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Abstract

In this paper, space-time curvature invariants ageneralized for vacuum type-
Ill solutions with a non-vanishing cosmological catant A. It is shown that all
curvature invariants containing derivatives of th&/eyl tensor vanish if a type-lll
space-time admits a non-expanding and non-twistingll geodesic congruence. A
non-vanishing curvature invariant containing firstderivatives of the Weyltensor is
found in the case of type-lll space-time with expsion or twist.

1.0 Introduction

It is by now well known (see for example [1]) tHat Petrov type-Nvacuum space times with a non-edpay and non-

twisting null geodesic congruence all curvatureaitants

constructed from the Weyl tensor and their derxetiof arbitrary order vanish. The same result established for non-
expanding and non-twisting Petrov type-lll vacuupace times in [2]. In this paper, therefore we eoasidering only

expanding space-timgs# Owherep is the complex expansion since it has been shoatrthle differential invariants of any
order vanish for type Ill and type N space-timethwiero expansion. Aside classification of graidtaal fields, curvature

invariants also provide a measure of the ampliidéhe gravitational field. In the case of typedHcuum space-time with
expansion or twist we find a nonzerocurvature irargrof the first and second order using a prooedimilar to that for

type-Nvacuumspace-times given in [1]. For a pragaterstanding and rigorous reconstruction of tleofsrin this paper,

the work done in [1] as well as [2] and the bookd invaluable tools.

2.0  Type lll Space-Time Invariants

The local properties of the gravitational field daa described by the curvature tensor and its @vaderivatives of order
one and higher. These properties will show up alass formed from them by contracting their tens@ducts. In particular,
the appearance of singularities in such scalaas imdication of a local singularity in the fiellhe converse is not true: the
mere absence of singularities in these scalar® ipraof of regularity of the field. For examplegtiC-metric describes a
space-time which is singularal though all the knamwariants are regular. In this paper, we arer@gied in studying type-
lll space-times from the point of view of invariantOne invariant has already been given in [1] @rths been used to
classify algebraically special gravitational fielidis|[4]. However, this invariant is neither thenglest nor the only one that
exists. In this section, we show the constructibaroinvariant of order one (i.e. using only ficstler derivatives of the Weyl
tensor) and its expressions for the known soluteralable. It will immediately be apparent thagyhcontain singularities.
In the next section another invariant of order tigopbtained and some comments are made aboukpiession of it for a
Robinson-Trautman type Il metrics. First, let @sall some basic relations from spinor calculus hledvman-Penrose
formalism which we would find useful in derivingetfiirst order curvature invariant.We can use bagiandl, satisfying the
relations

0,14=1, 0,040=0, L*=0 (2.1)

to decompose the Weyl spinor

‘{IABCD = ‘{IOIAlBlClD - 4T10(AlBlClD) + 6T20(AOBZCZD)

—4Y304050¢lpy + ¥4,0,050.0p, (2.2)

where

¥y = Yapcp 040B0C0P

¥, = Wapcp 040B0CIP

¥, = Wypcp 04081¢1°P (2.4)
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W =Wypep O4IBICIP

W, =Wapep [ABICIP

There exist four principal spinatg, B4,v4, 84, such that

Yasco = APV cOp) (2.5)

Since for in type-llispace-times, three principain®rs off' ;5. coincide, it is therefore  convenient to choose teigeated
principal spinor as a basis spir@y.Then

Wascp = 04050 0p (2.6)
and

Yo=Y, =¥,=0 (2.7)
For the Weyl spinor we get

Wapcp = —4¥3 04050clpy + ¥4 04,050 0p (2.8)
We choose the second basis spiftorsatisfy

Dl,=0 (2.9)

which implies that a complex null tetrad induceddhyand,is parallel propagated

along the geodesic null congruence. This implies

c=k=¢e=m1=0 (2.10)

Equations (2.1) and (2.7) ensure that all invarguentities constructed froWyz.p without derivatives vanish, that is the
zeroth order curvature invariants vanish. To obtanmonzero quantity we have to use the first canailerivative.

3.0 Expanding or Twisting Solutions

The Bianchi identity using (2.7) and (2.10) gives

D¥; = 2p¥, (3.1)

Using (2.1) one can show that all first order inaats of the Weyl tensor vanish if they containyostjuares or cubes
iNCqpys;e- However, there is a non-vanishing curvature irrdrwhich is found to be

I= Caﬁy;sCauyv;SCAMpV;GCABpS;U (32)
In terms of the Newman-Penrose quantities (3.2)beawritten as
I = (48pp¥5¥5)* (3-3)

which is a non-vanishing invariant of the first erdThis invariant can be used in analyzing siniés in type 11l space-
times with expansion or twist. For example, theagahtype Ill solution admitting a geodesic, sh&ae, twist free and
diverging null congruence is the Robinson-Trautmetric of Petrov type Ill. This metric is knowngatisfy the equation

ds? = 2 d¢d§ — 2dudr — (AlnP — 2r(In P),,)du? (3.4)
whereP (u, §,§) satisfies
andd/adr is the repeated null eigenvector [5]. In an appetely chosen null vector we have
c=k=¢e=n=%=¥,=¥,=0, p=- % (3.6)
¥y =——(AlnP); 3.7)

=21(p2(2 -
v, =1 (P (2amP —r(n P),u)g)’_ (3.8)
Substituting (3.6), (3.7) and (3.8) into (3.3) vt g

2

I = ((%) PP(AInP)¢(Aln F)_g) (3.9)

This invariant, which is non-zero in general, canulsed for analyzing singularities in Robinson-Timzan solutions.

4.0 Non-Expanding and Non-Twisting Solutions

Non-expanding and non-twisting solutions satisfy{2dL0) as well as the conditign= 0 belong to Kundt's class and are
completely known. It has been shown in [2] thatetjvacuum space-times, without expansion and witheist, have all
curvature invariants of all orders vanishing. Thme result with a similar proof, with slightmodégiions, has been shown to
be also valid for type-lllvacuum space-times withexpansion andwithout twist. Thus we give hereydhk basic ideas of
the proof. The following Newman-Penrose equatioith the operatoD are needddr = 0,Da =0, DS =0,Dy =ta +

78 —R/24,DA = 0,Du = R/12,

(4.1Dv =Tu+ A1+ ¥,

The operatob also satisfy the commutation relations

(AD —DA) = (y +7)D — 15 — T8 4.2)
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(6D —D&) =(a+p)D (4.3)
The Bianchi identity (3.1) in this case then tattesform

D¥Y; =0 (4.4)
Consider the transformation

0" = a04, 1" = g 14 (4.5)
A quantityQ, which transforms in the form

N =ain (4.6)

has the boost-weigh2) = q. ForW¥;, this we haveh(¥;) = —2. Also we have

b(K) =n, +n, —my; —m,

where

m; = 041 ...0%m

m, = 0% ... 0%m2

n, = 1By 1B 4.7

n, = M. .. '

It is then easy to show that the Newman-Penrosatems implyK = 0, if b(K) = 0 and as a result of this all invariants
vanish.

5.0  An Invariant of the Second Order

Besides the invariant of order one presented irpteeious section,there exist invariants of oraew.tinvariants of higher
order are somewhat toocomplicated to be applicideever, in this section we present another imvdarof ordertwo andits
expression can be calculated for the simple caseRdbinson-Trautman solution using the symbolimgotational software
Maple. A question that comes readily in mind ist thvay should one bother with a higher order invatrighen we have
already established the singularity of the RobirSautman solutions? For the simple reason thgivés a different type of
information about the solutions of Type Ill metriddow it is obvious that all curvature invariantsasder zero vanish for
Type-llland Type-Nvacuum space-times as a consaguehthe relatio®,04 = 0. The question arises, whether there exist
some non-vanishing curvature invariants of highelen Specifically, we investigate this questiorthis paper for second
order invariants. To achieve this, we work in thel tetrad in which the Weyl tensor is given by

Cabca = VYs(NapMeq + MapNeg) + P4NapNea (5.1)

where

Ngp = ngmy, —mgny,

Mgy, = ngl, — lyny, + mymy, — m,m,

are bivectors anch, m, m, lare basis vectors which are chosen to be orthdguiavector fields, two of which are real and
the other two complex conjugated such that theasgalbduct of the two real one’s equals 1 and efttto complex one’s
equals -1. That i§,n* = 1, m,;m* = —1 and all others scalar products vanish.

Let

Dyge = Cabcd;rc;??m (5-2)

Substituting the expressions y,.,,-andC2* we get

Dy = —96¥39,9, (W3, + ¥3U, + ¥,09,) +

96W5 9, [(W39s), ¢ + 9¢ (W35 + P3Us + 29,9;)] (5.3)
To get an invariant one has to contract the expmederD ... by its complex conjugate thus
]2 = D[rs]tﬁ[m]t (54)

The general expression ffyris often very messy, however for simple spacedimean be computed with the aid of the
symbolic computation software Maple.

6.0 Conclusion

In this paper, we have shown that for type-lllvanuspace-times without twist and expansion all Vgelyivariants of all

orders vanish. However, in the case of type-llicgptimes with expansion or twist, only invarianfdte zeroth order vanish
while the invariants of first and second order @d vanish. The general expression for the non-émisinvariant of the

second order is often very messy, however for sngpace-times it can be computed with the aid ef dhmbolic

computation software Maple.
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