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Abstract

In this paper, linear multistep technique using pewseries as the basis function
is used to develop the block methods which areahlé for generating direct solution
of the special second order ordinary differentiatj@ations with associated initial or
boundary conditions. The continuous hybrid formulahs enable us to differentiate
and evaluate at some grids and off — grid points dbtain two different discrete
schemes of order four and five respectively, whialere used in block form for
parallel or sequential solution of the problems. &hcomputational burden and
computer time wastage involved in the usual redoatiof second order problem into
system of first order equations are avoided by tapproach. Further more, a stability
analysis and efficiency of the block methods aresteel on linear and non-linear
ordinary differential equations and the results abhed compared favourably with the
exact solution.
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1.0 Introduction

Let us consider the numerical solution of the sgesecond order ordinary differential equation loé formy’ =
f(x,y), a<x<b ()

with associated initial or boundary conditions. Tiathematical models of most physical phenomenaoésfy in
mechanical systems without dissipation leads ta@iapsecond order initial value problem of type. ($plutions to initial
value problem of type (1) according to Fatunla Jhi2 often highly oscillatory in nature and thseyerely restrict the mesh
size of the conventional linear multistep methodcls system often occurs in mechanical systems wiithigssipation,
satellite tracking, and celestial mechanics. Lamip@f and several authors such as Onumanyi et Jal Advoyemi [5],
Fudziah et al. [6] and Yahaya & Mohammed [7], haweitten on conventional linear multistep method:

K K

Z ) Yn4j = h? Z Bifntj k=2 (2)
=0

j=0

or compactly in the formp(E)y, = h?8(E)f, 3)
whereE is the shift operator specified &Yy, = Yn+j While p and 8 are characteristic polynomials and are given as:
K k
PO =Y ad, 8O =) B )
j=0 j=0

yn is the numerical approximation to the theoretsmution y(x) and,, = f(x,, yn)-

In the present consideration, our motivations far study of this approach is a further advancenmeefficiency, i.e
obtaining the most accuracy per unit of computatiaifort, that can be secured with the group ofhmés proposed in this
paper over Awoyemi [5] and Yahaya & Mohammed [7].

A. Definition: Consistency [ 3]
The linear multistep method (2) is said to be cstesit if it has order p 1, that is if
k k k

oy =0and ) jo.— > B, =0 (5)
j j
j=0

j=0 j=0
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Introducing the first and second characteristicypoimials (4), we have from (5) LMM type (2) is c@stent if p(1) =
0, p*(1) =3(1)
B. Definition: Zero stability [ 3]

A linear multistep method type (2) is zero stablevided the rootij,j = 0(1)k of first characteristics polynomial(¢)
specified ap(¢) = det|TX, ADEX | = 0 satisfies g1 <1 and for those roots witfg;| = 1 the multiciplicity must not
exceed two. The principal root pf¢) is denoted by, = ¢, = 1.

C. Définition: Convergence[3]

The necessary and sufficient conditions for thedmmultistep method type (2) is said to be corsrdf it is consistent

and zero stable.
D. Definition: Order and Error Constant [ 3]
The linear multistep method type (2) is said twberder p ifc, = ¢; = - cp4q = 0 but cp,, # 0 andcy,, is called the

error constant, where
CO=Z]1‘=0(1]- =og+ o oy + o Foy
C1 =Z%‘=0ja]. =(oq + 20, + 303+ ... +koa) — (B, +B, +B,+ +B)

1.
C, =Z}‘:ozlzaj — 2% B,
_ %(oc1 + 2%a, + 3303 + ... +K%0y)
—(B, +2B, + 3B, + ..+ kB,)

. 1. 1 .q—
Cq = Z}(=1{a]qa‘] - (q_z)!]q ZBJ}

%((}L1 + 2%, + 3%;3 + ... +k%0y)

& ) B - (6)
- (B, + 2@ DB, +3@DB_ 4 ... 4 k@Dp )

E. Theorem: Lambert [3]

Letf (x, y) be defined and continuous for all pointsy( in the regiorD defined by{k, y) : a<x<b, —o <y <o} wherea
and b finite, and let there exist a constansuch that for every, y, y* such thatg, y) and (x, y* ) are both irD: |f (x, y) — f (X,
y*)IsLly-y? (7)

Then ifn is any given number, there exist a unique solw{@hof the initial value problem (1), wheyx) is continuous and
differentiable for all X, y) in D. The inequality (7) is known as a Lipschitz coimfitand the constahtas Lipschitz constant.

2.0 Derivation of the Proposed Method
We proposed an approximate solution to (1) in drenf

yx) =X ax! =y i = 0(Dm+t— 1 ®)

y' (0 = ZETHG - Dax'™? = fiy, ©)
i=2@)m+t—1withm=3&4 andt=23& 3 respectively; and pr=t-1

where thea;,j = 0,1,(m + t — 1) are the parameters to be determined, t and m anéspaf interpolation and collocation
respectively. Where P, is the degree of the polyabmterpolant of our choice. Specifically, we loaiate equation (9) at

X = Xp4j,) = 0(1k and interpolate equation (8)xat x,., j = 0(1)k—1 using the method described above. Putting in

the matrix equation form and then solved to obth@values of parametesg®, j = 0, 1, ... which is substituted in (8) yields,
after some algebraic manipulation, the new contiisuform for the solutiog(x) = Z}‘;OZ 0 (X)Yn+j + Z};O Bj () fnqj
(10)

A. Derivation of First Block Method

Let us consider the numerical solution of the sdcorder differential system of type (1). Put equradi (8) and (9) in
matrix equation form, which when solved either bgtrix inversion techniques or Gaussian eliminatizethod to obtain the
values of the parametetsj = 0,1, m + t — 1 and then substituting them into equation (8) teghe continuous form:
Y(X) = o o(X)Yn + & 1(X)Yn+1 + 0 2/3(X)Ynsarz + hZ[BO(X)fn + B1(X)fre1 + B2(X) sl (11)
The elements of C are used to generate the consncmefficients:
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81(X — Xp41)° — 270h% (X — Xp41)° + 29h* (X — X471 )
G = 160h°

—81(X — Xp41)® + 270h%(x — x;41)% — 149h*(x — X441 ) + 40h?
w0 = 40hS
243(X — Xp41)® — 810h2(x — xp41)% + 567h* (X — X141 )
a0 = 160h°
—57(x — Xp41)° + 40h(x — xp41)* + 110h%(x — x,41)% — 13h* (X — Xp41 )
PoC) = 960h3
—141(X — Xp41)° — 40h(x — X41)* + 47002 (X — X41)3)
+240h3(x — xp41)? — 129h*(x — x,,
Bl(X) — # +11‘80h3 ( +1)
3(X = Xp41)® + 8h(X — xpy1)* + 6% (x — Xp11)* — h* (X — Xp41)
P00 = 192h3

(12)
After some algebraic manipulations and substitutirgcontinuous coefficients in (11), we obtain fiblllowing schemes:

hZ
(a) Yn+z = 2¥n+1 + Yn = E{fn + 10fn+1 + fn+2}
hZ
(b) 9yn+%— 12yn41 + 3yn = —{13f + 142f,11 — 54fy4a/3 + iz}

(©) hzo + L ynras = Zynrs + Lyn = (=26, + 8fpyr)
13)
B. Derivation of Second Block Method
Using the same procedure as in first block methatlfor k = 3 with one off grid at interpolationipg we obtain another

scheme:

@) 2187 368 N 1097 h? {118fn + 1594fn+1}

Yn+2” 1826 Yntt T 913771 T 18267 T 2739 |+316f,,,—18f,,,

) _ 6561 N 1635 N 1465  h? { 503f, + 10911f,,, }
Yn+3 7 1826 n+s T 913 V21 T 18267 T 10956 (+12009f, ., + 697f,

10135f, + 146580f,,,

5400 7200 1800 h?
) ~73953f 4 + 15690f,,,
© 513 Ynet ™ gz Yt + G370 = 73953 n+3 "

—1252f, 5

g 4 15309 6016 8755 _ he (T°28%n ¥ 25156hn
(@) hzo + e Vet ~ 913 Yo+t T 365270 = 27085 n+2

+32f,45

(14)
Equations (13) & (14) constitute the member of eozstable block integrators of order (4,4,4nd (5,5,5,5) with ¢z =
(— ! 381 )andc7 ( o7 2351 J—— )respectively. The application of the block intdgra with
240’ 29160 2025 82170 14608 665577 95865

n = 0 gives the accurate values as shown in tabld¥ in fourth section of this paper. To stareth/P integration on the sub
interval [X,, X;], we use equation (13) when n = 0 i.e the 1-bl8gloint method. Thus produces simultaneously valaes

Y1,y and y:

3.0 Stability Analysis

Recall, that, it is a desirable property forwanerical integrator to produce solution that behsingilar to the theoretical
solution to a problem at all times. Thus, sevedinitions, which call for the method to posses ediadequate” region of
absolute stability, can be found in several liter@s. See Lambert [3], Fatunla [1,2], e.t.c

The Fatunla’s approach states that the block mathpresented as a single block r-point multi-gsteggthod of the form:

A@Y,, ZA‘ . 1+h2230) Fpos (15)

where, h is a fixed mesh S|ze within a block B i = 0 (1)k are r x r matrix coefficients, and i& r by r identity matrix, ¥,
Ymi» Fm @nd F,; are vectors of numerical estimates. Following Ritdl1,2]; the two integrators proposed in thisampn
equation (13) & (14) are put in the matrix equatiorm and for easy analysis the result was norredlip obtain;
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(i) Convergence Analysis of the first Block Methaith one Off-grid at Interpolation Point:
The method is expressed in the form of type (15jive

oo 4
20 200 10

Solving the determinant of equation (18), yields

p(L) = A*(A— 1), which implies); =4, =0orki; =1

By definition of zero stable and equation (16), theblock 3 - point method is zero stable andss aonsistent as its order
(4,4,4) > 1, thus, it is convergent following Henrici [8hd Fatunla [2].

1 _ )
|[12 20 1 ]| fn+1
7 58 _1(f .
-1 -2 2] 54 90 9 || ™3
1 0 0]|Yn+1] | 10 [[Yn-1 lO 6 _ﬁJ |
27
[o 1 o] Ynet|=|-3 - 6|[Yn-2[+h?4 1 251 15_1 r (16)
0 0 1f|yn+z [_ﬂ 423 47| yn 12 40 6 |[fn-1
20 200 10 I 13 13(|f ,
54 60 27|| "3
_2 _3 A |Lf
L 15 25 15J ")
withy, = (13’200) usually giving along the initial value problem.€élfirst characteristics polynomial of the propogedblock 3
— point method is given by(}) = det [ — A("] 17)
1 2 -2 ]
1 0 0 21;’
p(A) =det|A{0 1 0|3 To -6 (18)
0 0 1

(i) Convergence Analysis of the Block Method withe Off-Grid at Interpolation Point:
The method expressed in the form of (15) to give:

1097 2399139 3291 1
1826 1460800 1826
1 0 0 0][Vn+1 0 1465 640791 4395 |[Yn-2
0 1 0 0f|Ynsd|_ 1826 292160 1826 ||'n-3
0 0 1 0|y 0 1800 19683 5400 ||y, ;
0 0 0 1llyy,s 913 3652 913 |L ya
8755 3829437 26265
3652 584320 3652
r 316 6 26541 7241 \
2739 913 45650 913 fn+1
4003 697 387909 _ 3085 [f ]
3652 10956 146080 913 n+§
5230 _ 1252 72491 _ 2800 f
24651 73953 123255 2739 n+2
_ 52 32 9018 _1528 fn+3
2 L 13695 41085 22825 2739-
+h 3 -O 118 43011 _g 7 r (19)
2739 365200 913 [fn—z]
0 503 366687 _503 f
+ 10956 2921600 3652 n—g
0 10135 54729 _ 10135 If |
73953 146080 24651 l n_lj
0 _5282 _641763 5282 fn
41085 1826000 13695
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The first characteristics polynomial of the propbseethod (14) is given as in (18).
Substituting the values af andA(ll) in equation (17), givep(L) = A*(A — 1) (20)
which impliesh; = A, =X; =0o0ri, =1
From equations (19) and (20), the block hybrid rogtis zero stable and is also consistent as i&srdf5,5,5) > 1, thus, it
is convergent as in [8] and [2]

4.0 Implementation of the Methods

This section deal with numerical experiments bysidering the derived discrete schemes in block fée@msolution of
second order initial value problems. The idea igriable us see how the proposed methods performs edmpared with
exact solutions. The results are summarized iretatd IV.

A. Numerical Experiment

From Awoyemi [5]; consider a Non-Linear IVP; = 2y3;y(1) = 1,y (1) = —1, whose exact solution igx) = 1/x

Table I: Results For The Proposed Method Presentelth Equation (13) For K =2 With One Off - Grid At
Interpolation Point

N X Exact Value Approximate Awoyemi [5] Error of Proposed
Value Method

0 1 1 1 0 0

1 11 0.909090109 0.9090930164 2.8483722E-03 200006

2 1.2 0.833333333 0.8333392265 2.26883436E-01 5286

3 13 0.769230769 0.7692374244 7.3968630E+00 60E-D6

4 14 0.714285714 0.7142938546 2.1168783E-01 806

5 15 0.666666667 0.6666751610 3.3156524E-01 8E940

6 1.6 0.625 0.6250092534 4.3968593E-01 9.25340E-06

7 17 0.588235294 0.5882447489 5.3903097E-01 90540%

8 1.8 0.555555556 0.5555654824 6.3121827E-01 IRH6

9 19 0.526315789 0.5263258494 7.1723621E-01 14066

10 2.0 0.5 0.5000103945 7.9776590E-01 1.03945E-05

Table II: Results For The Proposed Method Presenteth Equation (14) For K = 3 With One Off - Grid At
Interpolation Point

N X Exact Value Approximate Awoyemi [5] Error of Proposed
Value Method

0 1 1 1 0 0

1 11 0.909090109 0.9090914832 2.8483722E-03 1005

2 12 0.833333333 0.8333348886 2.26883436E-01 BHSH6

3 13 0.769230769 0.7692330281 7.3968630E+00 20596

4 14 0.714285714 0.7142880973 2.1168783E-01 208888

5 15 0.666666667 0.6666693038 3.3156524E-01 208366

6 1.6 0.625 0.6250029082 4.3968593E-01 2.90820E-06

7 17 0.588235294 0.5882382539 5.3903097E-01 2006599

8 1.8 0.555555556 0.5555586407 6.3121827E-01 30B4OB

9 19 0.526315789 0.5263190456 7.1723621E-01 30566

10 2.0 0.5 0.5000032878 7.9776590E-01 3.28780E-06

B. Numerical Experiment

From Yahaya and Mohammed [7]; consider a Linear BVP= 3x + 4y; y(0) = 0,y(1) = 1, whose exact

7

s e — e —2x , with h = 0.2

solution isy =
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Table 11l Results For The Proposed Method Presenta In Equation (13) For
Interpolation Point

K = 2 With One Off - Grid At

X Exact Value Approximate Yahaya and Mohammed [7] Error of Proposed
Value Method
0 0.00000000000 0.00000000000 0.000000000E+00 O0DODOE+00
0.2 0.04819251100 0.04819622812 1.828560000E-04 17320000E-06
0.4 0.12852089500 0.1285323851 3.931120000E-04 9Q1BOOOE-05
0.6 0.27833169000 0.2783590380 6.672570000E-04 4300B00E-05
0.8 0.54623764000 0.5462979673 1.050930000E-03 2B3IHO0E-05
1.0 1.00000000000 1.000196554 0.000000000E+00 4EHOE-04

J of NAMP

Table 1V: Results For The Proposed Method Presentebh Equation (14) For K =3 With One Off - Grid Point At

Interpolation Point

X Exact Value Approximate Yahaya and Mohammed [7] Error of Proposed
Value Method

0 0.00000000000 0.00000000000 0.000000000E+00 O0DD@OE+00
0.2 0.04819251100 0.04819622823 1.828560000E-04 1733D000E-06
0.4 0.12852089500 0.1285323853 3.931120000E-04 9Q3BOO0E-05
0.6 0.27833169000 0.2783590376 6.672570000E-04 4260®00E-05
0.8 0.54623764000 0.5462979663 1.050930000E-03 263IHO0E-05
1.0 1.00000000000 1.000101252 0.000000000E+00 2ANODOE-04
5.0  Conclusion

In this paper, new block methods of order @4and (5,5,5,5) were developed. The resultant numerical integsator
posses the following desirable properties:
i. Zero stability
ii. Convergent schemes
ii. Being self — starting as such it eliminate tee of predictor — corrector method
iv. Facility to generate solution at 3 and 4 positaultaneously
v. Produce solution over sub intervals that doavetrlaps
vi. Apply uniformly to both IVR and BVR with adjustment to the boundary conditions
In addition, the new schemes compare favourablj Wit theoretical solution and the results are nam@irate than the
result of Awoyemi [5] and Yahaya & Mohammed [7],sk®wn in Table | - IV. Hence, the present workrisimprovement
over other cited works.
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