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Abstract

We present the ground-state total energies of thstften elements of the periodic
table using the Fortran code developed by Koonindaderedith in 1989 based on the
Hartree-Fock method. Our results are in good agreembt with previous results
obtained using other theoretical and experimentaéthods.
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1.0 Introduction

In computational physics and chemistry, the Harffeek method [1, 2, 3] is a method of approximation the
determination of the ground state wave function ground state energy of a quantum many-body systdra. method
assumes that the exact, N-body function of theesystan be approximated by a single Slater detenn[da5]. By invoking
the variational method, one can derive a set obbpted equations for the N spin orbitals. Solutidéthese equations yields
the Hartree-Fock wave function and energy of thetesy, which are approximations of the exact ones.

The Hartree-Fock method finds its typical applicatin the solution of the electronic Schrédingeuaopn of atoms,
molecules and solids but it has also found widespngse in nuclear physics. For molecules, Hafaak is the central
starting point for mosab initio quantum chemistry methods. The discussion hemnlig for the restricted Hartree-Fock
method, where the atom or molecule is a closed siislem with all orbitals (atomic and moleculagully occupied. The
method, despite its physically more accurate pictuas little used until the advent of electroreeputers in the 1950s due
to the much greater computational demands overdnker Hartree method and empirical models [6itidhy, both the
Hartree method and Hartree-Fock method were appiketlsively to atoms, where the spherical symmefrthe system
allowed one to greatly simplify the problem. Thepproximate methods were (and are) often usedregetith the central
field approximation, to impose that electrons ie tame shell have the same radial part, and tdctetfte variational
solution to be a spin eigen function. Even so,tsmhs by hand, of the Hartree-Fock equations foreglium sized atom were
laborious; small molecules required computatioraburces far beyond what was available before 850

2.0  Materials and Methods

We used the FORTRAN code developed by Koonin & Mighe(1989) [6]. The self consistent field approziton
(Hartree-Fock) is known to be an accurate desonptif many of the properties of multi-electron asoand ions. In this
approximation, each electron is described by ars¢paingle particle wave function (as distinctnfrehe many electron
wave function) that solves a Schrédinger-like eiumatThe potential appearing in this equation iat thenerated by the
average motion of all of the other electrons, andepends on their single particle wave functidi result is a set of non-
linear eigenvalue equations.

For a large atom with many electrons, the accusaletion of the Hartree-Fock equation is a considker task.
However, if we consider the ground state of systesitis at most 10 electrons (requiring three shdlts:2s and 2p), then the
numerical work can be managed in a reasonable anobtime. A lattice of several hundred points wéthiedial step size of
<0.01A extending out to = 3A should be sufficient for most cases (Koonin &medith, 1989) [6].

The Hamiltonian for N electrons moving about a hyeawcleus of charge Z located at the origin camwhbiten as:

2 2 2
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Here, the () are the locations of the electrons, m and —ah&electron mass and charge, and r-r; is the separation
between electron i and j. The three sums in (1) aeimbthe electron kinetic energy and the electrqoulsion. As is
appropriate to the level of accuracy of the selfsistent field approximation, we have neglected mamaller terms, such as
those associated with the spin-orbit attractiomehnfine interaction, recoil motion of the nucleasd relativity.

A proper quantum mechanical description requireg the specify the spin state of each electron iditeh to its
location. This can be done by giving its spin petign on some fixed quantization axis, ; =8 ¥ for convenience, we will
use the notation;>= (r;, d) to denote all of the coordinates (space and sgie)ectron i, the self consistent field methods a
based on the Rayleigh — Ritz variational Principthich states that the ground state eigen funaifahe Hamiltonianip (X,

Xp ----- Xn), IS that wave function that minimizes the expgeotavalue of H,
E=(Y/H/Y) (2)

Subject to the constraints thatobey the Pauli principles (i.e. that it be antirggetric under the interchange of any two
of the x%) and that it be normalized to unity:

[12aY =1 (3)

(The notationd)Y means integration over all of the spatial coorgimand summation over all the spin coordinatebef
N electrons). Furthermore, this minimum value d§Ehe ground states energy. A calculation of (2)any normalized and
multi symmetric trial functionp therefore furnishes an upper bound to the grotate energy.

The Hartree-Fock approximation is based on restgahe trial value function to be a Slater deteramit.

1
t,b(xl‘ Xg e e ,xN) = (N zdetyy (x) (4)
Here, thep, (x;) are a set of N orthonormal single particle wavecfions; they are functions of the coordinatesrdy o
a single electron. The determinant is that of the Nl matrix formed as and x each take on their N possible values, while

1
factors(N!) 2 ensure thay is normalized according to (3). The physical iptetation of this wave function is that each of
the electrons moves independently in an orlfitalinder the average influence of all the other ed@st This turns out to be
a good approximation to the true wave function mfatom because the smooth coulomb interaction leet\ilge electrons
average out many of the details of their motiorsing the properties of determinants it is easyetthaty has the required
anti symmetry under interchange of any two eledrfm determinant change sign whenever any twosotatumns are
interchanged) and thap is properly normalized according to equation (B)Ythe single particle wave functions are
orthonormal:
S50 ¥ (x) dx = Saa’ 5)

Since the Hamiltonian (1) does not involve the &tat spin variable, the spins decoupled from thacepdegrees of

freedom, so that it is useful to write each sirggeticle wave function as a product of space amd fsjpctions:

Ya(x) = ya(r)/éa) (6)
WhereSa = + % is the spin projection of the orbital The orthonormality constraint (5) then takesftren
80,04 f)(; (r))(a,(r)dﬁ = baa’ (7)

so that orbitals can be orthogonal by either thein or space dependence.
The computation of the energy (2) using the wavetion defined by (4-6) is straight forward butiteds. After some
algebra we have:

[P o + [543 0 9] p()dd =5 Bharms 80000 (e [T a')  (®)
In this expression, the one body matrix elementh@kinetic energy are:
2 _ 32

(el |ar = S0 T X )V X () (©)
The electron density is the sum of single-partitdasities

p() = Xo=1lxa (™I (10)
The electrostatic potential generated by the alads:

P(r) = e? f— p(rdz, (11)
so that

V2p = —4me? p(r) (12)
And he exchange matrix elements of the inter e:bmtepulsion are:

(ad [ @) = ¢ [ 1)) 2 e XV, 13)

lr=r'|
The interpretation of the various terms in (8)trsight forward. The kinetic energy is the sumla# kinetic energies of
the single particle orbital, while the electron-leurs attraction and direct inter-electron repulséwa just what would be
expected from a total charge of —Ne distributedpace with density(r). The final term in (8) is the exchange energy,
which arises from the anti-symmetry of the trialvedunction (4) depends on a set of “parameters”vdlues of the single
particle wave function at each point in space,atarm of these parameters so as to minimize theggr{8) while respecting
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the constraints (7) result in a set of Euler Lagmrequations (the Hartree-Fock equations) thatneethe “best”
determinantal wave function and give an optimalrzban the total energy [6].

3.0  Procedure

First, the code, developed by Koonin and Mereditl1989 [6], is compiled and installed in the congpigystem. The
programme runs interactively. You make a menu @haind change physical parameters to the systemterfest. The
following are then inputted: the nuclear chargetf@ atomic system, number of electrons in thadte snumber of electrons
in the 2s state, number of electrons in the 2 statial step size in Angstrom, outer radius ef lditice in Angstrom and
number of iterations.

You then set the output to be displayed on theescamd also saved in a file with a filename of yowwice. The code is
then run which displays output on the screen asal sdves the result of the run in a file.

Calculations were carried out for Hydrogen to Netbr, first ten elements of the periodic table.

The total energy for each iteration step is thezomded in a table. The results are then analyzéuy ube plotting
softwareOrigin 5.0.

4.0 Tables of Results
The computed total energies for the first ten eleef the periodic table are as follows:

Table 1: Total Energy for Hydrogen Table 2: Total Energy fardelium
No of iterations | Total Energy (eV) No of iterations Total Energy (eV)
0 -10.097
0 -77.426
1 -8.071
1 -77.444
2 -8.581
2 -77.480
3 -8.484
3 -77.547
4 -8.434
4 -77.598
5 -8.412
5 -77.624
6 -8.404
6 -77.636
7 -8.401
7 -77.638
8 -8.401
8 -77.639
9 -8.401
10 8400 9 -77.638
— 10 -77.638
Table 3: Total Energy for Litlum Table 4: Total Energfor Beryllium
- - No of iteration Total Energy (eV)
No of iterations Total Energy (eV) 0 386.247
9 -183.742 10 -388.382
10 -183.700
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Table 5: Total Energy for Boron Table 6: Total Energy for Carbn
No of iterations | Total Energy (eV) No of iterations | Total Energy (eV)
0 -635.004 0 -965.153
1 -646.887 1 -089.222
2 -649.469 2 -995.020
3 -651.485 3 -1000.401
4 -652.961 4 -1004.460
5 -653.795 5 -1006.550
6 -654.139 6 -1007.244
7 -654.232 7 -1007.245
8 -654.228 8 -1007.102
9 -654.212 9 -1006.949
10 -654.183 10 -1006.868

Table 7: TotalEenergy for Nitrogen Table 8: Total EEngy for Oxygen
No of iterations | Total Energy (eV) No of iterations Total Energy (eV)
0 -1386.635 0 -1909.383
1 -1423.569 1 -1958.589
2 -1432.028 2 -1968.080
3 -1437.340 3 -1983.974
4 -1450.338 4 -2005.190
5 -1456.630 5 -2013.043
6 -1457.467 6 -2012.336
7 -1456.566 7 -2009.899
8 -1455.766 8 -2008.505
9 -1455.435 9 -2008.206
10 -1455.378 10 -2008.363

Table 9: Total Energy for Fluorine Table 10: Total Energy for Neon
No of iterations | Total Energy (eV) No of iterations Total Energy (eV)
0 "2543.378 0 -3298.572
1 ~2602.578 1 -3363.472
2 ~2590.604 2 -3358.270
3 ~2653.928 3 -3445.099

~2687.928 4 -3488.822
5 ~2689.756 5 -3488.577
6 ~2682.220 6 -3476.946
! ~2676.965 7 -3469.728
8 ~2675.547 8 -3468.352
9 ~2676.062 9 -3469.349
10 ~2676.698 10 -3470.360

Journal of the Nigerian Association of Mathematic&hysics Volume 25, No. 2 (November, 2013), 13312 1
138



Ground —State Total Energy of Small Atomic Systems... Abdu J of NAMP

Table 11: Computed Total Energies

z Element Total Energy (eV)
Present Work Others
1 Hydrogen -8.400 -13.6 00 ref [7]
-13.577 ref. [15]
2 Helium -77.638 -79.005 ref. [8]

-74.800 ref. [9]
-77.500 ref. [10]
-57.087 ref. [15]
3 Lithium -183.700 -203.625 ref. [8]
-203.491 ref. [11]
-190.735 ref. [12]
-202.729 ref. [15]
4 Beryllium -388.382 -399.067 ref. [8]
-398.746 ref. [13]
-397.815 ref [14]
-398.384 ref. [15]

5 Boron -654.183 -670.950 ref. [8]
-668.061 ref. [17]
6 Carbon -1006.868 -1029.947 ref. [8]
-1027.588 ref. [18]
7 Nitrogen -1455.378 -1485.517 ref. [8]
8 Oxygen -2008.363 -2042.851 ref. [8]
9 Fluorine -2676.698 -2713.858 ref. [8]
-2713.880 ref. [16]
10 | Neon -3470.360 -3508.176 ref. [8]

5.0 Plots of Results
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Fig. 3: Total Energy Vs Number of Iterations fotHium
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Discussion and Conclusion

Tables 1-10 give the computed ground state totaigées of the atoms as a function of the numbeteddtions. Table
11 gives the summary of the computed ground stédé énergies for the elements studied.

From Tables 1 -10, it can be seen that the caledilaital energies are all negative which meanstkieste energies bind
the electrons to the nucleus. These energies decomatinuously from Hydrogen to Neon as seen bieTal and Figure 11.

From Figures 1-10, it can be seen that all comjmratconverged as the plots flattened out.

From Table 11, our results, obtained using therdafFock method, are in good agreement with thalteesf refs. [7-
18] using other methods that included the uncdstaaminciple, variational principle, analytical duation of Hylleraas
integrals, perturbation method, independent partmobdel, quantum Monte Carlo, Hund’'s multiplicityle and density
functional theory.

Figure 11 shows that the computed total energyedses with increase in atomic number which meaatstite total
binding energy for atoms increases with atomic nemnb
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