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Abstract

The adjacent matrix of a graph is a well-known cagmt in the combinatorial
matrix theory. On the other hand nothing seems te known on the adjacent rhotrix of
a graph. In this paper we introduce the conceptaf adjacent rhotrix of a graph and
discuss its properties. An n-dimensional rhotrix khown to be an object that lies in
some way betweefl X N dimensional matrix and (2N —1)% (2n — 1)dimensional

matrix and representation of vectors in rhotrix different from the representation of
vectors in matrix.
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1.0 Introduction

Mathematical arrays that are in some way betweeandimensional vectors an@X 2 dimensional matrices were
suggested by Atanassov and Shannon [1]. As an ®gtero this idea, Ajibade [2] introduced an obj#wit lies between
2x 2 dimensional matrices andx 3dimensional matrices called ‘rhotrix’ presentlyeegd to as base rhotrix. The initial
algebra and analysis of rhotrices were presentg?].ihet R andQ be two basehotrices such that

a f
R=(b h(R) d)andQ=(g h@Q) j). N
e k
The addition and multiplication of rhotricd® and Q defined by Ajibade [2] are as follows:
a+f
R+Q=(b+g h(R+h(Q) d+]j ),
e+k

ah(Q) + th(R)
ReQ={ bh(Q)+gh(R)  h(R)h(Q)  dh(Q)+ jh(R)
eh(Q) +kh(R)

Another multiplication method for rhotrices callealv-column multiplication was introduced by Sani [3] in an effort to
answer some questions raised in [2]. The row-colamuftiplication method is in a similar way as tleditmultiplication of
matrices and is illustrated using the rhotriBesndQ defined in (1) as follows:

af +dg
RoQ=( bf +eg h(R)h(Q) aj+dk
bj +ek
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A generalization of the row-column multiplicationethod forn-dimensional rhotrices was given by Sani [4]. Tisat
givenn-dimensional rhotriceRR | = <aij ,qk> andQ, = <bIJ ,dlk> the multiplication of R, and Q, is as follows:

t

R,°Q, :<ailjl’q1k1>°<qzjzid|g2> :<z (ai]ip i )1§ (%Ql K )> t=(n+1)/2.

i2j1=1 I k=1

The method of converting a rhotrix to a specialriratalled ‘coupled matrix' was suggested by Sahwhich is used to
solve systems ofixN and (N—1)% (n—1) matrix problems simultaneously. This method wasved to be a linear

transformation by Aminu [6]. The concept of vectaree-sided system of equations and eigenvecteneaue problem in
rhotrices were introduced by Aminu [7]. A necessangd sufficient condition for the solvability of ersided system of
rhotrix was also presented in [7]. It was showrthia paper how a solution can be found providedsistem is solvable.
Rhotrix vector spaces and their properties weregmmed by Aminu [8]. Square root of a rhotrix, @yyHamilton theorem
in rhotrix, determinant method for solving systereguations in rhotrices and minimal polynomial afrhotix were
discussed in [9, 10, 11] and [12].

To the best of our knowledge the concept of adjadeatrix of a graph was not discussed in the ditere, however an
article that treats the concept of graph in rhageem to only be Abdul [13]. It is the primary adfithis paper to discuss the
concept of the adjacent rhotrix of a graph andgaresome of its properties.

2.0  Some basic definitions

Graph: A graph is made up of vertices or nodes and limdlea edges that connect them. Throughout this yweekshall
denote a graph by G.

Undirected Graph: a graph is undirected if there is no distinctiotwsen any two vertices associated with each edge

Vertex: the vertex set of a graph G is usually denoted f®)\or V, which is the set containing all the vegs in the
graph G.

Edge: edge is a drawn line connecting two vertices catledpoints. We shall denote the edge set of G B).Elso the
size of a graph is the number of edges in the g@&ph

Aloop: a loop is an edge for which its starting point @andpoint is the same vertex

Smple graph: a graph is simple if it has no loops

Compliment of a graph G: the complement of a graph G is denotedibyt is a graph with the same vertex set as G but
with an edge set such that xy is an edgé ihand only if xy is not an edge in G.

Edgeless graph or Null graph: this is a graph with zero or more vertices buedges. Empty or null graph is graph with
no edge, no vertex.

Adjacent Graph: a graph is adjacent if there is an edge betwegtvemvertices.

Complete graph: a complete graph is a simple graph with n vesticewhich every vertex is adjacent to every othds

denoted by;. It hast(tz—_l) edges.

Line graph: it is denoted by L(G). The line graph of an uedted graph G is another graph L(G) that repredbuets
adjacent between edges of G.

Hoffman polynomial of a rhotrix: is defined as the minimum polynomial H(x) such tH#R,)=J; such thaR, is an n-
dimensional rhotrix and is a rhotrix whose entries are ones.

3.0 Adjacent Rhotrix of a Graph
Suppose G is a simple, complete and undirectechgnégh vertices V= {1,2,3,...,t}, then the adjacenbttix of G is an n-
dimensional rhotrix:
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&
a21 Cll a12
a31 C21 a22 C12 a 13
FQH(G) :<a1j ’Clk> = atl C(t—l)l Cl(t—l) a]I , (2)

A2 Crne-2 vy Cearn Bz
at(t—l) C(t—l)(t—l) a(t—l)
ay
where g ¢, 00 (set of real numbefsy i,j = 1,2,3,....t, k|=1,2,3,...,t-1 and n=2t-1.

The rhotrix R1(G) = <an ,C,k> given in (2) can be converted into a coupled mdgs] in which one of the matrices
A=(g;) isatxt dimensional while the othe€ = (¢, ) is a (t —1)x (t —1) dimensional. The matrixA=(q,)
embedded inR (G) = <an ,C,k> will be called major matrix while the othdZ = (G, ) will be called minor matrix. It

can easily be verified that the major matrix inaa@jnt matrix (2) is the adjacent matrix of the gr& while the minor
matrix is a null matrix. This implies that for asimple, complete and undirected graph G, the adfatwtrix R, (G)is
such that = (2t — 1) where t is the number of vertices in the grapter&fore (2) becomes;

[EEN
o O O
=

1 0 1
0

A matrix is said to beull if all its entries are zero. It can therefore tsaerved that the adjacent rhotrix has 1 as entries
except those in its main diagonal which are zenasthe minor matrix which is null.

A rhotrix R1:(aij,clk)is symmetric if it is equal to its transpose. That is a rhotris symmetric if

R, =(31,-,C|k):RT :(aji’cm):(ATaCT)-

Theorem 3.1.Let G be simple, complete and undirected graph, then the adjacent rhotrix of G is symmetric.
Proof: Follows directly from the definitions of an adgnt rhotrix R1(G) of a graph G and that of a transpose of a rhotrix.

Let R = <a1.j ,qk> be ann-dimensional rhotrix, the determinant &, = <a1.j ,qk> as defined in [4] is
det(R, )= def(a; 6,)) = detd )deq ). (
Aiso, R =(a",¢,.) =(A,C7Y).
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It follows that the determinant of a rhotrix is theoduct of the determinants of its two embeddedtrioes. Therefore, we
have the following proposition.

Proposition 3.1.Let G be simple, complete and undirected graph, then det(R, G))= 0.
Proof: Suppose thar, (G) = {a;;cy), where G is a simple graph. Since G is simple itplies that all the entries in the
leading diagonal of the major matrix i,(G) are zero, also the minor mat& = (¢, )|,k =1,2,...t — Zis a null matrix

with det(C )= 0. It follows from (3) thatdet(R, (G))= det@ )delC >

Corollary 3.1. Theinverse of adjacent Rhotrix is not defined
Proof: The proof follows from Proposition 3.1 and the fd@it every matrix whose determinant is zero isimertible.

The main diagonal of a rhotrix R, :<a1.j,c,k> is a collection of cell&;,G, wherel =1,...t, | =1,...t—1 and
t =(n+1)/2. The other diagonal (which is not main diagonsi icollection of the celB,,C,_;1,8,_; 2 C— 5pr--- Ly 184

wheret = (n+1)/2. Adiagonal rhotrix is a rhotrix in which all entries outside the mdiagonal are zero. That is, diagonal
rhotrix is of the form

A,

0
0 0a,, 00O
0 ¢y, O
8y

Theidentity rhotrix is a diagonal rhotrix with ones on the mdiagonal and is usually denotedIby

Therhotrix eigenvector-eigenvalue problem or justrhotrix eigenproblem (REP) is the following: GiveR, = <a,.j ,C,k> , find

all A0 (eigenvalue) and am-dimensional rhotrix column vect<)15(nj > <X”j> # 0 (eigenvectors) such that
&<x“j> :/1<x”j>.

Theorem 3.2 [7] Let R, :<a,.j,clk>be an n-dimensional rhotrix. Then ADOD is a rhotrix
eigenvalueof R if and only if det(A—Al )= 0, where A=(g;) O0%, lisa txt identity matrixandt = (n+1)/2.

Theorem 3.3Let G be an undirected graph, then the eigenvalue of G isthe eigenvalue of its adjacent Rhotrix.

Proof: Let R; be the adjacent rhotrix of a graplthen the eigenvalue ofR; is given as the solution of det
(Fg -Al ) =0, whereA JO andl is an identity rhotrix having the order wifR ; .
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The eigenvalue of a graph G is the eigenvaluesadjacent matrix [15], also

R = <a,.j ,c|k>, wherea; is an adjacent matrix(majortmg andc, is a null matrix(minor matrj:
= The adjacent rhotrix R contain both #djacent matrix A and the null matrix
= The eigenvalue of the adjacent matAxs the eigenvalue of R (Theorem 3.1
Hence, the eigenvalue of any graphs the eigenvalue of its adjacent rhotrix.

Corollary 3.2 The spectrum of the adjacent rhotrix is of order t, wheret isthe order of the graph.

Proof: It follows from Theorem 3.2 that the eigenvalfeaograph is the eigenvalue of its adjacent rhotr%;. The
spectrum =4 1= 1,2,3,.t, } of the graphi&of order

Since the eigenvalue of the graph G is equal teitpenvalue of its adjacent Rhotrix,

Then the spectrum oR, = {A: 1 =1,2,3,...t } is also of order

Theorem 3.4 The eigenvalue of the adjacent Rhotrix of a complete and undirected graph G is -1 of multiplicity (t-1) and (t-
1) of multiplicity 1.

Proof: G is an undirected graph, implies its adjacentrihdgs symmetric (Theorem 3.1)R; is symmetric, implies all its
eigenvalues are real [16]. Also, G is a simple emahplete graph, implies that all the entries im tajor axis of the rhotrix
is zero. We know that the eigenvalue of the adjawetrix is the eigenvalue of the rhotF; .

In graph theory, the eigenvalue of a complete, nentitd graphis of -1 of multiplicity (t-1) and (J-&f multiplicity 1, hence
same on Rhotrix.

Theorem 3.5 The Hoffman polynomial of a complete and undirected graph G isalinear polynomial
Proof: By definition, H (X) is the minimum polynomial such thdd (X) = J where J = <A,C> whereA is a matrix of

ones andC identity. SinceG is undirected and complete, then its minimum eigére is -1. Therefore, the Hoffman
polynomial reduces toH (x) = Xx+1and H(R;) =R, + | where R; is the adjacent rhotrix o6 and | and identity

rhotrix. Now thatH (R;) = <a1.j ,C|k> = <A,C> whereA is a matrix of ones an@ identity matrix. It follows thatH (R;)

is a linear polynomial since the highest powerRf is one.

1. Some Examples
1. Consider the following simple, complete and undgdaraphss,, G, andGs :

= @—@

D
N
11

o)
w
Il

Considering G, we haveV = {1,2} E ={(12),(21)}, so that the rhotrix generated is of orde& 2t — 1,
where t=2 hence = (2 X 2) — 1 = 3. ThusG, generates the adjacent rhotRx
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0
R=(10 1
0

The major matrix embedded in the adjacent rho#ix i

01
A = .
10
Now we shall determine the eigenvalue and theiresponding eigenvectors Gf. The eigenvalues of a rhotrix is the
eigenvalues of its major matrix, also the eigenealtiany graph G is the eigenvalue of its adjao®attix.

The characteristic equation Gfis
A O
= O,
0 A

det(A-41) = 0,
0 1
=det] -
[
-1 1
=det =0
1 -1
—2.2-1=0
—22=1
= A=%1
— h=-1,+1.

The spectrum = {-1,1}
the corresponding eigenvectors are;

= andx, = pectivel
respecuvely.
X1 1 2 :I y

Now, the Hoffman polynomiall (x) = (x — 4;) = J, where4; is the minimum eigenvalue, agds the rhotrix(a;; c;)
such thaw;; is a matrix of ones angyidentity matrix. Therefore,
HRy) = Ry — A =(Rs+1)

0 1 1
={(1 0 1)+(0 1 0)=(1 11
0 1 1

Now consideringG,;
V =1{1,23} E={(12),(21),(23)(32),(13)(31)}, so that the Rhotrix generated is orler
The adjacent rhotrix is:

o

I

.
R o K
© o o o
B o R

=

0

Spectrum of the graph is{l, —1,2}, and the corresponding eigenvectors are
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-1 -1 1
x=|1|,%=|0]| and,= respective
0 1 1
H(R,) = (R, — Al) = (Rs + I)Since the minimum eigenvalue4sl
0 1 1
1 01 010 111
H(R)=(1 0 0 0 1)+( 0 010 O)=( 1 010
1 01 010 111
0 1 1
Considering G3;
vV =1{1,234,5}

E={(12),(21).(15).(51).(25),(52).(14).(41),(13),(3124),(42),(35).(53).(54).8).(34),(43)(23).(32)S0

that the Rhotrix generated is ord&r
The adjacent Rhotrix of the grapgh,becomes;

0
1 01
1 0001
1 010101
R, = 1 01000101
1 010101
1 0001
1 01
0
The spectrum of tbe g_raph i&_{, —_1, -1, __1'4}1 and_the_corries_ponding eigenvectors are
1 1 1 1 1
1 1 1 0 1
X =|-1|,x,=| -1|,X%,=| O |X,| —1| X;| 1] respectivel
-1 0 -1 -1 1
0 -1 -1 1 !

H(R,) = (R, — A_I) = (Rs + I_)SiFlce the_min}murﬁ eidenvalue—isl
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0 1 1
101 010 111
0001 00100 10101
1 10101 0001000 1011101
HR)=f 101 000101)f 00001000 0= 10101010
1 10101 0001000 1011101
0001 00100 10101
101 010 111
0 1 1
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