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Abstract 
 

In this paper we initiate an analytical approach for determining the 
dynamic buckling load of a finite viscously damped column acted upon by a 
harmonically slowly varying explicitly time dependent load.  The viscous 
damping is considered light and the column rests on an elastic foundation 
that produces a nonlinear restoring force per unit length.  Unlike most 
similar analyses, the time variable appears explicitly making the problem 
non-autonomous the formulation contains two small but unrelated 
parameters upon which asymptotic expansions are initiated.  The coefficients 
are sinusoidally slowly varying and problem is solved using a generalization 
of Lindsted-Poincare method in a mulit-timing regular perturbation 
technique.  Simple asymptotic results implicit in the load parameter are 
obtained. 

 
pp 149 - 156 

1.0 Introduction  
The dynamic buckling load of any material is an important design factor that determines the state 

of dynamic stability of most materials. In this paper we consider the case of a finite lightly damped column 
acted by a harmonically slowly varying explicitly time dependent dynamic load.  The column rests on a 
cubic nonlinear elastic foundation.  Earlier dynamic bucking analyses on a column tended to concentrate on 
loading histories that made the resultant equations autonomous of time. Such studies include Amazigo [1], 
Amazigo and Frank [2] and Amazigo et al [3] among others.  Analysis presented here is similar in spirit to 
those in Schaller [4], Pinna and Ronalds [5], Popov [6], Zhu et al [7], and Aksogan and Sofiyer [8].  
Mention must also be made of Heinen and Bullesdach [9], Michel et al [10], Ulo Lepik [11] and Hunt et al 
[12] among others. 
 
2.0 Differential equation 

The relevant differential equation [1-3] satisfied by the lateral displacement W(X, T), where X and 
T are the spatial and time variables respectively, of an imperfect damped column trapped by an arbitrary 
time dependent load P(T) is  
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where m0 is the mass per unit length, Q is the damping constant, EI is the bending constant where E is the 
Young’s modulus and I is the moment of inertia.  The finite column rests on an elastic foundation that 
produces a restoring force per unit length of 3

31 WKWK α−  where ,K,K 00 31 >>  and α is the 

imperfection- sensitivity parameter which is such that α = 1, if the foundation behaves as a “softening” 
spring where as α  take value α  = -1 if the foundation behaves as a “hardening” spring. In this 
investigation, the foundation shall be deemed to be a “softening” type and so we shall assume that α = 1 

throughout this work.  W  is the initial imperfection and a subscript following a comma indicates partial 
differentiation.  We shall neglect axial inertia as well as all nonlinear geometric effects and shall assume 
homogenous initial displacement and velocity.  We now introduce the following non-dimensional 
quantities 
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Here ε  is a small amplitude of the imperfection satisfying the .1<<ε  Similarlyλ  is the amplitude of the 

load function )t(f  and is nondimensionalized in such a manner that the perfect undamped column on 

linear elastic  
 
foundation has the classical buckling load cλ  given by .c 1=λ   The damping constantδ  is assumed small 

relative to unity and so satisfies the inequality .10 <<< δ   We assumed that the small parameter ε  
andδ are not related.  Thus the non-dimensional form of the governing equation (2.1) becomes  

  πελλδ <<>−=−++++ x;t,
dx

wd
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     π,xat,ww xx === 0    (2.1b) 
    π<<== x,),X(,w),X(w

t
0000   (2.1c) 

The aim is to determine a particular value of λ say Dλ  called the dynamic buckling load satisfying the 

inequality 10 ≤<< cD λλ  for which the structure buckles dynamically under the load function )t(f taken 

as 

     tcos)t(f δ=     (2.2) 

We note specifically that 1≤)t(f  for. 0≥t .  Following Budiansky [13], the dynamic buckling load Dλ is 

defined as the maximum load parameter for which the problem has a bounded solution for all time .t 0>   
On substituting (2.2) into (2.1a) we observe that the problem has sinusoidally slowly varying coefficients.  
Such a problem is at time solved using Mathieu-type of instability [13, 14].  However as noted by 
Budiansky [13] Mathieu-type of instability is usually associated with many cycles of oscillation as opposed 
to just one shot of oscillation that triggers off dynamic buckling.  We note from the earlier substitution that 
the problem has tow scales namely the fast time scale t and slow time scale tδτ =  we shall assume 

  Λ,,,m,a,mxsina)X(w mm 3211 =<<=     (2.3) 

In anticipation of the problem to be solved, we make the following transformation 
  )tcosmm()cosmm()( 1212 2424 +−=+−= δλτλτω    (2.4) 

For m as in (2.3) we now let ( ),t̂t,
td
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Now we let ),,,t,x(U)t,x(w δετ=  and obtain  
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where ⋅′= )(
d
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where the ij  in ijU  are superscript and not powers.  On substituting (2.5a)-(2.7) into (2.1a-c), using (2.2) 

and (2.3) and simplifying we get  
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The boundary conditions are   πΧ ,,UU ij

xx

ij 0at0 ===   (2.14) 

The initial conditions evaluated at 0==τt  are  i,U ij ∀= 0 and j    (2.15) 
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The sequence of equations (2.8)-(2.19b) is now solved by letting  
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We now substitute (2.18) into (2.8) for i = 1, j = 0 and after, multiply through by sinmx and observe that 

when n = m we have    )(
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The solution of (2.19a-c) is )(tsin)(tcos)(),t(Um τΒτβτατ ++= 11
10   (2.20a) 

     000 11 == )(,)( βΒα ο    (2.20b) 

We shall now substitute (2.18) into (2.9) for i = 1, j = 1 and to ensure a uniformly valid solution, set to zero 
the coefficients of cost and sint and simplify to get 
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The solution of (2.21a, b) are  2
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The remaining equation in (2.9) is solved to get tsin)(tcos)(),t(Um τβτατ 22
10 +=  (2.22a) 
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We expect that on full solution we shall have 02 ≡)(τα  so that we get 
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The substitutions into (2.10) and (2.11) easily yield  02120 == UU    (2.23) 
We now substitute (2.18) into (2.12) for i = 3, j = 0 and set n = m to get  
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Similarly when n = 3m we get a second equation in the substitutions in (2.12) as 
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To ensure a uniformly valid solution in (2.24a) we set to zero the coefficient of cost on the right side and 
get 
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The solution of the remaining equation in (2.24a) is  
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To solve (2.26a-c) we note that  ( ) ( ) ( ) ( ) Λ+′′+′+= 0
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It is to be noted that the accuracy to be maintained in this investigation is up to the term in δ (and not 2δ ).  
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The introduction of (2.29b) into (2.26a) and eventual solution yield 
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Now substituting (2.18) for i = 3, j = 1 into (2.13), we see that when n = m we get 
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Similarly when n = 3m in the substitution in (2.13) we get, using (2.29b) 
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To ensure a uniformly valid solution in (2.31a), we equate to zero the coefficients of cost and sint and get  
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The solutions of (2.33a-c) are 
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The remaining equation in (2.31a) is tsinrtsinrUU mtt,m 32 54
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The solution of (2.35a-c), using (2.31b), is  
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We now simplify (2.32c), set to zero the coefficients of cost and sint and get respectively 
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The solutions of (2.37a) are  ( ) ( ) ( ) 2
4

1

0
444 00

τ

ω
ωατατβ e; 







=≡    (2.37b) 

    ( ) ( )
0

0
3
04

4 162

0
0

ω
αα

LB
=−=′     (2.37c) 

The remaining equation in the substitution in (2.32a) 
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The solution of (2.38a-g) is 

( ) ( ) ( )
9

3

4

2

1 2

8

2

7

2

6
66

31
3 −

+
−

+
−

++=
φφφ

φτβφτατ tsinrtsinrtsinr
tsintcos,tU m   (2.39a) 



Journal of the Nigerian Association of Mathematical Physics, Volume 8, November 2004. 

Harmonically slowly varying explicitly time dependent load A. M Ette J. of NAMP 

( ) ( )

0
9

1

4

1

1

11

4

1

9

3

4

2

1
000

0

3

2

2

2

2

2

0

24
2

1

0

0

2

8

2

7

2

6
46

=













′










−
+

′










−
+







 ′










−
+

′












−′+








−
+

−
+

−
−=

=

−

=

τ

τ

ωφωφ

ωφωφ
αω

φφφ
βα

rr

rrrrr
,

(2.39b,c) 

A detailed simplification of (2.39c) gives 
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Thus, we have 
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We shall now determine the maximum displacement ( ) aaa U,,t,xU ≡δε  and the conditions for this are 
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τδµεω ,t,x, UU,;U Λ    (2.41a,b) 

which are determined at the values aaa and,t,x τ  associated respectively with τand,t,x .  Upon 

substituting (2.40) in (2.41a), we get Λ,,,,r,
m

r
xa 3210
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 += π .  We shall however set r = 0 and thus 

get 
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We shall next let  ( ) ΛΛ +++++= 2120
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   ( ) ΛΛ +++++= 2120
2

010 ttttt a δεδ    (2.42c) 

   ( ) ΛΛ +++++= 2120
2

010 t̂t̂t̂t̂t̂ a δεδ    (2.42d) 

   { ( ) }ΛΛ ++++++= 2120
2

010 ttttt aa δεδδδτ   (2.42e) 

where aa tt̂ and  are the critical values of aa tt̂ and  respectively.  By evaluating the coefficients of 
3and εδεε ,  in (2.41b), we get respectively 
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where (2.43a-c) are evaluated at the critical values.  From (2.43a), we get Λ,,,,r,rt 32100 == π .  Since 

we need the least nontrivial value of 0t , we set r = 1 and get  π=0t    (2.44a) 
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From (2.43c) we get   
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So far we have used the fact that an arbitrary function ( )aa ,tF τ  has the expansion about the point 

( ) ( )00 ,t,t aa =τ . 
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We shall now determine the maximum lateral displacement Ua by evaluating (2.40) at the critical point 
using (2.44a-c).  This gives 
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From (2.5a), evaluated at the critical point we get 
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Thus, we have   0
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From (2.5b) evaluated at the critical point we have 
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Therefore we get  ( )( ) 0
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The terms in (2.46), evaluated at the indicated values, are now simplified as follows: 

( ) ( ) ( )
22

2 200
201

00
1001

tB
tB;

tB
Bt;BB ``

δαδαδα =′−′=′−′=−    (2.48a) 

( )
0

43

0
30
3

30
20010

10
2001

24
13

ω








 −
=−−=

R
B

UU;ttBUtt mmtt,m    (2.48b) 

( ) ( )
( )

( ) ( )
( ) 









−
−+

−
−+

−
−+−=

9

1

4

13

12

11515
2

0

2

0

2

0

2

0
4 φ

φ
φ

φ
φ

φ
φ
φ tcostcostcostcos

R   (2.48c) 

( ) ( )
0

010
3
0

01

30

3

30200
2

1

011

20 82 ω
φφω p

t,mt,mt,m

tsintLB
tUU;

tB
Ut =−=

−

  (2.48d) 

( ) ( )
2

0

256

195

64

15 2

7

0
56

2

1

0

5
7

0

07
3
0

0

30

3

30 H
R;R

R
R;

tRB
tUU ,m,m

−

−
+=−+−==− ω

ωωττ  (2.48e) 










−
+

−
++=

9
1

4
1

2
1

8
3

16 222

00
6 φφφ

φ tcosL
R     (2.48f) 

( ) 03
3
0

2

1

0
31
3

31 tsinRBUU mm φω
−

−=−     (2.48g) 

We note specifically that B0, among other terms, contains the load parameter λ .  On simplifying (2.46), we 
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We shall however write (2.49a) simply as Λ++= 3
3

1 CCU a εε   (2.50a) 
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According to Budiansky [13], the dynamic buckling Dλ  is obtained from the maximization 

 
 

     0=
adU

dλ
    (2.51) 
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Before invoking (2.51) it is essential [1,3,15,16] to reserve the series (2.50a) and so obtain 
    Λ++= 3

31 aa UdUdε     (2.52a) 

On substituting in (2.52a) for Ua and equating the coefficients of powers of ,ε  we have 
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The maximization in (2.51) is now easily accomplished through (2.52a) to get 
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which is evaluated at Dλλ = .  On simplification, equation (2.53) yields 
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which is evaluated at buckling. 
 
3.0 Analysis of result 

 The result (2.54) is valid if δ  is small so that 1
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where all the terms in (3.1) are evaluated at m = 1.  When 0=δ , we get the corresponding step loading 
(without damping) results corresponding to (2.54) and (3.1) which are 
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where the latter is evaluated at m = 1.  A result corresponding to (3.2b) was obtained in [2] as 
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The disparity between the two results is accounted for by the fact that (3.2c) demanded that the buckling 
mode be in the shape of the imperfection while we have relaxed this assumption in the analysis that led 

(3.2b).  All the results are implicit in the load parameter.  We would normally expect φ
3

0

80

3B

Rδω
4

0tδ
 and 

so the dynamic buckling load form (2.54) (or (3.1) is higher than the corresponding step loading result and 
so the step loading result provides a lower bound. 

References 
[1] Amazigo, J. C. (1971). Buckling of stochastically imperfect columns on nonlinear elastic foundations.  Quart. Appl. Math. 29, 403-409. 
[2] Amazigo, J. C and Frank, D., (1973) Dynamic Buckling of an imperfect column on nonlinear foundation.  Quart. Appl. Math., 31, 1-9. 
[3] Amazigo, J. C., Buidiansky, B. and Gararier, G. F. (1970) Asymptotic analysis of the buckling of imperfect columns on nonlinear foundations, Int. J. Solids and 

Struct. 6, 1341-1356. 
[4] Schenk, C. A. and Schuller, G. I. (2003). Buckling Analysis of cylindrical shells with random geometric imperfections, Int. J. Nonkinear Mech. 38, 1119-1132. 
[5] Pinna, R. and Ronalds, B. F. (2003). Buckling and post buckling of cylindrical shells with one end pinned and the other end free, Thin-walled structures, 41(6), 507-

527. 
[6] Popov, A. A. (2003) Parametric resonance in cylindrical shells: A case study in Nonlinear vibration of structural shells, Engineering structures, 25(6), 789-799. 
[7] Zhu, E., Mondal, P.and Calladine, C. R. (2002) Buckling of cylindrical shells: An attempt to resolve a paradox, Int. J. of Mech. Sciences. 44(6), 1563-1601. 
[8] Aksogan, ). And Sofiyev, A. V. (2002) Dynamic Buckling of cylindrical shells with variable thickness subjected to a time-dependent external pressure varying as a 

power function of time.  J. of Sound and Vibration, 254(4), 693-703. 
[9] Heinen, A. H. and Bullesbackh, J. (2002). On the influence of geometric imperfections on the stability and vibration of thin-walled shell structure.  Int. J. Non-

Linear Mech., 37(4, 5), 921-935. 
[10] Michel, G., Liman, A. and Jullien, J. F. (2000).  Buckling of cylindrical shells under static and dynamic loading.  Engineering structure. 22(5), 525-543. 
[11] Ulo, Lepik, (1999). Bifurcation analysis of elastic-plastic cylindrical shells, Int. J. Non-Linear Mech., 34(2), 299-311. 
[12] Hunt, G. W., Lord, G. J. and Champneys, A. R., (1999) Homoclinic and Heteroclinic orbits underlying the post-buckling of axially compressed cylindrical shell.  

Computer Methods in applied Mechanics and Engineering, 170(3,4), 239-251. 
[13] Budiansky, B. (1966). Dynamic buckling of elastic structures: criteria and estimates in Dynamic stability of structures. Ed. Hermann, G. Pergamon, 83-106. 
 
 

 


