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Abstract

In this paper we derive the complete planetary efjola from the
Schwarzschild’s equations of motion and comparenith the corresponding
well-known planetary equation from the Schwarzchgdine element.
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1.0 Introduction

In the year 1916, K. Schwarzschild published [Khwarzschild, S.B. Preuss. Akad. Wiss., 189
(1916) ] the solution of the Einstein’s geometrigahvitational field equations due to a homogeneous
spherical massive body of radiBsand rest masl§l,. That solution paved the way for the derivatiéthe
Einstein’s geometrical equations of motion for tpatticles of nonzero rest masses in the gravitatio
fields exterior to a homogeneous spherical bodyiclwlare given in the Spherical polar coordinates
(t,r ,H,qo) with origin at the centre of the body as
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where k=GM, (1.5)
and G is the universal gravitational constant, c is #peed of light in vacuo and a dot denotes one
differentiation with respect to proper time;. These four equations are henceforth called the

Schwarzchild’'s equations of motion. They also platlee way for the derivation of the corresponding,
Einstein’s line element in the gravitational fiedterior to a homogeneous spherical body as
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called the Schwarzschild’s line element.

According to the relativity authorities the Schegchild’s equation of motion (1.1) — (1.4) form a
test particle confined to the equatorial planehi& gravitational field exterior to a homogenousesjual
body are “ complicated " [1, 2, 3]. Therefore theyrmally resort to the analysis or manipulatiorthuf
Schwarzschild’s line element as an equation of omofi he results are the well-known Einstein’s eiqunat
of motion in the equatorial plane
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And the corresponding radial equation
k 17 3%
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And corresponding planetary equation

2
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In this paper we analyse the Schwarzschils’s
equations of motion (1.1) - (1.4) and deduce the
corresponding equation of motion in the equatorial
plane and corresponding radial equation and
corresponding planetary equation for comparison wit h
the well equations known the line element and
application to the motions of test particles such a S

planets, comets and asteroids in the solar system.

2.0 Analysis
Consider a particle moving in the equatorial plarterior to a homogenous spherical body. For

this test particle 0= 772 (2.1)
Hence the Schwazschild’s equation of motion intitme direction (1.1) integrates exactly to yield:
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c’r
Hence under the experimentally well establishediitmm thatt =7, r =oo (2.3)
: . dt 2k "

where T is proper time, it follows that tgcd— =1-— (2.4)

T c’r

This expression also corresponds to time dilatiorthie gravitational field exterior to a homogeneous
spherical body. It is therefore henceforth catleel expression for gravitational time dilation acliog to
the Schwarzschild’s equation of motion.

The Schwarzschild’s equation of motion in the atimal angular direction (1.2) integrates exactly

to yield: F= r|_2 (2.5)

where | is the constant angular momentum per uagsn This is the same as the pure Newtonian/angula
momentum per unit mass.
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The Schwarzschild’s equation of motion in the aadirection (1.4) is given by
B 2"2 & :{—Lz(l—szj & +r(1—27k] é@} (2.6)
c’r r c’r cr
It therefore follows from the expression for gratibnal time dilation according to the Schwarzsthil
equations of motion (3.4) and the azimuthal angsiered (3.5) that
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Hence by the transformation k%r) = w(r) (2.8)
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This is Bernoulli’s differential equation. Hencg the transformation
2(r) = w?(r) (2.10)
it becomes % + P(r)z = Q(r) (2.11)
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Equation (2.11) is a linear second order non homeges equation and hence has general solution

&(r):c2+(B—lr—22] [1— Zk] (2.14)

c’r

whereB is an arbitrary constant. Lgtbe any apsidal of the motion &=0; r =r, (2.15)

Then (2.14) becomes, after some rearrangement:
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This is the exact expression for the instantaneadi&l speed in terms of the radial coordinate,
from the Schwarzschild’s equations of motion. Herefore follows from (2.16) and (2.7) and some

manipulation that
k 2k 17 | 17 3K?
=d-—|1- - +—-—— 2.17
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This is the exact expression for the instantaneadisl acceleration in terms of the radial coorténaom
the Schwarzschild’s equations of motion. Finatlfpllows by the transformation

u(r)=1 (2.18)
r
and the angular solution (2.5) and some manipulatiat
d2u k 2k )12 |3k
+u=<—||1- - +=u’ 2.19
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This is the exact planetary equation from the Scheeahild's equations of motions.

3.0 Summary and conclusion

In this paper we derived Schwarzschild's equatminsotion in the equatorial plane exterior to a
homogeneous spherical body as equations (2.4), (2.36), (2.17) and (2.19).

In the first place it may be noted that the g@ignal time dilation expression from the
Schwarzschild’ s equations of motion in this paf#ed) is not the same as the well-known gravitation
time dilation expression from the Schwarzschilitig lelement given by

dt 2k \ 7
i (1 czr] (3.1)
In the second place it may be noted that the raajahtion of motion in the equatorial plane extetioa
spherical body from the Schwarzschild's equatiothis paper (2.5) is not the same as the correspgnd
well-known equation from the Schwarzschild’s linersent (1.7).

In the third place it may be noted that the instaaous radial acceleration in the equatorial plane
exterior to a spherical body from the Schwarzsc¢higjuations in this paper (2.19) is not the saméha
corresponding well-known equation from the Schwelnid’s line element (1.8).

In the fourth place it may be noted that the planeequation in the equatorial plane exterior to a
spherical body from the Schwarzschild’s equationthis paper (2.19) is not the same as the correkipg
well-known equation from the Schwarzschild’s linersent (1.9).

Finally, the door is hence forth opened for thieitsan of the planetary equation for a test pagticl
in the equatorial plane exterior to a homogeneptgrical body (2.19) obtained from the Schwarzséhil
equations in this paper for comparison with theresponding well known planetary equation from the
Schwarzschild’s line element as well as experimegaonomical measurements.
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