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Abstract

An analytic method is applied to study the higher order
approximate solution of Stokes waves. For comparison and effective
analysis, solutions of first to fifth order approximations are studied.
From the various expressions derived, the numerical computations and
the graphical solutions, there is a gradual increase in the wave height
from the first to fifth order and they follow one another very closely.
However, there is a significant difference in that of fourth and fifth order
compared with those of first to third. This analysis suggests that the
wave height of fifth order is twice that of third order but with slight
increase with respect to the fourth order solution. Fifth order Stokes
waves may be peculiar to waves with unusual characters in view of the
significant difference in the wave height when compared with those of
lower order solution. However, dispersive phenomena among wave

modes often limit the wave growth in practice.

pp 227 -236
1.0 Introduction

Since the work of Stokes and some of his contemigsrauch as Mitchell [1] in the nineteenth centtingre
have been remarkable advances in the mathematidaplaysical description of water waves. The detadlyses of
the phenomena are readily available in such au#time publications such as [2, 3, 4, 5, 6, andugt to mention a
few.

Like most of the finite amplitude water waves witgid profile, Stokes waves are characterized bg-no
vanishing divergence. This property had been équidoy a number of theorists in numerical and wiwal study of
certain geophysical processes. Hunt in [8] catedlahe force and couple associated with Stokessvawn vertical
piercing cylinder in both deep water and wateriofté depth. This analysis explained the effeatisodrigs of the
propagating ocean waves.

Further, Okeke in [9] obtained the solution of &®kvaves in the water of finite depth in form olitaoy
waves, which propagate into the adjoining estuaryares.

This paper is thus aimed at the continuation ofathaytical study of Stokes waves to the fifth ard€his is
a superposition of the waves modes from first tortfo  These lower modes had already been calculat§?] and
briefly reviewed in the earlier section of thisdju

2.0 Review of earlier developmentsfor stokes waves
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The x-axis is perpendicular to the shoreline and z —peigpendicular to th&-axis but pointing vertically
towards the seabed in negative direction. Thelfioédium is assumed to be irrotational but non+dieet. Let¢ and

¥ be the velocity potential and stream function eespely. Following [2], the following apply

0’ ’p
+ =0 2.1
ox? 0z* 1)
o’y o’y
+ =0 2.2
ox? 0z* (22)
Tosolvefor (2.2),theboundaryconditionsare: ¢y = 0 for z=n (2.3)
¢ =k, for z=-h (2.4)
p=k, for z=n (2.5)

n = n(xt)isthewaveprofile. Dynamicboundaryconditionis

gn + %Ka—wj + (6_(//] } =k, for z=n (2.6)
ox 0z

Generakolutionfor eqn(2.2)is ¥ =c,z+ c, + (c3coskx + c4sinkx)(c5ekz + cse’kz) (2.7)

¢, (i =1,2, 3, 4, 5) areconstants. Sincethe fluid depthisassumed to beinfinite ¢, =0, and ¢, = -c

O¥Y=-cz+c, + (cscoskx+ (:“sinkx)csekZ (2.8)
A possibl€form of streanfunctionisobtainedf ¢, = 0 andc, = 0, therefore,
W = -cz + (c,cosk¥c.e”

¥ = -cz +c,c, coskxe, (2.9)
- 4 C,C, @

on dividing through by, we have — = -cz +—=—=coskxe (2.10)

c c

CsCs v "
Therefore let,f =——, then— = -z + [e” coskx (2.12)
c c
But wheny =0,z=n , therefore -n+ " coskx= 0 (2.12)
n = e coskx (2.13)

By perturbation methods involving(x,t), the following are obtained:
First order approximation /7(x) = —acoskx (2.14)
Second order approximation /7(x) = —acoskx + %ka2 €0s 2kx (2.15)
Third order approximation /7(x) = —acoskx+% ka? coska—g k?a® cos3kx (2.16)

Fourth order approximation

1 11 3 1
n(x) = —acoskx + (E ka® + Ek3a“]c052kx - §a3k2 cos3kx + ga“k3 cos* kx (2.17)

3.0 Derivation of fifth order approximation of Stokes waves
The fourth order solution of Stokes waves is

¢ -z + Be“coskx + ye** cos2kx, (W =0 at z =) (3.1)
c

Including the next term in the Fourier expansiongoand adjusting the coefficient, we have
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Y = 74 B P coskx + yy* cos2kx + aa®* cos3kx (3.2

c
By assumptiong = 0(,6’5). Dynamic boundary condition is
1|( oy ’ oy ’
+ == + | = = k, atz-= 3.3
7 2{[ axj [ ™ 8 n (3.3)
Y = -c[z - e coskx — ye™ cos2kx — ae* cosBkﬁ
%_41/ = —c[ kB e“ sinkx + 2k ye** sin2kx + 3ka e* sin3kx] (3.4)
X
2
(‘;—"’j = ¢ [ kBk® sinkx + 2ky * sin2kx + 3koa ™ sin3ky]’
X
2
%(Z—Wj = k?p?e* sn’kx + 4k®y? e sin® 2kx+ 9k’a? € sin? 3kx (3.5)
c?\ ox

+4k?By e sinkxsin2kx + 6k*p a e™ sinkxsin3kx+12k?*y o €™ sin 2kx sin 3kx

Smilarly, %—VZ/ = c [ -1+ kBe“ coskx+ 2k y * cos2kx + 3k e** cos3|<x] (3.6)
0 2
(a—l’/jj =c’ [ -1+ kB e“ coskx+ 2k ye** cos2kx+ 3ka e™* c053k>4 ’
z

2
iz(g—l//j =1 + Kk’p?e*cos’kx +4k?*y* e" cos’ 2kx +9k’a* €™ cos’ 3kx
c’\ 0z

+ 4k’B y € coskxcos2kx + 6k’ o € coskxcos3kx +12k*y o € cos2kxcos3kx - (3.7))
2k Be” coskx - 4kye®™ cos2kx — 6kae®™ cos3kx
Adding equations (3.5) and (3.7) gives

2 2
[0_@1/] + (a_l//j =c[1+ KB e™+4Kk*y* e™ + 9K’a® ™ +4k’fy €™ coskx

0X 0z
+ 6k’Bae" cos2kx+ 12k*y a € coskx - 2k €< coskx - 4kye™ cos2kx (3.8)
- 6kae™ cos3kx ]
2 2
o JL() L) | - k, , now becomes
2|\ ox 0z
2—9:7+ 1+ K?B? € +4k? y* €™ +9k%a’ ™ + 4k*B y €™ coskx + 6k’S a " cos2kx (3.9)
c .
+ 12k*y a € coskx - 2k coskx - 4kye™ cos2kx — 6kae™ cos3kx =k, at z=y
2—92’7 + KB e™ + 4k*y* €™ + 9K’’’ e + 4k’ y €™ coskx
c
+ 6k’ ae™ cos2kx+12k’y a € coskx - 2kBB* coskx
- 4ky y** cos2kx — 6kaa® cos3kx = k, (3.10)
But 7= B€“ coskx + ye™ cos2kx+ a €*’ cos3kx (3.12)

(Putting z =7 when ¢ = 0 inequation(3.2) )
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2—%’7 +K2 % €™ +4k* y* e™ + 9K’a’ €™ + 4k’By €™ coskx+6k*B a €™ cos2kx +12k*y a €™ coskx
c

- 2k[ﬁ € coskx+ ye™ cos2kx+a € cos3kx] - 2kye™ cos2kx — 4kae™ cos3kx = k, (3.12)
Substituting for # = B€ coskx+y €™ cos2kx+a €* cos3kx,we have

201, k*p? € + 4k* y* ™ + 9K’0” €™ + 4k’ f y €™ coskx + 6k*S o €™ cos2kx

CZ
+ 12k%y a € coskx - 2krp 2kye™ cos2kx — 4ka e* cos3kx =k, (3.13)

% +K?p% e - 2kn — 2kye™ cos2kx — 4kae™ cos3kx =0 (neglecting O(4°)and above) (3.19)

Recall from (3.11) 5 = B€“ coskx + yy * cos2kx +a e™ cos3kx. Making coskx thesubject of the formula,
p e’ coskx= - ye™ cos2kx — ae™ cos3kx (3.15)
coskx = pte*(n- ye™ cos2kx— ae™ cos3kx) (3.16)
cos2kx =2 cos’kx - 1 (3.17)
cos3kx = 4cos’ kx - 3coskx (3.18)

cos2kx = 2[ pred(n — ye cos2kx - ae™ cosSkx] -1 (3.19)

=2 pre™ (p*+ y*e™ cos’2kx + o’ e®™ cos’3kx - 2 n€™ cos2kx - 2nae™ cos3kx + 2y €™ cos2kx cos3kx - 1
= 2B8%e™ + 2%y e cos’2kx + 2 p?a’e™ cos’3kx
- 482 yyn " cos2kx - 4B aan" cos3kx + 487 yya® cos2kx cos3kx - 1
= -2k ye® cos2kx =- 2k ye® (2 B?’n*e® + 2 B* y* €™ cos®2kx +
2 B?a?e™ cos*3kx-4B7 yne* cos2kx - (3.21)
487 ane" cos3kx + 487 ya e cos2kxcos3kx + 2k ye*” cos2kx )

(3.20

-2k y e cos2kx =-4kB?yn* — 4kB* y* e cog 2kx -

4kB? ya® e’ cod3kx + 8kB* Y ne™ cos2kx + 8kB? yan €™ cos3kx — (3.22)
8KB? ) a € cos2kxcos3kx — 4Ky e' " cos2kx)
= -4kB?yn? (neglectiy termsof 0(3°) andabove) (3.23)

Similarly,  cos®kx = [(ﬁ1 e¥(n- ye™ cos2kx — ae™ cos3kx)] : (3.24)
= B%e™ (y*+ 9> e™ cos® 2kx + a’ e®™ cos® 3kx-2nny ™ cos2kx (3.25)
- 2na e®™ cos3kx + 2yae®™ cos2kx cos3kx) (7 -y e* cos2kx — ae® cos3kx '
4cos’ k =4B7° e [(n® +ny° e cos’ 2kx+n5 a’ e cos’ 3kx- 2 5 yy * cos2kx

- 25% ae” cos3kx+2yan®* cos2kx cos3kx)+ (- #°y € cos2kx

- % e®™ cos2kxcos® 2kx—y a® e ®* cos2kx cos® 3kx+ 27 y” €™ cos® 2k (3.26)

+2nya e cos2kx cos3kx—2 y’a e’ ¥ cos® 2kx cos3kx )+ (- n’a e* cos3kx
- y?a €™ cos’ 2kxcos3kx—a’ e cos® 3kx+ 27y ™ cos 2kx cos 3kx
+2na’? e cos’ 3kx - 2y a e®* cos2kx cos® 3kx)]
From equation (3.1830s3kx = 4cos’® kx —3coskx , substituting for4 cos® kx in equation (3.18) gives
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cos3kx = 48°%° e + 437y " cod2kx + 4y f°a’ e cos 3kx

-8#° f°ye" cos2kx -84’ fPae” cos3kx + 8 5 yane™ cos2kx cos3kx

+ [-4°6 % €Y cos2kx— 4 57 y° € cos2kxcos 2kx—4 5 ya* ¥ cos2kx cos 3kx
+873° y* € cos 2k +878°ya €’ cos2kx cos3kx —8 By an™ cos 2kx cos3kx | (3.27)
+[- 487 o cos3kx —4 7y’ € cos 2kxcos3kx —4 57 o’ e®* cos 3kx
+818° " cos2kxcos3kx+875° a* €Y cos 3kx

- 88 % a € cos2kx cos’ 3kx ] 3coskx

= 483 e™ - 8y B%ye™ cos2kx - 4’y e cos2kx- 3coskx

) (3.28)
(neglecting 0(B°) and above)
The last term in equation (3.14) is
-Akoo™ cos3kx = -dka €™ [ 487 €%- 8y° By e cos2kx - 4’y €9 cos2kx (3.29)
- 3coskx |
=- 16kaB°n® +32kn* B2y e®™ cos2kx+16 ky’ B °y o €' cos2kx (3.30)

+12ka e coskx ]
= -16kaB®n® (neglecting 0(3°) and above. (3.31)
Recall that from equation (3.13)

% + k?pB%e* - 2kn - 2k ye® cos2kx— 4ka e cos3kx= 0. Replacing —4kae®™ cos3kx in

equation (3.13) with-16kaB~n° gives

_2C92'7 + k*B?e™ -2kn - 4kB? yn® - 16kaB®n’= 0.. (3.32)
Applying Taylor's series foe™” in equation (3.32) gives
297 2 g2 aK* n* 8k* n’® ,
+ k 1+ 2kn+ + +
c? / 1+ 6 o) (3.33)
- 2kn—4kB?*m? - 16kaBs®y® = 0
5 2 3
%ﬂéﬁz +2ke gy w2kt pr g+ L ﬁG T 2kn-akB2 yn* -16kaB*n® =0  (3.34)

5 2
(2—?+2k3 ﬁz-ijf7+(2k“ B’ -4k,82y)/72+k2ﬁ2+( SkGﬂ —16ka,6’3j/73=0 (3.35)
C

Equating coefficients of7,7*> and 77° in equation (3.35), we have

729 4 2k B -2k=0 (3.36)
C
n?:2k* B*- 4kB* y =0,2k*'B* = 4kB*y (3.37)
=y = %/3“ k? (3.38)
5 2 5 2
n: % -16kaB*=0, 85 =16kap* (3.39)
=>a= i[35k“

12 (3.40)
29 _ok-28%3 = 29 oK1 - p2Kk2)= g=c2k(1- f2k2). Therefored 1 -2

o2 o2 K@ - 522)
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%(1 + 822 + g4 4 ) (3.41)

From equation (3.11)y = ﬁek” coskx+y e2k'7 cos2kx + a e?’k'7 cos3kx where y and o are given by
equation
(3.38)and (3.39)respectively. Hence

n= /;’ek'7 coskx+% ﬁ4 k3 e2k’7 cosZI<><+1—12 ﬁ5k4 e3k’7 cos3kx (3.42)
Let n :;/Ioﬂ+;71ﬂ2+;72ﬂ3 +;/I3ﬂ4+ ;//4ﬂ5 +A\ (343)
Utilising Taylor’s series fore"” ,e?” and e®’ in equation (3.42) and equating to equation (3gh&s
3,73 4,4
NBHNB+I, B +,B +11,5° = ﬂ(1+kr/+§k2r/2 B ]coskx
2,72 3,73 2,72
+% ,8“k3(1+ 2k + 4k2’7 RS/ jcoszl<x+1—12 ,85k4(1+ 3k + 9k2’7 (3.44)

3,,3
+27k6,7 +/\)cos3kx

kZ
= ﬂ[ 1+ k(”oﬂ+ ’71ﬂ2+ ’72ﬂ3 + 7/3ﬂ4+ ’74ﬂ5)+7(’70ﬂ+’71ﬂ2+7/2ﬂ3 + n3ﬂ4+ ’74ﬂ5)2
k® 2 3 3 1 4 1,3 2 3 4 5
+€(’70ﬁ+ ’hﬁ + nzﬁ +/\)] COSkX-'_Eﬁ K [1+2k(770ﬂ+ ’hﬁ +’72ﬂ + ’73ﬁ +’74ﬁ)
8k®

+ 2K (1, B+ m P, B B+, fO) + 5

(mB+m, p*+n, p° +N\ )’] cos2kx

1 51,4 2 3 4 5 9k2 2 3 4 5\2
+Eﬁ K [1+3k(’7018+ ’hﬁ + nzﬁ + 773ﬁ + ’74ﬁ )+ 2 (n0ﬂ+ ’hﬁ +’72ﬂ + 773ﬁ + ’74ﬂ)
3
+== B+ 7+, f A ) ] cos3k (3.45)
Equating coefficients of3, 3, £°, B*and 5°, we have’
B, =coskx (3.46)
B%  n, =ky, coskx = k cos’ kx (3.47)
3 k? 2 k?
B o = (kn1+7 no) coskx = (k(k cos kx)+7coskx) cos kx (3.48)
2
Ny = k2 cos3 kx +k7cos2 kx (3.49)
4, = + k2 + K 3 coskx + 1 k3 cos 2kx 3.50
ﬂ-773_(k772 7/07/1 ?’70) E (3.50)
= kg, coskx + k2 coskx +E 3 coskx + 1 k3 cos 2kx
3 2 o' 6 0 2
2
= k coskx(k2 00sS kx +k7 cos? kx) +k2( coskx) (k cos? kx) ( coskx)

3 (3.51)

+ % (coskx)3 coskx + % k3 cos 2kx
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3 3
= k3 cos? kx +k7cos3 kx +k3 cos? kx + k6 cos? kx+ k3 cos 2kx (3.52)
13,3 4, kK 3 3
Ny =—Kk*” cos™ kx+— cos kx+ k= cos 2kx (3.53)
3 6 2 2
2 3
5. _ k 2 2 k 2
Pong = Qag+—-n= +KSngny +=-ng-1m, ) coskx
4 k4
+ k Ny C0S 2kx+Ecos 3Kkx (3.54)

3 2

3 3cos4l<x+k7cos3 kx+% k3 cosZI<x]+k7 coskx [ k cos2 kx]2

My = k coskq 1—k
2 > 3, k> 5
+k“ coskx [ ( coskx) (k< cos kx+7 cos” kx) ]
K3 2 2 4 k4
+ > coskx ( cos“ kx) (k cos“ kx)+k™ ( cos kx) COSZkX+E cos3kx (3.55)

4 4 4
My =1—§’k4c055kx+k7cos4 kx+k7 cos 2Kkx cosI<><+k7cos5 kx+ k% cos® kx
4 4 4
+k7 cos? kx+k7 cos® kx+ k%4 cos2kx cos kx+l;—2c053kx (3.56)
4 4 4 4
S B L K Ay cosB (K k k ycos® kx
6 2 2
k* 4 k%
+( 7+ k™) cos2kx Coskx+E c0os 3kx (3.57)
4
My =%5k4 cos® kx+ k%4 cos? kx+%k4 cos 2kx coskx +I;—2 c0os 3kx (3.58)

From equation (3.43) = ﬁ/]o + ﬁz nl+ﬁ3 My +ﬁ4 N3 +ﬁ5 g
Qubstituting for Mo My Mo g and g in equation (343) gives

2
n= [coskx +ﬁ2 k 0032 kx + ﬁ3(k2 cos3 kx+k7 cos2 kx)

3

(3.59)
k3 cos? kx+ k2 0SS kx += > k3 cos 2kx) + ﬂ5( 4 cos® kx

4,13
+
p (%
4 4 3 .4 k4
+ k™ cos™ kx +E k™ cos2kx coskx + ) c0os 3kx)

n = pcoskx+ B>k cos’ kx+ B° k* cos® kx +1ﬁ3 k? cos® kx
ﬁ k® cos® kx += ﬁ k® cos’ kx+ ﬁ k® cos 2kx+ ﬁ k*cos’ kx  (3.60)
+ B°k* cos' kx 2 ﬁ k* cos2kx coskx +12 B°k* cos3kx)
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Rearranging the terms, we have n = pcoskx +(* k +1ﬁ3 k?) cos® kx

ﬁ k® cos 2kx + (= ﬁ k® + B° k?) cos® I<><+1 B°k* cos3kx

(3.61)
ﬁ k* cos2kx coskx+( ﬁ k® +8° k*)cos’ kx+ ﬁ k*cos® kx
The followmg relations apply
cos’ kxzé( cos2kx +1) (3.62)
cos’ kx=%( cos3kx + 3coskx) (3.63)
cos’ kx=%(cos4kx+4c032kx +3) (3.64)
cos’kx = %(cosSkx +5c0s3kx +10coskx) (3.65)
c0s 2kx cos kx =%( €0s 3kx + cos kx) (3.66)
Substituting for the identities, we have
= pcoskx +(B*k += ﬁ k) (= C032kx+—)+ ﬁ“ k® cos 2kx
+ (= ﬁ k®+p° k?) (lcos3kx +3coskx)+ ﬁ k* cos3kx
4
1 (3.67)
+—ﬁ k(— cosSkx+2coskx)+( ﬁ k®+p°k* )(—cos4kx
4 5 14 5 10
+ —coska+—) +—ﬁ k (— cosSkx+—c053kx+—coskx)
8 16 16
= [ coskx+= ﬁ k cos 2kx += ﬁ Kk 1 ﬁ k? cos 2kx += ﬁ k?
+—ﬁ“ k® cos 2kx +—ﬁ“ k® cos 3kx +—ﬁ“ k*® cos kx +—/33 k? cos3kx
+= ﬁ k? coskx + ﬁ k* cos3kx 3 ﬁ k* cos3kx 2 ﬁ k* coskx
(3.68)

+==B* k® cosdkx+ — B* k® cos2kx +— p* k® +— ® k* cos 4kx
48ﬁ 12ﬁ 48ﬁ 8 “

1 B° k* cos2kx+ 3 B k? £ 22 B° k* cos5kx £125 B° k* cos3kx
2 8 96 96

+@ﬁ5 k* coskx
96
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no= B+ ﬁk2+ ﬁk3+ ﬁk“ 85/35k")C03kX
1 1

+( Eﬁz k+2ﬁ3 k2 +§ﬁ4 k? +1_2ﬁ“ k® +§ﬁ5 k*) cos2kx
1 1 1 3 125

+ Zﬁa K2 +§ﬁ4 K3 +Eﬁ5 K +Zﬁ5 K +%ﬁ5 k*) cos3kx (3.69)
13 1 25

+ (Eﬁ“ |<3+§ﬁ5 k*) cosdkx + %ﬁs k* cos5kx
1 1 13 3

+ ( Eﬁz k +Zﬁ3 k? +Eﬁ“ k® +§ﬁ5 k*)

n= (/3+§/33 k? +§ﬁ“ k® +%ﬁ5 k*) coskx+ ( %ﬁz k +%/33 k*

+ E)ﬁ“ k3+1ﬁ5 k*) cosZI<><+(%ﬁ3 k* "%ﬁa k? +29—%555 k*) cos3kx

o5 1 1 (3.70)
( ﬁ k® + ﬁs k* )cosdkx +=— p° k* cosbkx +( = p* k+=p°k?
96 2 4
+2284Kk® +2 85 k4
16ﬁ Sﬁ )
Let a=(8 + %/33 k? o+ g/r* K+ 1_61ﬁ k*) (3.71)
Let B =ca +ca® +ca’ +ca' +ca’ (3.72)
a+ ca +ca’ +ca’+ca‘'+ ca’ 3 k’(ca+ ca’+ca’ +ca'+ ca’ )
4 (3.73)
3 s 3.4 5
+§ k’(ca +ca*+ca’ +ca' + ca’) + k' (ca+ ca’+ ca® +ca’ +ca’)
£ O aand,B2 0 a2
n =(a+ §a3k2+§a4 k3 +£1a5 k* ) coskx+( 1azk+la?’k2 +E)a4k3
4 8 48
(3.74)

+1BkA) cosoke + (La3K2 + 183 + 200
2 4 9

5 5 k4) cos3kx+( 13 at K3

+ £a5k4) cos4|<x+2—5a5k4c055kx+( a k+ k2+E’a4k3+§a5k4)
8 96 4 16 8

Shifting the origin, we have

3a3k2+3,4(3-101.5,4 coskx+( 411 a3k2+ ig a% k3

= -a-_
n=( 7

;a k4)c032kx+( 4a Sk2+ ; atk3- 29%5 5k4) coska+( 13 4k3 (3.75)

1a5k4)cos4kx a® k4 cosbkx+ (= a k- = 1 3k2 13 4k3 3 5k4)
8 96 4 16 8

13,4,3_3,5,4

16 ) to agree with the observed

We ignore the last term, that i(s,za k—za Sk2 4+

wave from
n =—acos|<><+(la2k—la3 K2+ 19543 1 a®k*) cos2kx+( ~L1a3y2
2 4 12 2

(3.76)

; a% k3 - 29(25615 k4) cos3kx+( 13 atKk3- ;aS k4) cos4kx — 9: a® k? cos5kx
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= 0 because, a linear wave term cannot contain terms

while the term %a3 k2 + §a4 k3 —%a‘r’ k4

8

involving the product of wave amplitude. Equati@i76) is the desired fifth order Stokes wavesis &
superposition of the first order to fourth ordefanhdition to extra term having wave number fiveetinthat
of the linear solution. The numerical calculatiomgolving the foregoing developments are detaitethe
appendix.

4.0 Discussion of results

For a given wavelength of 99.82m, the fifth ordes la wave height of about 54m above sea level
while the wave height of fourth order is about 4%on same amplitude as shown in Figure 1. The
approximate wave height for third order is 25m,osetorder is 20m and first order is 14m as shown in
Figure 2. Hence, the higher the order of Stokases, the higher the different wave heights ab@ee s
level obtained as it is observed from first tolfifoirder approximations. However, there is a sigaift
difference with order four and order five when camrgad with order one to three in terms of wave heigh

5.0 Conclusion

From the analysis, it is observed that the appraténsolution of fifth order Stokes waves has
similar wave profile with those of the first to foki order. The analysis also suggests that tisesegradual
increase in the wave height beginning from the foghe fifth order.

The fifth order Stokes waves approximation may pplieable in deep waters to determine the
wave heights of water waves that exhibit unusuatatteristics such as rigid profile and speed grehtan
those of linear waves.

The wave heights predicted by present numericauations may appear higher than those from
observation. This may be explained by the fact thatpresent calculations ignored some of the physi
forces such as windstorms over ocean surfaceseTheses may reduce wave heights usually observes.
However, the order of magnitude in the calculatisrsufficiently near to reality.

Further, the fifth order is a superposition of@itlers to the fourth. This increase with increasing
order will not continue due to inherent damping aales dispersion usually inherent in the system.
However, the outcome of the investigation is qiniteresting in that it suggests the geophysicdltiesif
wave modes are increased to the extent allowedhalytical difficulties.
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Figure 1Graph of # and 8 order (Under Stommy Weather)

Figure 2 Gaphaf, 29, 3, 4 and 8 ader (Under Somry Weadher
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NUMERICAL COMPUTATION OF FIFTH ORDER

The input data are obtained from deep water fenitplitude waves.
They are as follows:

L =99.8200m

a=14.1744m

k= 0.0629

kx = 0.0629x

FIFTH ORDER APPROXIMATION
» y1 = -a*cos(kx);
» y2 = [(0.5)*(@"2)*k - (1/4)*(a"3)*(k"2) + (19/12fa"4)*(k"3) —

(0.5)*(@"5)*(k"4)]*cos(2*(kx));

» y3 = [(-0.25)*(a"3)*(k"2) + (1/8)*(a”4)*(k"3) -305/96)*(a”5)*(k 4)]*cos(3*(kx));
» y4 = [(13/48)*(a™4)*(k"3) - (1/8)*(a"5)*(k"4)]*ce(4*(kx));
» y5 = (-25/96)*(a"5)*(k"4)*cos(5*(kx));
»y=yl+y2+y3+yd+y5

y_
Columns 1 through 7
-20.7016 -9.5663 4.6949 1.0066 -13.3472.1508 -7.9025
Columns 8 through 14
30.7104 53.8115 30.7104 -7.9025 -22.18DB3474 1.0066
Columns 15 through 21
4.6949 -9.5663 -20.7016 -9.5663 4.69490066 -13.3474
Columns 22 through 28
-22.1508 -7.9025 30.7104 53.8115 30.71349025 -22.1508
Columns 29 through 35
-13.3474 1.0066 4.6949 -9.5663 -20.70P65663 4.6949
Columns 36 through 42
1.0066 -13.3474 -22.1508 -7.9025 30.71%R.8115 30.7104
Columns 43 through 49
-7.9025 -22.1508 -13.3474 1.0066 4.69405663 -20.7016
» plot (kx,y)
» Xlabel(‘kx = 0 to 6);
» ylabel(‘wave profile’);
» title (GRAPH OF FIFTH ORDERY);
» grid on

COMPUTATION TO PLOT MULTIPLE GRAPHS
» yl = -a*cos(kx);
» y2 = -a*cos(kx) + 0.5*k*(a”"2)*cos(2*(kx));
» y3 = -a*cos(kx) + 0.5*k*(a2)*cos(2*(kx)) - (3)8(k"2)8(a"3)*cos(3*(kx));
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» y3 = -a*cos(kx) + 0.5*k*(a2)*cos(2*(kx)) - (3/8k"2)*(a3)*cos(3*(kx));

» y4 = -a*cos(kx) + [0.5*k*(a"2) + (11/6)*(k"3)*(af)]*cos(2*(kx)) - (3/8)*(k"2)*(a”3)*cos(3*(kx)) +
(1/3)*(k"3)*(an4)*cos(4*(kx));

»

»yll = -a*cos(kx);

»y22 = [0.5*(@"2)*k - (1/4)*(@"3)*(k"2) + (19/12a"4)*(k"3) - 0.5*(a”5)*(k"4)]*cos(2*(kY;
»y33 = [-0.25%(@"3)*(k"2) + (1/8)*(a"4)*(k"3) -205/96)*(a"5)*(k"4)]*cos(3*(kx));
» y44 = [(13/48)*(a™4)*(k"3) - (1/8)*(a"5)*(k 4)Jtos(4*(kX));

» y55 = (-25/96)*(a"5)*(k"4)*cos(5*(kx));

»y5 = yl1+ y22 + y33 + y44 + y55;

»

» plot (kx,y4,kx,y5)

» Xlabel (‘kx = 0 to &);

» ylabel (‘wave profile");

» grid on

» title (GRAPH OF FOURTH AND FIFTH ORDERY);

»

» plot (kx,y1,kx,y2,kx,y3,kx,y4,kx,y5);

» Xlabel ('kx = 0 to &);

» ylabel (‘'wave profile');

» title (GRAPH OF FIRST,SECOND,THIRD, FOURTH ANDFHH ORDER’);

» grid on
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