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Abstract

In this paper, we consider the dimensions of thecteg space generated by the
bound states for a 2-dimensional Schrédinger eqoati with an anisotropic
potentialZ}"=1 v;(r)w($)s(r — a;) bounded by two-dimensional Riemann surfaces of

radius g, whered is the usual Kronecker delta function. The varias r and¢ are
radial and angular coordinates respectivelp,(¢) measures the interaction at angle
¢ on the Riemann surface. The Hamiltonian is the suof the kinetic and the
interaction part. The interactions are separable cdare centered at arbitrary points
on the surface. The dimension of the vector spaanerated by bound states is
obtained using a general method suitable for the@enination of energies and mean
values of different operators corresponding to theormalized wave function.
Conditions for the existence and for the numberldund states in finite linear chains
are formulated in terms of the parameters of thetémactions and intercentre
distances. It is shown that for the model consideiia this paper, the dimension of the
vector space generated by the bound states redasethe number of inter-particle
interactions N in the surface increases.

1.0 Introduction

Hamiltonians based on point interactions are knawvibe fruitful in the mathematical development ofvable quantum
mechanical models for a one particle system. Thedimensional model presents great features ttatlems reduce bound
state problems to the evaluation of finite matried®se elements are known analytic functions whitethe same time,
avoiding the complexity resulting from the algelmfaangular momentum when dealing with the threeedisional case.
Furthermore, a two dimensional model gives room tfer possibility of introducing the effect of antesor uniform
magnetic field more easily than in the three-dineme case. Models in two-dimensional spaces devaat in surface
physics.

2.0  The Hamiltonian
Hamiltonians based on point interactions are gagn

H =" B () o = ) = Hy + V @

2 2
The kinetic parf";% for a particle of masM is taken asH while the interaction is denoted B and is a sum of the

separable interactiongo(cb)é‘)(r - a]-)resulting from the various particle actionscenteaéc point focated at a distance
afrom a pointO, that is;; = OP,

For the planar case, that is when the Riemannigiaciis E, cartesian coordinates x, y in the plane areedlad polar
coordinates by x =r copj and y = r sin), where & r <o and & $<2r. The following assumptions shall be made

0] There is a one to one correspondence between timbaruof interactiondN and the points jPat which the
interactions are centered.
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(i) Atomic units are employed wheie=1, e=1
(iii) The interaction is anisotropic and is a sum of sspge interactioné/j :Z/]';‘E;‘Xfﬂw(q))é(r-q) where
k

‘5}(> = exp(-ia, .p)rjk‘rjk, m >

The kets|rjk,m;<> are generalized eigenvectors (normalized with reispe a Diracdistribution) of the radial position
operator r which has an eigenvaltifeand the eigenvector of the angular momentum opefatoxp, — yp, which has an
eigenvaluemf. Besides the kets already introduced, generakdgenvectors of the position operatorof the momentum
operatorp and of the radial momentum operaposhall be needed. The operaen(p(—iaj p) rotates the state vectors by an

amoung@, , While/1}c is an overall strength parameter with energy asedsion ands(¢) measures the energy interaction at

angular positionp which (for simplicity, but without loss of geneitglis assumed to be confined iR)EIf w(¢) is constant,
we have an isotropic Hamiltonian. The isotropisechas been considered in [1]. In this paper, \aé bb interested in only
the anisotropic case wheigd) is not constant. The Sdiinger equation in configuration space reads

2
— w(r )+, v (1) o($)3(r — a)w(r.d)= Ew(r.¢) (2.2)
wherev; (r) = X, A¥|EF)(€F|. In operator form, we can express the Hamiltowiamesponding to (2.2) as
2 2
Hy =50+ 2 S (e | o ] dbo@) | &) (e ol (23
where the integration over is taken over the intervakp<2r.V can be expressed as

V=Y L A |ENE] DI

= m
k

whereq = mj — m’j’-‘ andc, is the Fourier coefficient ab which can be written as

x__., € (@)]a,mf)aj, mf (2.4)

cg(0) = %fozn ddo(d)exp [—i (m]" - m]k) cb] (2.5)
where

w(@) = Xz ci(0)exp(ild) (2.6)
We assumev(¢) in (2.6) is real so that,satisfies

Cq =04 (2.7)

3.0 The Resolvent Equation
It is well known that bound state problems as waslbcattering problems reduce to the calculatibmsadrix elements of the
free resolvent

1
G,(2) =
(2=
Here H ,is the kinetic part of the Hamiltonidd. The bound state energies for a finite number ofres(2z), is then
defined as

G(2) = {[z— ZFI)\jI j—v} (3.2)

and is related to the free resolvesy (z), by the equation
G(2) = G,(2) + Gy (IVG(2) 33)

Equation (3.3) is an identity equation called tesotvent equation. The resolvent equation yielter abme calculations the
following equations

(3.1)

1@ = ([Fo(ea2)] ™ - 250 T4 lERE [ e(@) 3.4
where
[rO (ai a8y, Z)]mlm = Jmlm<aj My ‘GO(Z)‘ a;, m> (3.5)
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so that
. 1
[F (a,a, z)] =4 (3.6)
{ o\Fj ™ }mlm my <aj,ml‘GO(Z)‘aj,ml>
According to the general formulation of quantum heedcs the values afare
2
z=1lim P +ie 3.7)
£-0" 2M
The notationlim means thatt goes to zero by positive values. It can be esthbdl that
£-0"
T I (P1) I (PF)
(M |Gy (2|1, M) = G, [ dp PP (3.8)
0 zZ— pi
2M
Also
(r.,m; |exp(-iap)G, (2)|r,, m,) = ~(-1)™ ™ 2M exp(4,(m, ~ m,))
< J,. (pr)Jd r)Jdn, -
5 p°—2Mz

The final expression fofrl, ml|G0(Z)| ry, m2> canbe obtained by explicit determination of thiegmal on the right hand

side of equation (3.9). To achieve this, we asswmer; +1,. This inequality corresponds to the non-overlagpin
interactions. Consider now the positive squaré obthe quantitg Mz, we denote this as

p, =+v2Mz (3.10)

Whenz is negative, (which is essential for a bound siateccur), P, lies on the positive imaginary axis. Wheis positive,

we must then take into consideration the valuéimf., z + i ¢ when evaluating the integral. The following resuten
suffices

<rl’ rnl |GO(Z)| r21 rnl> = Jml,mz |__ IM njml ( pzr<) H rg-l) ( pzr>)J (311)
<r1’ r-nl | EXpGa-p)Go(Z)| r.2 ’ m2> = IUM ﬂexp(i ¢a(m2 - rnl)) H rE']J-l)—m2 (a'pz)‘]ml (rl pz)‘]m2 (rZ pz) (312)
r. =min(r,r,), r. =max(,r,) andy =-i(-1)™ ™" . H Vs the Hankel function irregular at the origin [4].

4.0 Bound State Problems

Depending on the nature of the interactigbound state may or may not exist. If they exigjrtenergies can be calculated
from the relatiorz = E for negative values af The bound state energies for a finite numbereotres can be determined as
the negative values for which the determinant of a matrix)l&re zero [1]. The order of the matrix is equalht® number of
projectors. The matrix B is defined by its elements

bs,n(z) = Ss,n - ln(éslGO(Z)lfn) (41)
This result follows from the identity (3.3). Thanormalized expression for the bound states isngage
l9) = X a; Zic A [ 08| Go(2) Ermm-scle ()] mx|r, m) (4.2)

with x the column vector whoseth line igrm|w). Equation (4.2) defines Once its energy is known, the column vector
is determined from the equation

1
€@) ro) 5ja; 5k A F) 64| x=0
The matrix [c()] in equation (4.3) is a symmetric Laurent mattiat is, it is a double infinite matrix with constaterms
along the principal diagonal and the diagonals|mn® the principal diagonal. The functienis called the symbol of the
Laurent matrix. It has been established that i§ bounded on the circle then ¢g{ generates a bounded operatord 4iX)
and has a range. Details of these properties are given in [5]. dNtitat if the range ab contains zero, then [@]] is not
invertible.

(4.3)
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The wave function in momentum spapgw) is
) a12k1§?|51")<51"‘|

w(p) = T S e (@)x]n (<) m(pa) (P (4.4)

"M
wherepin (4.4)izs real, positive or zero.Normalizationbafund states is achieved using matrix multipliaatio
(wlw) = (2, @ Ze A5 )EF ) e (@)x] TR (@)x] (4.5)

whereT is a diagonal matrix with diagonal element defibgd
T@mm = (E:1Go@Go(DEn) = = (6] 222 ¢, 4.6)
The matrix element{§;|G,(2)G,(2) |, )can also be expressed interms of Bessel and Hanletlons[6], so that
() = [c(@)x]7(Z; @ T AL NEN]
+i7TM2aj [ m(pa]-)(H( )l(pa]) H(l)l(pa] )+ H(l)(pa] (]m 1(pa) - ]m+1(pa]))]
2p

4.7
The exact normalized eigenvector correspondingaedHtamiltoniant, with eigenvaluez, say has been given in [1] to be

b= Go(2) Y[ E & |9)
V2 81060 [Go(2,)G0 ()] )& )

The coefficient&,,|w, ) are the elements of a column eigenvector assdciatih the zero eigenvalue of the matrx, ).
Without loss of generality¢, |w,, )is taken to be real. This then gives the result

(4.8)

(r|Go(.)|¢;) = (r|exp(ia, p)Gy (z,)r| /' mi) (4.9)
For bound state, the smalbehavior of the matrix B gives for the diagonal elements
2
b,,(0) =1+ MAL, if m #z0 (4.10)
m, |
b, , (0) =1-2MA,rlog(p,r,) if m, =0 (4.11)
The non-diagonal elements give for the same cdnitreifferent projectors
m
MA,r. 1
b,,(2) = o S( j with m, Z0 (4.12)
ms”h |I’T1n|
with m, =0 we have
b, (2) = =20, , MAJr I log(p,r. ) =-20,, ., MArlog(p,) (4.13)
The non-diagonal elements give for different centre
212l M p 2] 2|
b,,(2) = - Lo Ts  pIniogla, -alp,) m, =m, (4.19)
(m,})
For m, # m, the non-diagonal elements give for different cesitr
by, (2) = (=)™ ™ h(m, - m, )a(m,)h(m,) exp{4, _, (M, —~mM))M, (4.15)
where
M = 2R i (m, - m-1) (p,)mHmmom (4.16)
Qa, - a, )m’ ™y m)

These are the conditions for bound states. Tre=sdts are general but can be applied to specifies

5.0 On the Dimensions of the Vector Space Generated by the Bound Sgate

For a bound state labelled lbythe energy, < 0 depends on the parameﬁérfor a fixed massM and radiusi;. The
dimensions of the vector space generated by botatdssare determined as followsE,J(A]’F)exists for an arbitrary small
|A¥| values then
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limy g E, () =0 (5.1)
Indeed, fora normalized eigenvedtayof the HamiltoniarH one has
(w|H|w) = Ex(4) < 0 (5.2)

2
Since<w|§—M |w> > 0, one deduces that

%) a4 Tic A ([N ) DTN Y

- cq(®)|aj, mF)a;, mT| — 0 (5.3)

as|A¥| — 0. So, ifE; (1)) does not exist for arbitrary small value|#f| then there exist valugg, of A¥ for which a bound
state exist ifA¥] > |A%| with energy tending to 0 48| — |4%.|and transforms into a continuum staf@fif < [A%|. Thus,

for eachEk(/lj’.‘) there is a critical value. The dimension of thetwe space generated by bound states is thereéteendined
if these critical values are determined. Thus, tiognthe number of bound states amounts essent@lbjetermining the

critical points. At critical values, the energy gae zeros and therefore we are interested atrfiewherep,tends to zero

along the positive imaginary axis. In that limié have
M
“Omymy |m_n| ’

2M[Y+log(%)—%” =Y, m,=0

Im,| <0

(anmanO (Z)lanm’n)“’{ (5-4)

Yis the Euler constant.

6.0 Conclusion

The general theory presented in this paper is Uisefstudying the spectrum of finite two-dimensibmr@mplex systems
involving arbitrary geometrical configurations. i also useful in the study of collisional procesdavolvingtwo-

dimensional targets with complex geometrical camfigions. The benefit of our model lies not only the possibility of

choosing the geometrical configuration of the systbut also on the flexibility of the choice parders corresponding to

each centred interactions. The strength paranﬁ'}ersange parameterﬁ,angular momentum parametm}énan be varied
independently. In this paper, we provided, for inkann space, a general method for studying genaiigotropic
interactions confined in a Riemann space. To tl& @eour knowledge, this general theory has nenh@resented before in
the literature. It was shown that, the dimensiothefvector space generated by the bound states imodel we considered,
reduces as the number of inter-particle interastidnn the surface increases. In particular, by restg the parameter

values of these model cases, the simple case whir@ne bound state exists could be considerguhlidations to specific
examples would be given in another paper.
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