 0o o o w w ww f,
f, 00 0 0 0 0 0o 0o 0o o o o wW w wwllf
f, o0 0o 0o 0 o0 o o o o o o w wltw wi|f
1, 00 0 0 0 0o o o o o o o ww?ww|f

Again the matrix form (3.10) is obtained from (3.9) bsing the relationshipyV™ =W™™™  From
equation (3.5) and (3.8), we have by equating these two F(n,,n,)= f,(n,,n,) (3.12)
We note from (3.11) that the final resulf(n,,n,) as obtained from the outer sum is bit-reserved order
with respect to the desired valué¢n, ,n, ). this is the scrambling resulting from the FFT algorithm

We now combing the inner sum, outer sum and (3.11) as

f(n k)= ki:ofo(k1 K, W

3
f,(ny.n,)= klZ:Ofl(no K, W temrelio (3.12)
f(n.n,)=f,(nn)

4.0 Conclusion

Equation (3.12) represents the original C-T formulatibthe discrete FFT algorithm for very
composite sample poifht = PP, =16=4x .4

We term these equations as recursive in that the second edaat@mputed in terms of the first.
The FFT algorithm formulated here, results in matrix factddmatprocess, which algebraically
decomposed the discrete Fourier transform (3.1) into factoegdces with zeros introduced. This results

Journal of the Nigerian Association of Mathematical Physics, Volume 8 November 2004.
Cooley-Turkey Fast Fourier algorithm for arbitrary factors A. O. Atonujeand |. N. Njoseh
J. of NAMP



. . . - PP "
in the reduction of the required number of complex mudtgion from N 2to% and complex additions

from N(N - 1) toPP,.
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