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Abstract

An attempt is made in this work to extend the correlated variational
approach of Chen and Mei [ 1], which was developed for two-electron systems, to N-
electron systems (N>2). Preliminary results are reported here for four electrons
interacting under a Hubbard-type potential in a one-dimensional lattice with only
four sites.
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1.0 Introduction

Electronic correlation is largely responsible fbe tvarious interesting properties (magnetic, elealtr
optical, etc) of solid materials. Owing to the rgoiion that the band structure of a metal has mgmd
influence on the stability of its electron gadgsithen obvious that to develop a theory of elettrcorrelations,
one must take into account the atomic structuréhefsolid. In 1963, Hubbard [2] proposed a Hamilian
model, the so-called t-U model, that describesnglsiband and which contains only two terms. Whilet-
part of the Hamiltonian model describes electroogping from site to site controlled by the Paulclesion
principle, the U-part of the model describes theulBmb interaction of two electrons of opposite spin
occupying the same ionic site. The Hubbard Modglit & known today, is widely believed to be thmpgest
model that describes the behaviour of correlatedteins in a solid [3-5].

Several mathematical methods (Exact Diagonalizaipproach, Quantum Monte Carlo Method, etc)
have been developed to study the physics of styarwrelated electron systems. For an excelleneveof the
methods, [see Reference 6].

In this work, we shall utilize the variational meth Though any variational approach is an
approximation to an exact treatment, an importanaatage of the variational method is that the ieidlorm
of the variational trial wavefunction allows uskeep track of the physics. One can identify clearhich part
of the wavefunction is relevant to any given phgbkgituation. In spite of this obvious advantagd, lderature
search appears to reveal that the variational rdethas not enjoyed as much patronage as, for instanc
Quantum Monte Carlo (QMC) calculational approach.

In 1989, Chen and Mei [1] developed a correlatedatianal approach (CVA) to study a quantum
system of two electrons interacting in the groutatesof the Hubbard Hamiltonian in a finite-sizexdtite
containing M lattice sites. Only one dimensiondl)(and two dimensional (2D) lattices were consadkein
their work. The extension of the work of Chen &fel to 3D lattices has been carried out by onesof7il.

The variational wavefunction employed in the wofkGhen and Mei [1] is suitable for studying the
Hubbard Hamiltonian and the antiferromagnetic orgt states that arise from it. The wavefunctien
therefore highly inadequate for the study of quantsystems that admit triplet states, as in ferramtg
materials. The construction of an appropriate viamal wavefunction for studying quantum systenet gdmit
both singlet and triplet states has been carri¢dpiEnaibe and Idiodi [8]. In addition, simplifidormulations
of the work of Chen and Mei have been provided Bpdjotor and Idiodi [5,9]. These simplificatioresald to a
general expression for the variational ground statergy applicable to ID, 2D and 3D lattices.

So far we have considered a system consisting ¢&f two electrons. Clearly, the variational
wavefunction for a system of more than two electraiil be different from that for two electrons.idtdesirable
to have such a general variational wavefunctiorafgystem oN electrons (N > 2). In this preliminary report,
an attempt is made to extend the correlated vanatiapproach of Chen and Mei [1] to a quantumesygst
consisting of 4 electrons interacting in the grostate of the Hubbard model in a 1D lattice cortgjronly 4
lattice sites. Periodic boundary conditions haverb@dopted in order to ensure that all latticesskee
equivalent.
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The plan of this paper is as follows:
A brief review of the relevant features of the C\&e discussed in sections Il and Ill for the Hubbar
Hamiltonian and the Hubbard-Hirsch Hamiltonian,pesgively. Section IV discusses the applicationthef
CVA to a system of 4 electrons on 4 sites, and lcaling remarks are given in section V.

2.0 Variational wavefunction for two-interacting electronsin the ground state of the Hubbar d
Hamiltonian
The single-band Hubbard Hamiltonian may be writieril, 5-7].
H=-t {<Z> c,C,+H .c.} +tUXn n (2.1)
ij)o i

where C,C,, andn,; are the creation, annihilation, and number opesatespectively, for an electron of spin

o (=1 or! ) inthe Wannier state on tif lattice site. The notatio(\ij) means nearest neighbours, wthile

the electronic hopping parameter between nearéghlmeur sites andj. H.c. denotes Hermitian conjugation
and its inclusion in the Hamiltonian guaranteeg tha expectation values of all dynamical quartditigll be
real.

The motion of the two electrons interacting in gneund state of the Hubbard Hamiltonian is modeled
by Chen and Mei [1], by a correlated variation&ltwavefunction, suitable for studying singletts& of the

form @)=z x| T,i>}+%xM {fieg0)-fiv.in) (2.2)

whereX,, Xy, ..., and so on are variational parameters.

The wavefunction (2.2) was successfully applieddive the problem of the dynamics of two electrons
interacting under the Hubbard potential on varifinge sized lattices with periodic boundary coiatits.
Detailed results emerging from these studies cdoued in references 1, 5, and 7.

3.0 Variational wavefunction for two-interacting electrons in the ground state of the Hubbard-

Hirsch Hamiltonian

The single-band Hubbard-Hirsch Hamiltonian may biten as [10]

H=-t {%ﬁ C,C,+H .c.} +U 2 n.n +1J <i,»>zw c,Cc,C,C, (3.1)
where the various operators in (3.1) are as definegkction 2. The Hamiltonian consists of threggahet-
term which describes the hopping of electrons fita to site, the on-site Coulomb interaction U ahe
nearest neighbour exchange interaction J. Cle#rlyjs set equal to zero in equation (2.1), weovee the t-U
model which is precisely the Hubbard Hamiltonian.

Enaibe and Idiodi [8], studied the motion of tweatons interacting in the ground state of the
Hubbard-Hirsch Hamiltonian by a correlated variagibtrial wavefunction of the form

‘l,u):lz X, ﬂn,u>}+§] =X {|i1,j1>—|il,jT>}+§Y‘i_”ﬂiT,jT>} (3.2)

where theX;;; and theY);, are variational parameters for the antiferromagngtiase and ferromagnetic phase
of the trial wavefunction, respectively.

The wavefunction given by equation (3.2) can benseean extension of that of Chen and Mei given
by equation (2.2).

This approach was successfully applied to solve greblem of the dynamics of two electrons
interacting in the ground state of the Hamilton{&tl) in various finite sized lattices with periodioundary
conditions. Detailed results emerging from thesediss can be found in references 8 and 11.

4.0 Variational wavefunction for four-interacting electrons in the ground state of the Hubbard
Hamiltonian
When we have four electrons in a ID lattice that baly four lattice sites (half-filling), there aaetotal
of 70 possible electronic states. Out of thesearg@6singlet states (unit of spin is zero) and #4tdplet states
(unit of spin ist S whereS=1 or 2).
Since we are interested only in the singlet stédeshe ground state of the Hubbard Hamiltonian, an
exact calculation to determine the ground stateggnand wavefunction will definitely yield a 36 )6 3natrix.
The exact diagonalization of this matrix produckd ground state energies and eigen vectors asctidurof
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the interaction strength U/4t. It is from theseesigrectors that the correlated variational triav@fanction,
utilized in this section, was constructed. Thialtwavefunction may be written in the form

@y =x, {1121.21,20)+[31.31,4140)f +x, {21.20,31.31) +[41,4101 11))
X f11a131310) +|21.2041,40)+ X, [1100,21,41) - |1111,20 1)
+|‘2T,21,3T,ll>—|2T,21,31,1T>J+ "31,31,41,21) —|3r,31,41,21>]
Hararara)-larariia)fe x {rra23)-tra,20.31)
+"2T,2l,4T,1l> —|2T,2l,4l,1T>J+"3T,3l,41,1l>—|3T,3l,4l,1T>J (4.2)
+larar2i30)-|arar2030)]fex, {1rar3ian) |1 1,3140)]
+"2T,21,31,4T>—|2T,21,3T,41>J +"31,31,11,21> —|3T,3l,1T,21>J
+"4T,4l,ll,2T>—|4T,4l,lT,21>]}+X7 {"1T,2T,31,41>+|ll,21,3T,4T>]}

Xs{ulT,Zl,Sl,4T>+|1l,2T,3T,4l>l}+ Xg{ulT,Zl,3T,4l>+|ll,2T,3l,4T>J}

which is clearly patterned after the singlet switéained when the 36 x 36 matrix for the electrastates is
diagonalized exactly. The variational groundestatergy gis given by

_ {¢Hly)
=T )

where H is the Hubbard Hamiltonian given by equation (2ahd |1//> is the trial wavefunction given by

4.2)

equation (4.1).
It can easily be shown that

(W)= 2X? +2X2 + 2X2 +8X? +8XZ + 8X? +2X? + 2X7 + 2X} (4.3)
and

U U U U U u
Hlw) =t {16 —| X2 +16| — | X2 + 16| — | X2 + 32| — | X2 + 32| — | X2 +32| — | X2
Wi |w) { [4t) ! [4t) z [4t) ¢ [4t) N [4t) s [4t) °

- 16X, X, +16X,X, —16X,X, +16X,X, — 16X X, + 16X, X,
- 16X, X, + 16X X,} (4.4)

whereU/4t is the on-site pair-interaction strength. Takintp account (4.2) and (4.3), Equation. (4.1) can b

minimized with respect to the variational parameteryield a 9 x 9 matrix of the form

E-8p 0 0 0 4 0 0 0 O 0
0 E-8p 0 0 0 -4 0 0 O 0
0 0 E-8p 0 4 -4 0 0 O 0
0 0 0 E-4p 0 0 0 0 © 0
1 0 1 0 E—4p 0 1 0 -1 [ o |@4D)
0 1 1 0 0 E-4p 0 1 -1 0
0 0 0 0 4 0 E 0 O 0
0 0 0 0 0 4 0 E O 0
0 0 0 0 -4 -4 0 0 E 0

whereE = Ey/t is the total energy of the four electrons @eU/4t  The minimization was done subject to the
normalization constraint
Y X2=1 (4.6)
i=1
The total energies for various valuesW#t and the corresponding variational parameters eadebermined.
Clearly, the lowest energy for any givet is the variational ground state energy.
The results obtained are presented in Table 1.
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Table 1: Variational Total Energies and the Coroesfing Variational Parameters as a Function ofrteraction Strength)/4t

Interaction Total Variational parameters

Strength EnergyE

u/at
X1 X2 X3 X4 Xs Xe X7 Xs Xg

50.000 -0.0600 | -0.0001 0.0001 0 0 -0.0061| -0.0061 -0.4082 -0.4082  0.8165
20.00 -0.1498 | -0.0004 0.0004 0 0 -0.0153| -0.0153] -0.4082 -0.4082  0.8163
10.00 -0.2981 | -0.0015 0.0015 0 0 -0.0304 | -0.0304| -0.407 -0.4079  0.8157
1.00 -2.1027 | 0.0808 -0.0808 0 0 0.2040 | 0.2040| 0.3881 0.388L  -0.7762
0.25 -3.3408 | 0.2187 -0.2187 0 0 0.2921 | 0.2921| 0.3497 0.349F  -0.6994
0.00 -4.0000 | -0.4472 0 -0.4472 0 -0.4472 0 -0.4472 0 0.4472
-0.01 -4.0502 | -0.3179| -0.3179| -0.6359 0 | -0.3156| 0.3156| -0.3117 0.317f 0
-1.00 -10.1027 | (0.3881 0.3881 0.7762 0.2040 0.2040 | -0.2040, 0.080§ -0.0808 0
-1.50 -13.6346 | (0.3964 0.3964 0.7929 0 0.1620 | -0.1620 0.047§5 -0.0475 0
-2.00 -17.3202 | 0.4007 0.4007 0.8013 0 0.1322 | -0.1322] 0.030§ -0.0305 0

Table 2  Comparison of the Variational Total Enefmy2 Electrons and 4 Electrons
on a 4-site lattice. A case of quarter and hdlifyfi, respectively.

Interaction Strengthl Variational Total Energy forl Variational Total Energy
U/4t 2 electrons on 4 Sites [7] for 4 electrons on 4 Siteg
50.00 -2.8480 -0.0600
20.00 -2.8771 -0.1498
10.00 -2.9230 -0.2981
1.00 -3.4183 -2.1027
0.25 -3.7853 -3.3408
0.0 -4.0000 -4.0000
-0.01 -4.0100 -4.0502
4.1 Numerical results and discussion

It is evident from Table 1 that as the interactgrength U/4t is made positively large; the fougocglons
prefer to stay at different adjacent sites theréyning an antiferromagnetic state. This is mawtb by the
variational parameter gn the trial wavefunction. Double occupancy dfite, on the other hand, is less favoured in
this parameter regime. But as the parameter Wdtedises, the tendency to double occupancy of stazemhbour
sites, which is monitored by the variational parter®e X and X%, increases. In this parameter regime the
antiferromagnetic phase of the wavefunction, meaddy X, is permanently vacant.

From Table 1, the total energy of the four intdrarklectrons decreases as the on-site interastiength
decreases. As is evident in Table 2, when the-ipaEraction strength is large, the total energiésthe four
interacting electrons in a one dimensional lat8gstem is greater at half-filling than at quariéimfy. But as U
decreases to zero, both energies tend to the conaatoa of —4. These results reflect the usuabtren

5.0 Conclusion

We have in this study constructed a variational efiarction for four electrons interacting under the
Hubbard type potential in a ID lattice with fouttlee sites. The trial wavefunction was patteradietr an exact
calculation. It is therefore not surprising thlae tvariational calculation reproduced the energigsined from an
exact calculation. The matrix size encounteredhi variational calculation was much smaller thaa 86 x 36
matrix encountered in the exact calculation. Tikisnother advantage of the variational methodis Wesirable,
however, to have a method of obtaining the trialefanction without first doing an exact calculatiohis will
allow one to apply the correlated variational ajppioto a general quantum system consisting of blreles on M-
sites. This interesting problem is currently bestgdied with the help of group theory.
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