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Abstract

The behaviour of chaotic Hamiltonian system has bee
characterised qualitatively in recent times by @ppearance on the Poincaré
section and quantitatively by the Lyapunov exponeBtudying the dynamics
of the two chaotic Hamiltonian systems: the Henorehes system and non-
linearly coupled oscillators as their trajectorietersect Poincaré section

g, =0, p, >0, these intersections are random. To determine hawdom

they are we shall model the intersections as a Markchain and show that
these intersections describe a closed ergodic Marlhain with a doubly

stochastic matrix77; , 27, =27 =1. This is true for these systems with
i i

an error of £2% .

pp. 199 -202
1.0 Introduction
An important class of dynamical systems is the Htmmian dynamical systems. They can be
described by a set oihZirst-order Hamilton-Jacobi equations. These eiquatare regarded as a vector
field, which define a flow in phase space [3]. T¥ector field is given by the flow of Hamiltonian
H(q,p), which is the total energy of the system. Condéweof the energy in the Hamiltonian systems

requires the value oH((qg,p) remain constant along the trajectory therefé(e,p) = E. Under this
condition one degree of freedom is lost and thgedtaries are bound to a conditid(q,p)=E or to a
2n - 1-dimensional surface on the phase space ostofacey. of constant energy, known as the Poincaré

section.
Akin-Ojo [1] considered a closed bounded systenhwdamiltonianH (q,.....q,.p, -, P, )of N

degrees of freedomn=2, where H =E is the only integral (or constant) of motion. Thleaotic

behaviour of this system can be modelled with apimapof M of 2 into itself. TheS can be celled
into M cells with a probability distribution which pretlicthe randomness @n. Akin-Ojo established
that the dynamics a& follows a Markov chain, with doubly stochastic matThen as a totally chaotic
system (no constant of motion at all) the chaiergodic.

In this paper the two systems Hénon-Heiles sys#jafd the nonlinearly coupled oscillators
system [2], NLCO, are of two degrees of freedomn2. These closed Hamiltonigf(q,,q,,p,,p,) of

two degrees of freedom and one constant of médipa, p) = E on the Poincaré sectiay =a, p, >0 are

non-integrable, so they exhibit chaos. These systaeing nonlinear can only be analysed by numerica
computations. Their behaviours are then exhibitedhe Poincaré section P.S. Studying the dynaafics
these systems as their trajectories intersect tBetRese points of intersections are random. cbimeplex
appearance of the various intersections of theemyston the P.S. leads to the question of a rektipn
between statistics and chaos. We model the intéoascin terms of a Markov chain (process) by oglli

2 into two. Then we show that as a totally chastistem they describe a closed ergodic chain with a

doubly-stochastic matrix;, > 77, => 71, =1.
i i
2.0 Computational analysis
The chaotic Hamiltonian system of the fot( q,,d,,p,, P, ) =( pf +p?)/2+V(q,,q,) can be
solved for using Hamilton’s equations of motion,
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&=0H/op, B =-0H/dq,

& =o0H/op, B =-0H/dq, (2.1)
Since H is nonlinear and non integrable witdi = E the only constant of motion, we cannot solve this
problem analytically. Using Runge-Kutta’'s fourthder method to solve numerically, data points are

generated as the trajectory intersects the Poincgrg a, p, > 0.

The result on the P.S. is subject to the initiatdibon. The degree of chaoticity of the system
depends on the total energy.
(1) The Hénon-Heiles potential [4] with potentiainttion V(q,,q,)=(q’ +q?)/2+q’q, —q> /3
and HamiltonianH =( p? +p> )/ 2+(q’ +q.)/ 2+q/qg, —q; / 3 the dynamics of the system are given by
& =0H/dp, = p, B =-0H/oq, = ~(q, +20,0,)
& =0H/dp, = p, B =-0H/dq, = (g, +q, —-q;). (2.2)
This system is totally chaotic foE =1/ @igure 1a). For this particular energy, the risgetions on the

P.S.are thereby modelled as Markov chain.
(2) The nonlinearly coupled oscillators [2] withtpntial function

V(q,.0,) =0/ 2+30; / 2+aq; | 4+aq; | 4+3aq/q;
where a = land Hamiltonian H =(p? + p2)/2+q?/2+3q./2+aq, / 4+aq, | 4+3a97q;  where
a =1. The dynamics of the system are given by
& =0H/op, = p, B =-0H/dq, =~(q, +q; +60,0;)
& =0H/dp, = p, B =-0H/oq, =~(30, +q; +60/0,)  (2.3)
This system is totally chaotic foE = 10@igure 1b). For this particular energy, the isgamtions on the
P.S. are thereby modelled as Markov chain.

3.0 Markov Chain

There are systems of finite number of states (iaksr quantal), which can be modelled as a
Markov chain or (process) [1, 6]. For these systehwr trajectories are chaotic and the points of
intersections are random. Let us take the poinintdrsection say,X, as a random variable. If the
trajectory intersects the P.S. at poipt at stepr, then it will do so again at some region. Hence,

>, P(r)=1. But one does not know where it will intersdw P.S at stepr +1). We assume there is a
probability that it does at regioki. Then the probability that the system is in slatat step(r +1) is
R(r+1)=3XP ()7, (3.1)

The Markovian property is that at any given time firobability of transition (or movement) from one
statej to statk does not depend on how one arrived in one’s ptestate. The Markovian chain is a

process without memory of the past [5].
R(r+1)=XP(r)m, =XXR(r -1, (3.2)

P(r)=3PR(0)7,,  r=012A (3.3)
where{P(0)}", is the initial probability distributior{r =0), with 77, > 0.
P(r)zo suchthaty P(r)= 137, =1 (3.4)
i k=1
If conditiony’ 7, = 1holds, thenn is a double stochastic matrix and is independetitne r .
k=1
4.0 Modelling the Hénon-Heiles system and NLCO systensaa Markov Chain

The Poincaré sections of the Hénon-Heiles systaitt@NLCO system can be partitioned into
two cells, because of the symmetry of the curveisese are shown in Figures 2(a) and 2(b) for 100, 2

Journal of the Nigerian Association of Mathematic&hysics, Volume 8, November 2004.
Chaotic Hamiltonian systems as a Markov Chain Oyaetila Olubusoye Popoola and R. Akin-Ojo
J. of NAMP



300, 400 points of intersections. Let us take d6idits of intersections as our initial distributioBtarting
in statei at time stepr = 100then our initial distribution

{Rr(100}, =[P(100) P,(100)] (4.2)
The probability that the system is in st&teat time (r +1) = 200is
R.(200) = 3 P(100)7, (4.2)

a al . . : . .
wherer, = LB 1 ,3} is the transition matrix. In order to calcula® this process is taken up to

R.(300) = 3 R(100)7; (4.3)
R.(400) = 3 P(100)77; (4.4)

Note thati P(r)= 1 Solving equations ((8)-(11), we calculate tlasition matrix of the systems.
i=1

The transition matrix for Hénon-Heiles systdin=1/ is@given by
05 05
7, = (4.5)
05 05

This transition matrix describes closed ergodic kdarchain with a doubly stochastic matrix within an
error of 2%. The transition matrix for the nonkinly coupled oscillator system fer= 108

_[054 046
" 1047 053

This transition matrix describes a closed ergodarkdv Chain with a double stochastic matrix witam
error of 1.2%.

T, (4.6)
5.0 Discussion and conclusion
For the totally chaotic systems (ergodic states) we
have determined the transition matrices for the Hén  on-
Heiles system and the nonlinearly coupled oscillato r.
These are doubly stochastic within an error of 2%. the
systems as a Markov chain we were able to determine
the transition matrices of these systems, which giv ea
guantitative result of chaos instead of the usual
Lyapunov exponent, while the portraits of the syste ms

on the P.S. give a qualitative result of chaos. Am  ore
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accurate celling of the Poincaré section into four or

more will be carried out for further work.

H=16 ‘

E=1/0 (100 Hterates) | T
E=1/6 (200 iterates)

05 | L] T e
LAd) s 0.60 s —
» . o
05 : I P2 0.00 .'_-W:f ,} [ o000 "'A:-m & |
al . ¥ q
'S o8 o 05 1 is | S e | o S |
@ 080 L | om0 l— = Aund” |
10 0% 000 08 100 400 05 000 050 100
e e — |
& | a

B B ———
1/6 (300 iterates) E=1/6 (400 terates)

0.60 — H
o R = P, 000 43 | p,nm)‘
‘ % |
i ol et || ] Ll
- gy, 100 -050 000 050 100 1.50 H 400 050 000 U.saﬁ;;’wﬂso
9, | a

Figure 2(a): Hénon-Heiles system as a Markov chain
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Figure 2(b): NLCO system as a Markov chain
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