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                       Abstract 

 
In this paper, we obtained some new Hadamard type inequalities for Godunova-

Levin and MT-convex functions, using a simple analytical technique. An example to 
show the applicability of our results to means of real numbers is included.  

 
 

1.0    Introduction 

Let �: � ⊆ � → � be a convex function and let a, b ∈ � with a < b. Then the following inequality:  

� �	 + �2 
 ≤ 1� − 	 � �(�)�
� �� ≤ �(	) + �(�)2                                                                   (1.1) 

is known in the literature as Hadamard inequality [1]. Both inequalities hold in the reversed direction if f is concave. Since its 
discovery in 1893, Hadamard’s inequality has been proven to be one of the most useful inequalities in mathematical analysis. 
This inequality has the update for a lot of different types of convex function in the mathematics literature (see, [2]). 
Definition 1.1 [3]. A function �: 1 → � is Godunova-Levin function or said to belong to the class Q(1) if f is nonnegative and 
for all �, � ∈ 1 	�� � ∈ (0,1) satisfies the inequality: �(�� + (1 − �)�) ≤ �(�)� + �(�)1 − �                                                                                         (1.2) 

Some further properties of (1.2) are given in [4]. 
 
Definition 1.2[4]. We say that �: 1 → � is a P-function or that f belongs to the class P(1) if f is nonnegative and for all �, � ∈ 1 	�� � ∈ (0,1), we have  �(�� + (1 − �)�) ≤ �(�)  + �(�)            (1.3) 
 
Remark 1.3. From definition 1.2 and 1.3, �(�) ⊃ !(�). 
 
Definition 1.4[5]. A function �: � ⊆ � → � is said to belong to the class MT(I) if it is nonnegative and ∀ �, � ∈ � 	�� � ∈(0,1), satisfies the inequality; 

�(�� + (1 − �)�) ≤ √�√1 − �$ �(�) + √1 − �√�$ �(�)                                                       (1.4) 

 
Clearly, �(�) ⊃ &'(�) 
 
In [4], Dragomir et al proved two new inequalities of Hadamard type for classes of Godunova-Levin functions and P-
functions.  
 
Theorem 1.5. Let � ∈ �(�), 	, � ∈ 1, ()�ℎ 	 < � 	�� � ∈ ,-(.	, �/), 'ℎ0� 

� �	 + �2 
 ≤ 4� − 	 � �(�)���
�                                                                                           (1.5) 
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Theorem 1.6. Let � ∈ �(�), 	, � ∈ 1, ()�ℎ 	 < � 	�� � ∈ ,-(.	, �/), 'ℎ0� 

� �	 + �2 
 ≤ 2� − 	 � �(�)�� ≤ 2.�(	) + �(�)/�
�                                                         (1.6) 

In [6], the following theorems were proved  
 
Theorem 1.7. Let 	, � ∈ (0, ∞), 	 < �, 1 = .	, �/ and �, 5: .	, �/ → � be two functions and �, 5 ∈ ,-.	, �/, �� ∈�(1)	�� 5 ∈ !(1), �ℎ0�, 

� �	 + �2 
 5 �	 + �2 
 ≤ 8(5(	) + 5(�))� − 	 � �(�)�� �
�                                                   (1.7) 

 
Theorem 1.8. Let 	, � ∈ (0, ∞), 	 < �, 1 = .	, �/ with �, 5: .	, �/ → � be two functions and �, 5 ∈ ,-.	, �/, ��  is convex and 
g belongs to the class P(1), then, 1� − 	 � �(�)5(�)�� ≤ &(	, �) + 8(	, �)2�

�                                                                     (1.8) 

 9ℎ0:0 &(	, �) = �(	)5(	) + �(�)5(�), 8(	, �) = �(	)5(�) + �(�)5(	) 
Recently, Tunc et al [5] proved the following theorems; 
 
Theorem 1.9. Let �, 5: .	, �/ ⊆ � → � be two nonnegative MT-convex functions and �, 5 ∈ ,-.	, �/. Then, the following 
inequality holds; 
 

5(	) (� − �);(� − �)(� − 	)(� − 	)< � �(�)�� + 5(�) (� − 	);(� − �)(� − 	)(� − 	)< � �(�)���
�

�
�  

+�(	) (� − �);(� − �)(� − 	)(� − 	)< � 5(�)�� + �(�) (� − 	);(� − �)(� − 	)(� − 	)< � 5(�)���
�

�
�  

≤ 12 =13 �(	)5(	) + 13 �(�)5(�) + 16 .�(	)5(�) + �(�)5(	)/? 
+ � (� − �)(� − 	)�(�)5(�)���

�                                                                                                                   (1.9) 

Where M and N are as given in theorem (1.8) above.  

Theorem 1.10. Let �, 5 ∈ .	, �/ → � be two nonnegative MT-convex functions and c. Then, 

83 �5 �	 + �2 
 ≤ &(	, �) + 8(	, �)                                                                                                      (1.10) 

Definition 1.11 [7] If �, 5: A → � are two functions, for �, � ∈ A. Then, the following inequality; 

(�(�) + �(�))(5(�) + 5(�)) ≥ 0                                                                                                        (1.11) 

Is said to be similarly ordered (briefly s.o.) for the two functions.  

In this paper, we established some new inequalities involving two different kinds of convex functions; Godunova-Levin 
functions and MT-convex functions, using simple techniques in analysis. Our results are independent of the recent result of 
Tunc et al [5]. 

2.0 Main Results  

Theorem 2.1. Let 	, � ∈ .0, ∞/, 	 < �, 1 = .	, �/ with �, 5: .	, �/ → � be two functions and �, 5 ∈ ,-(.	, �/). If � ∈�(�)	�� 5 ∈ &'(�). Then, the following inequality holds; 
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 1(� − 	) � C(�)�(�)5(�)�� ≤ 12 = 3D128 .�(	)5(	) + �(�)5(�)/ + 5D128 .�(	)5(�) + �(�)5(	)/?�
�  

9ℎ0:0 C(�) = (� − �)E(� − �)E(� − 	)F , � ∈ .	, �/                                                (2.1) 

Proof: Since � ∈ �(�) and g is MT-convex, we have; 

�(�	 + (1 − �)�) ≤ 1� �(	) + 11 − � �(�)                                                       (2.2) 

5(�	 + (1 − �)�) ≤ √�√1 − �$ 5(	) + √1 − �√�$ 5(�)                                         (2.3) 

Multiplying (2.2) and (2.3), we get  

�(�	 + (1 − �)�)5(�	 + (1 − �)�) 

≤ G1� �(	) + 11 − � �(�)H I √�√1 − �$ 5(	) + √1 − �√�$ 5(�)J 
≤ 12 K√�√1 − ��(1 − �) �(	)5(	) + √�√1 − ��E �(	)5(�) + √�√1 − �(1 − �)E �(�)5(	) + √�√1 − ��(1 − �) �(�)5(�)L  (2.4) 

If both sides of inequality (2.4) are multiplied by �E(1 − �)E, equation (2.4) becomes;  

�E(1 − �)EM�(�	 + (1 − �)�)N5(�	 + (1 − �)�)OP 
≤ 12 Q�(	)5(	)�(1 − �)√�√1 − � + �(	)5(�)(1 − �)E√�√1 − � + �(�)5(	)�E√�√1 − �
+ �(�)5(�)�(1 − �)√�√1 − �R                                                                                         (2.5) 

By integrating both sides of (2.5), we obtain; 

� �E(1 − �)EM�(�	 + (1 − �)�)N5(�	 + (1 − �)�)OP��-
S  

≤ 12 K�(	)5(	) � �(1 − �)√�√1 − ��� + �(	)5(�) � (1 − �)E√�√1 − ��� + �(�)5(	) � �(1 − �)√�√1 − ���-
S

-
S

-
S L  (2.6) 

By substituting, � = �	 + (1 − �)�, equation (2.6) gives; 

(� − �)E(� − 	)E(� − 	)< � �(�)5(�)�� ≤ 12 = 3D128 �(	)5(	) + 5D128 �(	)5(�) + 5D128 �(�)5(	) + 8D128 �(�)5(�)?�
�  

= 12 = 3D128 .�(	)5(	) + �(�)5(�)/ + 3D128 .�(	)5(�) + �(�)5(	)/? 
The proof is compeleted.  

Theorem 2.2. Let �. 5: .	, �/ → � be two functions with 	, �, ∈ .0, ∞/, 	 < �, � = .	, �/ and �, 5 ∈ ,-(.	, �/). �� � ∈�(�)	�� 5 ∈ &'(�). Then, the following inequality holds; 
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 12 T5(	) ;(� − 	)<;(� − 	)<(� − 	)< � �(�)�� + 5(�) ;(� − 	)<;(� − 	)<(� − 	)< � �(�)���
�

�
� U 

+�(	) (� − �)(� − 	)E(� − 	)F � 5(�)�� + �(�) (� − �)(� − 	)E(� − 	)F � 5(�)���
�

�
�      (2.7) 

≤ 12 = 3D128 &(	, �) + 5D128 8(	, �)? + (� − 	)E(� − �)E(� − 	)V � �(�)5(�)���
�  

9ℎ0:0 &(	, �) = �(	)5(	) + �(�)5(�), 8(	, �) = �(	)5(�) + �(�)5(	) 

Proof: Since � ∈ �(�)	�� 5 ∈ &'(�), �ℎ0�  
�(�	 + (1 − �)�) ≤ 1� �(	) + 11 − � �(�) 

5(�	 + (1 − �)�) ≤ √�√1 − �$ 5(	) + √1 − �√�$ 5(�)                                                (2.8) 

Recall that, for W, X, :, Y ∈ �Z, then WX + :Y ≤ WY + X:. Thus, (2.8) gives; 

�(�	 + (1 − �)�) [ √�√1 − �$ 5(	) + √1 − �√�$ 5(�)\ + 5(�	 + (1 − �)�) ]1� �(	) + 11 − � �(�)^ + 5(�	
+ (1 − �)�) �1� �(	) + 11 − � �(�)
 

≤ _-̀ �(	) + --a` �(�)b _ √`√-a`$ 5(	) + √-a`√`$ b + �(�	 + (1 − �)�)(5(�	 + (1 − �)�)  (2.9) 

Simplifying the inequality (2.9), we have  

5(	) √�√1 − �$ �(�	 + (1 − �)�) + 5(�) √1 − �√�$ �(�	 + (1 − �)�) + �(	) 1� 5(�	 + (1 − �)�) + �(�) 11 − � 5(�	 + (1 − �)�) 

≤ √�√1 − �$c �(	)5(	) + √1 − �√�$c �(	)5(�) + √�√1 − �$(dec) �(�)5(	) 

+ √1 − �√�$(dec) �(�)5(�) + �(�	 + (1 − ��)5(�	 + (1 − �)�) + 5(	) √�√1 − �2(1 − �) �(�	 + (1 − �)�)
+ 5(�) √�√1 − �2� �(�	 + (1 − �)�) 

+�(	) 1� 5(�	 + (1 − �)�) + �(�) 11 − � 5(�	 + (1 − �)�) 

Further simplification of equation (2.10) gives 

12 Q5(	)�E(1 − �)√�√1 − ��(�(	) + (1 − �)�) + 5(�)�(1 − �)E√�√1 − ��(�(	) + (1 − �)�)R+ �(	)�(1 − �)E5(�	 + (1 − �)�) + �(�)�E(1 − �)5(�	 + (1 − �)�) 
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