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Abstract

We investigated in this paper the effect of a periodic-type insulin
dose on a diabetic patient. An appropriate matching condition is introduced
in our problem by expressing the insulin dose using a Fourier series
expansion. Our result gives insight to the state of the patient over a period of
administration. Clearly, there is the possibility of hypoglycemia. Hence a

great care is needed while trying to inject the patient periodically.
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1.0 Introduction

Mathematical models to account for the state oftiept infected with diabetes mellitus abound ia th
literature. These research works try to give amswéehe pathologic situation of the patient. Savfiche
researches modeled in the literature put into aticthe division of the beta cells. Gita et al. fzdve a
generalized non-linear mathematical model, whichoiporates beta-cell kinetics, a glucose-insulin
feedback system and gastrointestinal absorptiom fer glucose. A numerical simulation is used to
analyse the plasma glucose and insulin level. ®Biin his work developed a mathematical model fo
the study of insulin-dependent diabetic mellitidbah [7] working after him generalized Davies model
He solved his problem by linearising the non-lineamm. Koriko [6] in his recent work investigatelet
criteria for stability of a diabetic mellitus mathatical model. Adewale and Ayeni [3] studied the
existence and uniqueness of solution of a mathealathodel used for the study of insulin dependent
diabetes mellitus. Adebile [1] in a recent worltved the non-linear generalized mathematical maael
Mbah [7] and Koriko [6] without linearising the ndinear term. His attempt for solution was the o$e
asymptotic analysis. In another paper, Adebile ldndko [2] investigated the effect of variable ghse
disappearance rate on blood glucose level.

In the literature there are different type of imsusome are short term, intermediate and long-term
acting, all these, in an attempt to meet the deversed of the diabetic. The possibility of givesdlin
periodically to patient either by self-administeatj medical expert or electronically controlled medas
been mentioned in the literature. Our desire is plaper is to give insight mathematically to tketes of
the diabetic when insulin is administered perioljca We shall consider the effect of other basic
parameters such as the glucose disappearancethatdalf-life of the insulin and so on which may
determine the effect of short, intermediate or Itergn acting.

In the first section we considered the introductiBaction 2 gives the mathematical formulation.
We look at the method of solution in section 3 graresult and discussion is given in the finatisec

2.0 M athematical formulation
The governing equations we consider as in MbahT[igése are

cilj—>t(=alz(t)—azXY—a3X +as(Xo- X) (2.1)
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C;—szlx —baY +baw(t) (2.2)
Kto)=x, y(t,)=, (2.3)

where a &, &, &, by, by, byare as defined in Mbah [7]

z(t): measure of glucose intake

w( t): measure of the insulin dose
t,: the initial time of interest for the study.

We assume that the patient feeds normally astliteiscase in Mbah [7] (therefore the fourth term
of (2.1) can be neglected) and also we take Z(t) = Qe ) (2.4)

as in [7]. As we have mentioned in section 1 waxleh our insulin dose(s) is different form from tthod
[7]. Our model for insulin injection is:

sinw(t);2nﬂ< W(t—to)<(2n+l)7T
wlt) = (2.5)
0,(2n+1)7T< W(t—t0)< 2(n+2)7T
wheren 0N, (N is the set of natural numbers). We non-dimerlie the equations (2.1) - (2.5) using the
following dimensionless variables:

%:x%:y, tth__t;o =f, Wﬂozv—v, W":thito (2.6)

whereL = 200/unit, to = 8 reference to Mbah [7],, = half-life of insulin. Our dimensionless equats
(dropping the bars (-)) are %—T =a,z" -a,XY -a,X (2.7)
&= px-px-pul) (2.8)
x(0)=x,, y(0)=y, (2.9)

wherea, =d“%Q ,a,=daqQlL, a,=da,

fi=da, f=db £="% k=i, (2.10)

2nm 2n+1)rr

sinQft; <t<(
Q

W)=

2n+1)7T<t < (2n+2)7T
0d, 0d,
where Q =wd,

For the purpose of our study we introduce an apprate equation fow(t) — (see Marion [8), as

a matching procedure from one dose to another. ttesgce
w(t) =l+lsin.0t—£cosz.0t—icos4.0t (2.12)
mo2 3 157

0;(

3.0 M ethod of solution
We first linearize the second term of (2.1) by gsk 0 X = x, as in [7] we now use the Laplace

transform procedure to find solution to the systefrdifferential equations. Taking the Laplace sfanm
of the equation (2.7) — (2.9) we have:
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a,
(s+a,)x+a,Xy=x,+ 5

_ Q 2s B 2s
Bix+(s+B.)y=Y, - '83{775 2(s?+0° ) 3(s? +40?) 57T(Sz+16.02)}
The solution to (3.1) and (3.2) are

(3.1)

(3.2)

) (s A=)+ (8.-0) . als+(s-r) _axy,
GO0 +]  Grh-n)E-) 5w -u
aZXﬁS aZ'QXﬂ3

* m(s-7)(s* - 1?) * 2((s-7) +022)(s* - 1?)

_ 2(s+ r)a2 XB, B 2a,Xp, (s— r)
3mi(s-1) +40%(s* - 1?) 157 (s-7)° +1602%)(s? - ?)
, Ylot@ =) plor(a-n)  0pfsa. 1)
Su s-nsu) 2{fs-1) + 2745 )
2/33(3 o)stla,-1) |, 2B(s-1)(s+i(a, 1)
3m(s-1) +4Q%}(s* - u?) 157 (s—1)° +16Q%}(s* + ?)
L xAlrT) | ap .
G+0-NF+4) 6+ 00 #) |
Taking the inverse Laplace transforms of the equas.3) and (3.4) we have

inhQt
x=Ae™ +A coshut+A, smh,ut +Ae" + Ae" coshQt+Ae" SN

(3.3)

+Aet cosh20t+Ae® smgfzgﬂt sn4Qt

+ Ae" cosh4Qt+A e
A T

sinh ut sinh Qt
KLy B,e" coshQt+Be" ————+

(3.5)

y=B,e" +B, coshut +B,

+B,e" cosh2Qt+B.e

" sm22.Qt . Sinh4Qt +Be" (3.6)

+ B,e" cosh4Q2t+B,e
40

Using the inverse Laplace transform translatiorpprty we have
az+B2
X(t)= xe( z }
[as‘r/?z ]T
and Y(t)=ye' ?
where A ,B, ,i =1A 10are constants given by

A {XO _{(a+b)xo _1[((a+b)—a)xo,u2 +a’bx, H +§[a’1 ab)- u? _4

(3.7)

(3.8)

a a a’-u’

(@b, _1[(asb)-ahou vatix] 1] (ab-u)], X

a a az_luz a 1 az_luz 77(—1'24'/.12)

ra,2 X3, _EEVZX& (/.12+T2+4.Q ) 2r }__ 2
{(,U2+T2+_QZ)Z—4,UZT2} 37 {(,U2+T2+4_Q ) 4/121'2} 1577
Egzxﬁ3{(,L12+r2+16QZ)—2r2}_ 1 2 2
2 2 22 _ 4,22 S S 22__C24
{(ﬂ +77+160Q2) -4y r} 2 37 157

Az:

+
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AS:—{(a+b)—a}Xo/12+a2bXO +a1(ba—,u2) a, Xp,t

— X +
az_'uz a2 _,UZ a,X Yo IT‘—TZ +qu;

+2—1T{%(,u2+r2+.02)—§T[C22(,u2+rz+4.02)—a2Xﬂ3]—%T[C24(,uZ+r2+16!22)—a2x,83]}
e[S B er e

e e+ 07 —awr’} 7

_ 2 o XB{(w? +r2 +a02)-2r7} _ 2 2 1
A, —575?12(#234- - +4Qz)2 —4,L12T2} —gTAm’ A ‘&(AMT E{Am(,uz +72 +4_QZ)+0'2X,33}]
p =2 g xpll o)y 2
157 {(u? +1° +160Q°) -4pr?p 157

A10=+£T(A3mr—2—1r{'%m(#z+fz+4ﬁz)+H3X[3’3 }j

g Blrrd) oo _&{—(y2+dr)_1}_ a,p,_10p{w+r?+e)romd}
Tabwe) N T - +r’ (a?-p?) 2 {(p2+12+0%)-ap’r?}
2 B{(d-1)(u? +17 +40%)+2r(dr - * )} L2 &{(d—r)(,uz+r2+16!22)+2r(dr—,u2)}
3 (w2 +17 +40%)-4p2r?} 157 {(,u2 +77 +16Q° ) —4,uzr2}

1 2 2
"2 e s

B, = yod‘&(l_w}’ xp+ 0P Lol g (pirii0))-op )+

T - A+ a’-u* 2°2r
2 B {Bu(p 7 +407)- B (d-1)}+ 2 BB (w47 +1607)- 5, (- 1))

5 :159133{(#2+T2+Q2)_2Td}=—1(—B ) B _ 1, {_T+(#2+r2+_(_)2)}+_(2,6’3
4 2 {(/.12+T2+.Q2)2—4/12T2} 2 41 5 2 41 o7 or
_iﬂs{(d—r)(,u%rz+4_Qz)—2r(dr—/12)}_ 2 (-B,)

3 {(y2+r2+4!22)2—4,uzr2} 3 %

2 2 2 2
B7=§T|:BS+BGZT_%{BGZ(/J +7°+40Q )-ﬂ(d-l’)}:|

B =

6

2 Bl(d-7)(w? +1r? +160%)-2e(dr -2} 2
B, =—— " 2 7\2 P __(_884)
157 (w2 +12 +160°) - ap°r? 157
B =i[/3 +B,r-2{B (/,12+r2+16!22)—,8(d—r)}} B, = b
9 1577, 3 84 27_ 84 3 ' 10 a2 _/12
4.0 Result and discussion

For the purpose of our figures, we have used thhewing equivalents for easy graphical work:
B, =bet2 B, =bet3 a,=alphl a,=alph2 A=Imda d, =dlalph3=a,. All other symbols in the
text have the usual meaning on the figures. Thélgrof the blood glucose level is clearly depamtden a
number of parameters.

From Figure 1-5, the parameters affecting the blglodose levels significantly amg, d1, bet2,
Imda and alph2. In figure 1 (a) and (b), we noted the blood gluclesels, X; is dependent om.  Within
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the first period of the insulin injected, therestdl a slight rise in the blood glucose level for= .25 and w

= .5, Whenw = .75 andw = 1, the initial rise does not last as in the cadew & 0.75 before the
consequent fall in the blood glucose level. FroiguFelb, we can see that further dose of insulith wi
bring the glucose level to the desired normal athéncase fow = 0.5 which does not give the desired
therapy to a normal state in earlier doses. Ousulraevealed the variation in time of the onset of
hypoglycemia for different dose selection. In Feg(a) and (b) the effect of the half-life tindg is
evident. When this is smaller there is a risehim blood glucose level than when it is greater.al&m
values ofd, is likely to promote hyperglycemia and the gre#itervalues, hypoglycemia can set in if this is
not monitored or regulated.

In Figure 3(a) and (b), the effect bé&t2 is similarly observed. Increase bet2 provokes an
increase in blood glucose levels slightly abovedimallerbet2. It is however, noted that at a highmet2,
there is the possibility of earlier lowering of thimod glucose levels. Higheet2 from this figure too even
in the first period of injection of insulin can make hypoglycemia.

From Figure 4(a) and (b) the effectlaida is instructive. Increase iimmda enables the reduction
in blood glucose level. Blood glucose level is glvhenimda is higher. In the consequent period of
insulin injection the rise earlier in blood glucdseel exhibit a fall.

In Figure 5(a) and (b), the effectaph?2 in the earlier period of insulin injection is reagnificant
but in the consequent period as in fig. 5(b), thi=iknce is noticeable. For soralph?2 the rise in blood
glucose level is higher for smaller valuesatigh2. However, for a high value of likalph2, the increase in
blood glucose level exhibits a fall in consequestiq.

These results clearly support the reports in méditesature of short and long time acting insulin.
The parameten, bet2, alph2 and d; can be regulated to promote this feature for arédésreatment. The
desire for a periodic administration of insulin fardiabetic is good because of the inability of som
diabetics to administer rightly and/or also at tfight time. The need for further research work to
corroborate the experimental findings is importdiftis work has given insight to the state of thebdtic
and the parameters to be monitored and regulatecesealed. Certainly, criteria to avoid hypergiyta
or hypoglycemia or their respective state comast lednvestigated. Furthermore, the model for iimsul
injection for short time and long time acting mbstinvestigated.

Fig. 1a
Blood glucose levels plotted againt Time for the respective variables:d1 =.5
x0= .5 y0= 0 alph2= 5 bet3=.0025 alphl= .5 betl= .025 alph3= .015 bet2= 5
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Fig. 1b
Blood glucose levels plotted againt Time for the respective variables:d1 =05
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X w= 254Xw=5

—
&

Blood alucose levels
s

>

0 T T T T T T T T T T T T T
5 e - w0 ~ o o [Py < w0 [Py w0 © w0
= — o~ o -~ o ©
5
Time variation
Fig. 2a

Blood glucose levels plotted againt Time for the respective variables:w = 0.5
x0=.5y0= 0 alph2= 5 bet3= .0025 alphl= 5 betl= .025 alph3= .015 bet2= .5
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Fig. 2b
Blood glucose levels plotted againt Time for the respective variables: w = 0.5
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Fig. 3a . . . .
Blood glucose levels plotted againt Time for the respective variables:w =0.5 d1 =0.5
x0=.5y0= 0 alph2= 5 bet3 = .0025 alphl= 5 betl= .025 alph3 = .015
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Fig. 3b

Blood glucose levels plotted againt Time for the respective variables:w = 0.5 d1 =0.5
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Fig. 4a

Blood glucose levels plotted againt Time for the respective variables: w = 0.5,d1=0.5
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Fig. 5a
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Blood glucose levels plotted againt Time for the respective variables w = 0.5, k =4.16 d1 = 0.5
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10

/

Blood glucose levels
2

Time variation

—a—X: alph2 = .001
—a—X: alph2 = .01
—*—X: alph2 = .05
—%—X:alph2= .1
—e—X:alph2= .2

Journal of the Nigerian Association of Mathematical Physics, Volume 8, November 2004.

A periodic-type dose effect of insulig. A. Adebile J. of NAMP



Fig. 5b
Blood glucose levels plotted againt Time for the respective variables:w = 0.5,k =4.16 d1=0.5
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