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Abstract

In this paper we initiate an analytical approach for determining the
dynamic buckling load of a finite viscously damped column acted upon by a
harmonically dowly varying explicitly time dependent load. The viscous
damping is considered light and the column rests on an elastic foundation
that produces a nonlinear restoring force per unit length. Unlike most
similar analyses, the time variable appears explicitly making the problem
non-autonomous the formulation contains two small but unrelated
parameters upon which asymptotic expansions are initiated. The coefficients
are sinusoidally slowly varying and problem is solved using a generalization
of Lindsted-Poincare method in a mulit-timing regular perturbation
technique. Simple asymptotic results implicit in the load parameter are
obtained.
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1.0 Introduction

The dynamic buckling load of any material is an émpnt design factor that determines the state
of dynamic stability of most materials. In this papve consider the case of a finite lightly dampellimn
acted by a harmonically slowly varying explicitiyne dependent dynamic load. The column rests on a
cubic nonlinear elastic foundation. Earlier dynamiicking analyses on a column tended to concentrat
loading histories that made the resultant equattansnomous of time. Such studies include Amazigp [
Amazigo and Frank [2] and Amazigo et al [3] amotigeos. Analysis presented here is similar in spiri
those in Schaller [4], Pinna and Ronalds [5], Pofgly Zhu et al [7], and Aksogan and Sofiyer [8].
Mention must also be made of Heinen and Bullesd@};iMichel et al [10], Ulo Lepik [11] and Hunt &
[12] among others.

2.0 Differential equation
The relevant differential equation [1-3] satisfieg the lateral displacemew(X, T), whereX and
T are the spatial and time variables respectivelyanoimperfect damped column trapped by an arlyitrar
time dependent load(T) is
3 d*w
wx TKW —ak W :—P(T)W,T >0 (2.1)
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wheremyis the mass per unit lengt), is the damping constari] is the bending constant wheds the
Young’s modulus and is the moment of inertia. The finite column rests an elastic foundation that

produces a restoring force per unit length KW -aKW?® where K, >0,K, >0, and ais the

imperfection- sensitivity parameter which is such that 1, if the foundation behaves as a “softening”
spring where asa take valuea = -1 if the foundation behaves as a “hardening” spring. Is thi
investigation, the foundation shall be deemed to be a “soffetype and so we shall assume tlat 1

throughout this work. W is the initial imperfection and a subscript following@mma indicates partial
differentiation. We shall neglect axial inertia as well dsxahlinear geometric effects and shall assume
homogenous initial displacement and velocity. We now dhice the following non-dimensional
guantities

1 1

1 1 2
3 2 _ _
X:(ﬁj X; W:(ﬁj w; Af(t'): P —; 0= Q —; sW:(ﬁj W;t:(ﬁj T
El k 2Elk):  (mk): k ™
Here £ is a small amplitude of the imperfection satisfythe |¢| <<1. SimilarlyA is the amplitude of the

load functionf(f) and is nondimensionalized in such a manner thatptrfect undamped column on
linear elastic

foundation has the classical buckling lodd given byA, =1. The damping constadt is assumed small

relative to unity and so satisfies the inequdityd <<1. We assumed that the small parameser
andd are not related. Thus the non-dimensional forithefgoverning equation (2.1) becomes

2—

W, +OW, +W, +2Af (D)W, +w—w = -2)f (t)e ddx\iv £>0; 0<x<7 (2.1a)
w=w, =0atx=,77 (2.1b)
WX, 0)=w, (X0)=0, 0<x<7 (2.1c)

The aim is to determine a particular value b8ay A, called the dynamic buckling load satisfying the
inequality 0< A, <A, < 1for which the structure buckles dynamically unter load functionf (t) taken
as

f(t)=cosdt (2.2)
We note specifically tha|rf(f)| <1 for.t 20. Following Budiansky [13], the dynamic bucklinggd A, is
defined as the maximum load parameter for whichpiteblem has a bounded solution for all time0.
On substituting (2.2) into (2.1a) we observe that problem has sinusoidally slowly varying coe#fiuts.
Such a problem is at time solved using Mathieu-tgpeanstability [13, 14]. However as noted by
Budiansky [13] Mathieu-type of instability is uslyahssociated with many cycles of oscillation apaged
to just one shot of oscillation that triggers ofihdmic buckling. We note from the earlier subsitu that
the problem has tow scales namely the fast timke $@nd slow time scafe= 5t we shall assume

W(X):am sinmx, |an|<<1,m=123A (2.3)
In anticipation of the problem to be solved, we méhe following transformation
(1) =(m*-2m?A cosr +1) =(m*-2m’A cosdt +1) (2.4)
: dt _ 2 . 1(, ,
Formas in (2.3) we now let ra =w?, t =t +5(£ W, +EL +N ) (2.5a,b)
u=u(r), ©(0)=0, i=234AN (2.5¢)

Now we letw( x,t ) =U (x,t,7,£,0) and obtain

1
W, =a’U , H e, +e 3, +K ), +0U (2.6a)
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1
We =@l HE, + E +K YU+, ,+2w5(€2;/z +EU K,

(2.6b)
C o2 g Ja)chU, -
+20(p, e°+ e +K U, +2w25U +————— L+ (W e+ U E+N)

where d( )-( Y OWe shalllet  U(xt,7,£,0)=3 >U"'d (2.7)

i=1j=0
where thelj in U' are superscript and not powers. On substitutga)-(2.7) into (2.1a-c), using (2.2)
and (2.3) and simplifying we get

_ o, .
MU = U mw+a%(u,wxxxx+2(/‘COST)W,X#W) _ 2a,m’(cost ) sinmx 2.8)
11 10 aj 10 l 10
MU™ = 202U g XU P-wU P (2.9)
a)Z
MU® =0 (2.10)
21 -~ 20 o 20 = 20
MU = 202U 2-2 = U ®-w U ; (2.11)
W
i 10,3
MU = ~26 22U+ LY ) (2.12)
w
1 1177 110 110
MU® = 20 2/U 2 2[“’ Ju w0 KU o 24 VHUTY sl -(- z)wzu 2(2.13)
W w w w
The boundary conditions are u'=u)=0atX =0, (2.14)
The initial conditions evaluated a7 = dre U’ =0, Oi and] (2.15)
u,’=0,U 1r+a)2(O)U £=0; s=r-1, r=123A (2.16a)
Uur=0,U/x +w‘5(0)u =0, p=r-1, r=123A (2.16b)
¥
U P+w 2(0)(0)J °=0 (2.17a)
U 3f+m2(0){p2(0)u "+ 2 =0 s=r-1, r=123A (2.17b)
The sequence of equations (2.8)-(2.19b) is nowesbby letting
U, = nZﬂuﬂ(t,r)sinnx (2.18)
We now substitute (2.18) into (2.8) for 1,j = 0 and after, multiply through ksinmxand observe that
.
whenn = mwe have U +U :% =B(r) (2.19a)
T
U(00)=U%(00)=0 (2.19b)
-
B(0)=8, =23 . ) - «(0) (2.19¢)
The solution of (2.19a-c) is U(t,r)=a,(r)cost+ B(7)sint+ B(7) (2.20a)
a,(0)=B, ,3(0)=0 (2.20b)

We shall now substitute (2.18) into (2.9) for 1,j = 1 and to ensure a uniformly valid solution, teetero
the coefficients o€ostandsintand simplify to get

B+ {%[%) + %}ﬁl =0; a+ {%(%j +%}a’1 =0 (2.21a,b)

Journal of the Nigerian Association of Mathematical Physics, Volume 8, November 2004.

Harmonically slowly varying explicitly time dependent load A. M Ette J. of NAMP



1
4 L

The solution of (2.21a, b) are  B(7)=0; a/(r)= B(ﬂj e? (2.21c¢)
w

The remaining equation in (2.9) is solved to get U’(t,7)=a,(7)cost + B,(7)sint (2.22a)

1
w?’B
@,(0)=0,8,(0) =" (2.22b)
So far write Ul(t,r)=a,(r)cost+B; U =U¥=(t,7)sinmx (2.22¢)
We expect that on full solution we shall hawg(7)= s@that we get
Ut,r)=L(r)sint; U™ =U}t,r)sinmx (2.22d)
The substitutions into (2.10) and (2.11) easilydjie U* =U* =0 (2.23)
We now substitute (2.18) into (2.12) for 3,j = 0 and seh = mto get
UX +U¥ =24 ,w?U" +%} [r. +1, cost +r,cos2t +r, cos3] (2.24a)
U(00)=0U(00)+ 4,(0)e,?U,;,(00) =0 (2.24b)
2 3 3
where r(r)=B8°+ 352a1 , 1,(0) :%; r(0)= —3% (2.25a)
3 3 3
r(r)=3B%,+ 3, , 1(0)= _ 155, , 1(0)= 215, (2.25b)
2 4 8
2 3 3
()= 1 (0)=28, ro)=-E (2.250)
2 2 2
3
r(r)=ai, 1(0)=-5], r(0)="2¢ (2.250)
Similarly whenn = 3m we get a second equation in the substitution2.i2) as
U2 +@ UP = _4i[r° +1,COSt +1,cOS2t +T, cOS3t] (2.26a)
' w
U (00)=U. (00)=0 (2.26h)
81Im* -18m°A cosr +1
T)= >0,0r 2.26¢
(r) ( m* - 2m’A cosr +1 ] ( )

To ensure a uniformly valid solution in (2.24a) set to zero the coefficient abston the right side and
get

1 1
,(T):_Srla)z _ ,(0):_450)0 2B? (0)= 98,(78 -5)

; ; 2.27
2 80’1 H, 32 2 640)03 ( )
2
The solution of the remaining equation in (2.24a) i
. 3 r,cos2t r,cos3t
U¥(t,r)=a,(r)cost+ B,(7)sint +—|r, —-2 +-2 2.28a
n(LT)=ay(7) Bi(1) 440 3 p } ( )
19582
a,(0)= o 0)=0 2.28b
5(0) 2% B,(0) ( )
TZ

To solve (2.26a-c) we note that (/gm(r) = @m(0)+ r@m(0)+7¢§,'n(0)+A (2.29a)

It is to be noted that the accuracy to be mainthinethis investigation is up to the term én(and noi?).
We equally note thai (0)= @ (2.29a) and the second team there will evelytgaintribute to team in
81m* -18m°A +1j
t———— Y

2.29b
m* —2m°A +1 ( )

0%. We can justifiable write . (r)0¢ (0)=¢ :[
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The introduction of (2.29b) into (2.26a) and eveahsgolution yield

. 1|r,  rcost B r,cos2t r,cos3t
uX(t,r)=a*(r)cosgt + singt ——| >+ +-2 +-2 2.30a
2(t.r) = a'(7)cospt + B,(1)singt 40){@ A o } (2.30a)
Bl 5 15 3 2
a,(0)=—22%, L :{—— - - } (2.30b)
) 8, | ¢ ¢F-4 ¢-4 ¢-9
Now substituting (2.18) far= 3,j = 1 into (2.13), we see that wharr m we get
1 . 1| : -2
UZ +UM =22, B, sint - 52 +o? U - 2w U3,
w? (2.31a)
1, ouefun
+ () + )a, sint———n/ —mn
a)(/'lz /'12) 1 4
1
U*0,0)=0, U%(00)+w,2Ux(00)=0 (2.31b)
Similarly whenn = 3min the substitution in (2.13) we get, using (2.29b
1 1 10 \2p 11
UZ, +gU = HﬂJ +wz}u:‘;ﬁ 2wz, -3 e (2309
! 2 3 ' 4
wz
U2(00)=0, U2 (00)+@,2U(00)=0 (2.32b)
To ensure a uniformly valid solution in (2.31a), @guate to zero the coefficientsaafstandsint and get
1
1), 1 1(a), 1 H(r)w?
D Nl Bl Pl =0, a.+{=|—|+=}a,=—"— 2.33a
B {4(50] 2}183 3 {4(0)] 2} 3 > ( )
9 alz 1 " ] ] -
H(T)=|: fz (T+ BZJ_ZJ(IUZ +:uz)a1 _2/'12:82&) 2:| (2.33b)
45B? =2\ 9B, (7B, -5
H(0)= 11 —°(1+wg1—a)02]+M (2.33c)
W 32 64,
0
The solutions of (2.33a-c) are
1 S
1o Yo 2 1
Blr)=0 afr)=w'ed| [N, g g 2:34a)
BIR, 195 w?H(0)
a.(0)=—2=, =———+= 2.34b
0)==5 R=-gr =5 (2.34b)
wO
The remaining equation in (2.31a) is UZ +U2 =r,sin2t +r, sin3t (2.35a)
' = 9B
r4(z’):— 1{ ws +i3]+a) Z(r_zj.pﬂ (2_35b)
2 > = w 4
20*  w?
1( '
9w 2 Zj
9 / 9Ba’?
r(r)=-11 22 1 “ +i3 + w) ,3Bab: (2.35¢)
32 |2 > > 16 16
2w* w?

The solution of (2.35a-c), using (2.31b), is
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r,sin2t r,sin3t
3 8

1 , ’
ray a;ﬁé(r_oj _%[r_zj _%(kj =0  (2.36b)
w w w

=0

U(t,r)=a,(r)cost + B,(r)sint - (2.36a)

a.(0)=0, ﬁS(O)_(Z_;+3_§j

=0

We now simplify (2.32c), set to zero the coeffit¢eafcostandsintand get respectively

13; +%{(%}j+1}ﬁ4 =0 and a; +%{(£j+l}a’4 =0 (2.37a)

2w
1
The solutions of (2.37a) are  B,(r)=0; a4(r):a4(o)(ﬁj e (2.37b)
w
BL
ﬂ2(0)=-—a“(0):—° : (2.37¢)
2 16w,
The remaining equation in the substitution in (2)32
Us, +@UZ =-r, sint+r, sin2t+r, sin3t (2.38a)
a,-;(rzj
1] o 1 r W 3 al B,a’
rr)=—-= +— |- += —+B? |-+ 2.38b
(o) 4{2& w;}(;f—lj 27 -1 4{/32(4 j 4 } (2:350)
1
@,?BR, 81
r,(0)=———2=>, R = +6 2.38c
:(0) 16 R, @l 1) ( )
1l o 1 w—i(rzj 3B
r(r)=-= 5+—3( " j— W), 3Bap, (2.38d)
2l 5y g \F-L) 24 -4) 4
1
3w,?BR, 3
r,(0)=———=, R =1+ 2.38e
=== Ry (2.38e)
2y
)
’ 3a2
()= <% +i3[ 5 )- wl 305 (2.38)
2008 W2 402_9 2((02 _1) 4
1
. (0)= 3w,2B°R, 16
8

» R =1+—(—) 2.38

r,sint  r,sin2t  r,sin3t
+

F-1 g-4 @-9

The solution of (2.38a-g) is
Ui (t.7) = a,(r)cospt + 5, (r)singt +

(2.39a)
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- | T 2r, 3r, _% '_l i r_o 1 ",
0’6(0)—0, :84(0) |: _1+¢2_4+¢2_9} . | s 4{¢z (a)j #-1(60]
, , (2.39b,c)
1 r, 1 F
+ 2l — = =0
7oals) 7l )
A detailed simplification of (2.39c) gives B
- R _|J_R _ 3R R (1)L, 3] 7
R e B o
(2.39d)
S S }}
i¢2—45 2¢ I¢2—9i
Thus, we have
U(xt,£,8)= €U +3U%)sinmx+ U +3UE)sinmx+ (U2 + 53U Jsinamy] (2.40)

+ 0(552)+ 0(5352)
We shall now determine the maximum displacermk()ta 1, ,5,5) =U, and the conditions for this are

1

U,=0;, U, +w?(e?, +A +3U,)=0 (2.41a,b)
which are determined at the valueg,t,,and 7, associated respectively witlx,t,andz. Upon
substituting (2.40) in (2.41a), we g&{ :(1; 2rjn, r=0123A . We shall however set= 0 and thus

m
get
x, = (2.42a)
2m

We shall next let t,=t, +0t, +&7(t, +It, +A )+A (2.42b)

£, =f, +0f, +£%(f, + T, +A )+A (2.42c)

t, =t +ot, +&7(t, +ot, +A )+A (2.42d)

r, =0t +{f, +t , +&2(f, +IT, +A)+A} (2.42¢)

where t, andf, are the critical values df andf, respectively. By evaluating the coefficients o
£, 0 and £® in (2.41b), we get respectively

Un =0t U +U =0 U5 +U S -US =0 (2.43a,b,c)
where (2.43a-c) are evaluated at the critical v@luErom (2.43a), we get =7zr, r =0123A . Since
we need the least nontrivial valueyf we ser =1 and get t, =7 (2.44a)

U 11 a{%
From (2.43b), we get t, =- U o= ; (2.44Db)
mitt
ur-up BZL, @singt
From (2.43c) we get t,=| ———" == oPSINGL, (2.44c)
U mtt 8w0

So far we have used the fact that an arbitrarytfuncF(ta,ra) has the expansion about the point

(t..7.)=(t0).

F (ta ’Ta) = F(tO ’O)+ J(tOIF it +f0F T )+ gz [tZOF it +5{f20F T +t21F it +t01t21F It +f0t20 F ’KT}] +/\ (2'45)
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We shall now determine the maximum lateral dispiaeet U by evaluating (2.40) at the critical point
using (2.44a-c). This gives
u,= é‘[(B - 0’1)+ 5fo(B' - 0’; )]|‘°,=0” + 53[(U:10 _U33r:)+ d{fzo(B, - 0”)} +o U U

01720 mit 20~ m¢t

- ) ) (2.46)
+Un-us )i+ U -us )i+ U2 - e +Ole 57)+0fs5)
From (2.5a), evaluated at the critical point we get
ta 1 1 _ 2 i?
f, = [(m' —2m*A cosat +1)r = w&(ta N“éi} +A (2.473)
0 0
N 1 R 1
Thus, we have t,, =t t, = W, (2.47b)
From (2.5b) evaluated at the critical point we have
t, =t, - 0)E; T, =t, (2.47¢)
Therefore we get £, =apt, - 10)) T =apt, (2.47d)
The terms in (2.46), evaluated at the indicatedes|are now simplified as follows:
(B-a,)=2B,; ot (B —a;):BOT‘StO; (B'-a. )i, :% (2.48a)
33;(1— R4)
LLUS =Bt UP-UZ)=— 24 (2.48b)
01720~ mitt 0701720 m 3m w "
0
R, = |:5(COS¢'[0 _1) + 1d1_ COS(D'[O) + 3(COS¢'[0 _1) + (1_ COSC”%)} (2.48¢)
4 2lg -1) 7 -4 (7 -9)
1
L w?Bt Bigh t (sin¢t )
tzou mt = %; (U :1Ot _U?:fri‘t)tol = %Op (2-48d)
3SR ’%
Lz -uz ), = BRL, p=_R 15 g, g =195, 47RO H(O) (2.48¢€)
: w, w? 64 256 2
0
L,cospt, 3| 1 1 1
i Rt st S ) e 2.48
R=" 16 8{2402 P 402—9} (2.480)
1
LI-u2)=-@ BR singt, (2.48)
We note specifically thd,, among other terms, contains the load paraméteOn simplifying (2.46), we
F 3
get u, = 2B{1+ﬂj + 35 (1-&j +99R o 32)40er5?)  (2.49a)
4 w, 24 3B,
| BE wiBt, Bt (sint) BLR ,
R = —"22" = Bytyt,, +— 20 240 ‘;3;1)0 2+ Oajo - ?B’R(sint,)|  (2.49b)
We shall however write (2.49a) simply asU, =£C, +&£°C, +A (2.50a)
P 3
C = 230(1+ 5t°j; c,=35 (1—&j+ OuR, (2.50b)
4 w, 24 3B,

According to Budiansky [13], the dynamic bucklirlg is obtained from the maximization

dA
—=0 2.51
) (2.51)
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Before invoking (2.51) it is essential [1,3,15,1G}eserve the series (2.50a) and so obtain

e=dU, +dU+A (2.52a)
On substituting in (2.52a) fdy, and equating the coefficients of powerssfwe have
d, =i; d, = S (2.52b)
C, C,
The maximization in (2.51) is now easily accommidhthrough (2.52a) to get
e=2 S (2.53)
3V3C,
which is evaluated at = A, . On simplification, equation (2.53) yields
2 9ma A, lea
(' = 2mip, +1) = M AAlED [1—&j+5‘"—058 (2.54)
V2 24)  3B;

which is evaluated at buckling.

3.0 Analysis of result

QR
3
0

at,
The result (2.54) is valid i® is small so thalT"| 1l and mtl. In particular whem =1,

seaps, (700t

s dealt, [T 24)7 3B

we get 1-1) = =
4 1+ ot,

(3.1)

where all the terms in (3.1) are evaluatednat 1. Whenod = (Q we get the corresponding step loading
(without damping) results corresponding to (2.54) €3.1) which are

3 9m2| £a A R 3 deal, (1_ 24j
(m* —2meA, +1)7=—1" "0 1- | and (1-4,)%= (3.2a,b)
V2 24 4
where the latter is evaluatedmat= 1. A result corresponding to (3.2b) was obtdiime[2] as
2 9/ |eq
(1—@2:# (3.2¢)

The disparity between the two results is accoufiedy the fact that (3.2c) demanded that the bogkl
mode be in the shape of the imperfection while &eehrelaxed this assumption in the analysis that le

at,
(3.2b). All the results are implicit in the loadrameter. We would normally exp%@‘)‘:}% @ % and
0

so the dynamic buckling load form (2.54) (or (3sljigher than the corresponding step loading tesud
so the step loading result provides a lower bound.
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