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Abstract

Radioactive substances decay and as a result thhegnte other substances which
also have the affinity to decay. An example is Radiwhich decays to Radon and thus
further decays to Polonium. In real sense, thesealgs take place in fractions. Suppose
that initially a sample of pure radium decays. I$ iof interest to determine how much
radium and radon the sample contain at time t. Ihi$ work we make a close
comparison of the integer order and fractional ondderivatives using the decay-growth
model equation of a radioactive substance thus g@vthe amount of sample it contains
after disintegration at time t.

Keywords: Fractional derivatives, Fractional Differentiajiation, Matrix exponential function,
Mittag-Laffler function.

1.0 Introduction

Fractional calculus is as old as normal conventioniager-order calculus. In a letter correspona@emdarquis de L'Hospital
asked Leibniz "What if the order of the derivatigel /2 ?". To this end, Leibniz replied in a prophetiealy, "Thus it

follows that will be equal toXZ%/ZdX: X) , an apparent paradox, from which one day usefuseguences will be drawn".

This letter of Leibniz was dated 30th Septembe®51d].

In spite of its long history, fractional calculussvnot considered eligible for any applicationsiswas due to its
high complexity and lack of physical and geomeinterpretation. Application of fractional calcultss real-world problems
is only four decades old. Applications can be blypadtegorized into: Modeling of Systems and Fiawi-order Control

[2].

Rigorous mathematical theory has been developedm@ical interpretation or physical meaning exitst it is
not as straight forward as for the integer-ordeivdéves [3].

A typical example of differential equations invaigi fractional derivatives. is the Bagley-Torvik atjon of
oscnlatory processes Wlth fractional damping [4]:

A asz(x) +Bf(x) = gkx) (1
There are likewise Ordinary Differential Eqauatiof@DEs) and Partial Differential Equatioms (PDEshich have
fractional derivatives that are Linear and nonlmg4. Existence and uniqueness of solutions ottfemal differential
equations have been established, and analytiasticiod are difficult to evaluate. Dedicated, elégammerical methods exist
as well [5].
Some of the merits of fractional derivatives arg [2

1. Calculating time-fractional derivative of a funatiof (t) at some timet =t; which requires all the past history, i.e.
all f(t) fromt=0tot=t,.

2. Employing fractional derivatives for modeling syst&ewith memory.

Calculating space-fractional derivative of a fuantif (X) at X = X, which requires all non-locaf (X) values.

4. Employing fractional derivatives for modeling dibtited parameter systems.

w
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In this paper we illustrate the rate at which aioactive substance disintegrates with time fractilynas compared to the
disintegration when modeled using the conventidiféérential equation with integer order

2.0  Preliminaries
2.1 Gamma Function
This is otherwise refered to as the generalizatfathe factorial for all real numbers, defined by

M(x)= I:e“t “Idt, xOR @)
with the property that

I(x+1)=xr(x)

I(x)=(x-1)!

2.2 Mittag-Leffler Function

This function is a direct generalization of the wemtional exponential functio®”, and it play a very important role in
fractional calculus. The Mittag-Leffler function @efined in terms of power series as follows

E, s(X) = Zl'(ak B a>0 3)

For some particular values of and £3, the Mittage-Leffler function reduces to some faian functions. For example

E,.(x)=¢"

E =51

2.3 Riemann-Liouville Fractional Integral
Definition 2.1 [6, 8] Let v be a non negative numbef, be piecewise continuous dn=(0,0) and integrable on any

finite subinterval ofJ =[0, 0] . Then fort >0 we define the Riemann-Liouville fractional inteigoé f of orderv as

DV (X)= r()j(x t)“* f(t)dt, v>0 4)

This definition can be obtained in several waysvioe shall consider the linear differential equatie first state a lemma.

Lemma 2.2 (Replacement Lemma) [6, 8puppose thatf :[a b] — R is continuous, then

[ rf (et = [ (x-t)f ()clt, x[ab]
Proof. Now consider thenth order linear differential equation with the init@nditions
y" = f(x);
y©) =y @©)=y'(©)==y"()=0

Integratingn times fromc to X and from the second integration to theh integration, we apply Lemma 2.2, we obtain

XD gre KO o ,
Y09 =[Sy FOdE =y (0 (- 9y (0 4E)
since (€)= y'(c) = y'(c) =---= y"™(c) =0 we get
o= [ o
We may rightly say thay(t) is the nth integral of f (X), thus
DVf(X)= _—1)| j (x=t)"* f(t)dlt,
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Replacingn with V >0 and recalling thaf” (n) = (n—1)!, we therefore have
1 ex
DY f(X)=——| (x=t)** f(t)dt, v>0
D F () wwL( ) (D)

2.4 Riemann-Liouville Fractional Derivative
The Riemann-Liouville fractional derivative candbefined using the definition of the fractional igtal.

Definition 2.3 [7, 8] let v=n—u where0<Vv <1 and n is the smallest integer greater than. The fractional
derivative of f (X) of orderu is

D“f(xX)=D"[D™ f(X)] (5)
If we wish to find the fractional derivative of (X) = X* of orderv, where A = 0, in order to use the definition above, we
interchangeu andv and letu = n—v whereO<u <1. Then we have thad =1 andu =1-V, so that
DY f (x)= DD f(X)]
= Dl[ Dl—vX/l]
=w{ r(A+1) ﬂ%ﬂ
M((A-v+1)+1)
A+,
(A-v+1)r(A-v+1)
A+
MA-v+1)

DYf (x) =

3.0 Fractional Differential Equation and Laplace Transform.
Here we shall apply Laplace transform to solve s@maetional differential equation. This proceduaeainalogous to solving
the conventional differential equation with integeder using Laplace transform.

Definition 3.1 (Laplace Transform.) [7, 8].Let f (X) be given fort =0 and suppose thaf (X) is defined on some
interval | . The Laplace transform of (t) denoted by.{ f(t)} or equivalentlyF(s) is defined by the equation

L{f(1)} = F(s)= [ e f(Hdt (6)
Theorem 3.2Suppose that
() f is piecewise continuous on the interéaE t < A for any positiveA,

(i | f t)|c ke wheret =M, wherek , a, M are real constants angfM >0.

Then,L{ f(t)} = F(S) defined in (6) above exist fc& > a.
Such functions are described as piecewise contsund of exponential order is— 00
L™ f(t)} is the inverse Laplace transform &f(t) and is unique.
The Laplace transform is a Linear operator. thatased under addition and scalar multiplicatiohe Taplace transform of
tP where p > —1 is given by

L{t"} = I:e‘S‘tpdt = ST{lI:e‘Xxpdx = %

and

© (e 1
L{e"} = [ e dt=——
0 Ss—a
3.1 Laplace Transform of Fractional Integral
The Laplace transform of (t) of differential orderv is given as
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{D™f(t)} = TL{tV T (D)} =sVF(s) (7)
Which is the Laplace transform of (4).

3.2 Laplace Transform of Fractional Derivative
The Laplace transform of integer order operatorfé’i’) is given as

L{ f (1)} = S"F(s) - s"*f (0)-s"2f'(0)—---— f "(0)
n-1
=s"F(s) - > s H(0)
k=0
we thus recall from (5) and noting that= n—V, then
D'f (t) = D"[D "™ f ()]
Assume thatl{ f(t)} exist, then
L{D*f(1)} ={D"[D " f(1)]}

= SL{D"[D ™ f(1)]} - 5 STDH D f ()]

k=0
n-1
— Sn[s—(n—v) F(S)] _ zsn—k—lD k=(n-v) .I: (O)
k=0
n-1
=s'F (S) _ zsn—k—lD k=(n-v) f (O)

k=0
More precisely. if we takél =2 we obtain

L{D"f(1)} =s'F(s)-sD™*"{(0)-D*"f(0), O<vs<2

To illustrate this we thus solve the fractionafeiiéntial equationD? f (t) = af (t).
Finding the Laplace transform of both sides we iobta
S2F(s)-D™2f (0) = aF(s)
It is quite easy to see th& 2 (0) is a constant sayl , so that we have
SF(s)-A =aF(s)

F(s)= A

Finding the inverse Laplace transform we finallyaob

- A .
f=L 1{5 _a} = A, (et

4.0 Main Result
We consider the case where the decay of a sammeth®e growth of another sample B and the dacay sdmple B is the

growth of another sample C as follows. Suppose ¥at time t =0 denoted bel(O) is the initial mass of a sample Ai.e

%(0)=m,
AEX(M) = BEXWD) - CEXM) =

——
a decayconstant S decayconstant y decayconstant

with the following dynamics
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dx(t) _
T ax (t) ®)
Dl - ax (1)~ A0 ©
D0 - b0~ 10)
%(0)=m,, x,(0)=x,(0)=0 (11)

Notice that (8) is a decay process while (9) ar@) @re both decay and growth processes. For theoperof this work, we
shall consider only equation (8) and (9) for simipyi sake. Thus, considering equation (8) and (8)have the equivalent
form as

X (t) = Ax(t) (12)
where
X a0 m
x(t):{xz(t)} A=l a -p| x(O):( OJ

In fractional order we have

DYx(t) = Ax(t), D ™Vx(0)=¢, v(0,1) (13)
If V=1, the the system (13) becomes (12). In this workmveke a very close comparison between the syst&émsaad
(13) asV - 1.

Theorem 4.11f matrix AOR™ (or C™) has a distinct eigenvaluggl, # Aj,i,j=1,2,...m), then it has (at least)
m linearly independent eigenvectors.

Corollary 4.2 If all eigenvalues ofA are distinct thenA is diagonalizable, that is there exist an invdgimatrix P and a
A O

_ _ O -. 0 a
diagonal matrixD =| | 0 4 such thatA = PDP™.

Now to determine the exponential of a matAxwe may employ Corollary 4.2 that is
eAt - PeDt P—l
-a 0
Recall that in this cas&=| @ — [ |, the eigenvalues ard, = —@ and A, = =/, so that

-a 0 e" 0
D= 0 -p| €e*=| 0 ¢€*
-a

B-a 0

a
Corresponding to the eigenvalues are the eigemgegcto 1 and| 1 | respectively. Hence
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—q —— 0
p-a 0 B-a
a
_ a
P=| 1 1| P'=|— 1
a-p
So that by computation we have that
e 0
- a - - -
eM =Pe”PT = (e -e?) e?
Hence the solution of system (12) becomes
G G m,
x=€e"c,|, wherec,|=|0
then obtaining
e 0 |'m,
= a _ _ -
X = e™"-e? e?| 0
B-a
then
—at
X ,e
X |= il (e -e”)
B-a

We need to find the exponential matrix in othesdtve system (13). We shall need the following ltesu

Theorem 4.3 If A is a square matrix, then the solution of syste®) {d given by
X() =K, (At)C

where K, (At") =t""E,, (At") and E,, (At") is the Mittag-Laffler function an& in an Nx1 matrix.

Proof. For proof see [7].

Theorem 4.4(Putzer’s algorithm) If/]i , 1=1,2,...Nn are eigenvalues of anxn matrix A, then

n-1
K, (A) = 3 pa (M,
k=0

where
k

Mo=1, M, =[](A-Al),

1=1

1<k<sn-1

and

D'p,(t) = Ap (1), Dp(t) = A py(t) + Py (D),

J of NAMP

(14)

(15)
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D *Yp, =1,D"*"p,(0) =0, 2<k<n

By Putzer’s algorithm it can be easily seen that

1 0 0 0
M,=|0 1], M,=|a a-p8
Solving
D'p,(t) = A,p.(t), and D" p, (t) = A, p,(t) + p, (t),
we obtain
V- v tv_l v \'
p.(t) =t"E,, (At") and p, (t) = R (E, (A7) —E, (A7)
1 2
But

K,y (At) = p(t)M, + p, (M,
substituting and simplifying, also taking to accotiat A, = —a and A, = =[3, we obtain
t'E,, (-at") 0

Ko (A) = | S (B, ()~ B, (AY) U6, (A)

Ev,v(_mv) O
Ko (A) =t L (E, (-at') - E,,(-A") E, (-Bt")
B-a

m,

By Theorem 4.3, the solution of system (13) whére| O |is given as

X() =K, (At)C

E,,(-at") 0 m,
=t T (E, (-at")-E,,(-&") E,(-A")| 0
L-a

Hence
() mt*"E,, (-at”)
)| =| My (L (-at) = B (-A") (16)

Using the following constante}, =1620, —a = 4.25x10™, = 8=2.1x10"° (See [9]).

Plotting x;, and,x; in equations (14) and (16) respectively againseti yields Figure (1) which shows the amount of
Radium decaying with time, respectively for®:92,0.94,0.96,0.98,0.99.

Plottingx, and,x, in equations (14) and (16) respectively agaimséti yields Figure (2) which shows the amount of Radon
growing with time, respectively for v&.92,0.94,0.96,0.98,0.99.
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X1,

wop S

e,

Figure 1. Comparison of the curves(t) and Figure 2. Comparison of the curves (t)
/X (), i.e decay of Radium atom and , X, (t) i.e growth of Radon atom

It can be noticed from the graphs that\as> 1, , X ,(t) — X ,(t) that is the solutions of the fractional order ayzmhes

the solutions of the integer order. Notice alsd this close to impossible to distinguish the, (t) and , X, ,(t) in the case
whereV =0.99.

4.1 Conclusion

From the analysis made so far we have been aldeddhat fractional orders tells precisely howadl@m in this subject
disintegrate fractionally and as well grow fractdiy as this can be summed up to the approximatedjér order case. As a
matter of fact, fractional calculus has the potntif presenting intriguing and useful applicatioanghe future. It is also
important to note that a lot of researches is atilgoing in this direction [2,7,8].
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