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Abstract

In this paper, we reviewed the work of J. Dziok ard.M.
Srivastava using a new subclass of analytic funaisowith fixed
point and fixed argument, provided alternative prisosupporting
some of their claims.We also resolved the quadratiequality in
their work using a property of Bilinear Transform&n. We
intend to restrict our discussions to the coeffinis estimates.
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1.0 Introduction
Let 4 denote the class of functio G of the form

f(2)= Z+2akz‘

1)
which are analytic in the open unit di?: {Z : ‘Z| < 1} in the complex plane with the usual
normalization/ (0) =0 , 1(0)= I
Let Alw) = 4 be the class of functions of the form
/(@)= (Z_a’H;a"Zk (neN=23,.) 2

normalized with /(@) =0 4nq /(@) =1 \yhere® is a fixed point ir E
The function in ( 2 ) was introduced by Kanan and Ronning ,for more details see [1,2]
Def. 1.0

Let [(k.k =10, 4,B) genote the class of functio/ € 4(@) satisfying the condition



1+ Az

(z—@) ' H(,r @ : By By f(2) < |
+ Bz (3)
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Def. (2.0)

T, (k,k -

let Lo, 4,B) denote the subclass of the class

T'(k,k—1,0,4,B) of fynctions/ (2) of the form (1) such that afj’i > 0) (k ell)

written in the form

al’l

f(z)=(z—a))+ei9i

(z-0)

(4)

The class of functions introduced in (4) have fixed point and fixed argument.

Broes BB, #0,1,-2,.: j =1,...,9).

Apyeens Ay

For complex parameters
hypergeometric function is

@),
Pttty o fi2)= 3 ©)

(g<s+Lsel,=(0,12,..):z€ )

where (4), is the Pochhammer symbol defined in terms of the Gamma fun! ioby



_T@Em G (Arn-1)

(%) (1) (<0 :DO/{O})

with (Do =13 41 6)

The convolution of functions ) and $(z) is defined by

(fi*xfo)z)=2z—w+ Zalag(z —w)"
n=2

where * is the usual Hadamard product@#)if-(z) as expressed in (1) . See [ 2-5]

Let keN and suppose that the parametars.,axandps,...,fk-1are positive real numbers. Also let

0< 6<z ,0<B<1 and -BA<B.
Lemma 1.0

f(2)=z-w)+ i|an (z— )
1 n=2

Le and

H(ay,...,a,:B,..0.)f(2)=ha,...0,:B,.... B :z— @) * f(2) 7)

H(&yeos @, By By f(2) = (z—a))+irn‘la”(z—a})"

then

(8)

where

Journal of the Nigerian Association of Mathematic&hysics Volume 35, (May, 2016), 21 — 28
Review on Some Subclasses of... Ukeje J of NAMP

r = (ﬂl)n—l “'(lgk—l)n—l (n—1)!

! (@), (),

(9)



Proof: Given that

h(a, 0ty Boess By (2 — @)
:(z—a)){( (@) () ]+( (), (), j(z_a))*_“}
(ﬂl)o ) “(ﬂk—])o (161 )1 '”(ﬂkfl)] )

Since satisfaction of equation (7) implies equation (8)

and by Hadamard product satisfying the condition

H(@yyos @y 2 B B f(2) = [(z —w)+ i ((ﬂal))n_l ( (/;;ck);_l J a,,((nz —S;')n
n=2 (D1 )17 (Brot )us - . (10)

On comparing equation (8) and equation (10) evidently yields

- (@), (),

" B B ya(n=1D)!

which implies that

r = (IBl)n—l Tt (/Bk_l)n_l

! (al )nfl t (ak )n—l

Lemma 2.0

g(2)=(z- o)+ b,(z - w)"

Let / be a function of the form (1) ar k=n analytic in,

Where|Z’ =r<l and |a)| =d.

(r+d)™ <1

an

if /' <& and€ €5 (@) tnen
Proof:

Since / <& implies f(2)=g(m2)) and|w(z)| <1 satisfy tha/ () =2(2)

Now &(2) €S8(@) it and only if /(2)=(2- ®)g'(2) belongs to family of starlike

functions . Consequently ,application of ( Nevanlinna’s theorem ,see pgfJ&]l) on the

starlike functionsand following the implication of subordination in thet fstatement of the

4



proof we get

|nb,|(r+d)"™" =|na,|(r+d)"" <n

an

<
which will yield 9"+ =T
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Theorem 1.0

If a function of the form (4) belongs to the chn(k’k ~Lo,4,8) then

irn-' ]5] (r+d)"" <y(6,0,4,B)
k=n

(11)

where |Z| =r<l and |W| :dand L, is defined by (9) and
A-B
y(0,0,4,B) =
Bcos@ —+1—B*sin* @
(12)
Proof :
N ) 1+ Ag(2) _
Since(z o) H(ey,....o : fy,.... B ) f(2) “ 15 B) P(z)
where 2(0=0 414 |¢(Z)‘ <1 forze £
1-P P(z)-1 —
gy =L e _gey

Observe tha BP(z)-A4 A-BP(2)

from definition (1),



1_(2 B a))ng(Oll,...,Otk :ﬂlﬂ'“’ﬂk—l)f(z)

#(2) = "
B(z—®)+BY I, "a,(z—w)" - 4
while
% _ (z-o) ' H(a,....,o OOIBI s P ) S (2) — 1
A—B(Z—w)+BZF”_'an(z—w)"
thus
H(e
(z=@) H(@,0r & Brsees By f(2) —1 %—(z—a))
l#(2)] = - = BHZ )
B(z-o)"' +BY T, "a,(z-w)" M—(z—w)
n=2 )

where H(e) = H(a,.....a, :ﬂl""ﬂk-l). Using the result of Lemma (1)

(z-w) H(®)f(z)=1+ il“n_lan (z— )"

and
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B(z—w) 'H(e)f(z)— A= (B— A)+ Be” irn-lan (z— )"

n=2

hence ,



il‘n‘lan (z-w)""
b= |——=—
(B—A)+Be’> T, "a,(z— o)

n=2

<1

Further simplification of the inequality yields

(B—A)+e” > T, a,(z—w)""

n=2

<

Z ra(z-w"
n=2

o0

20

Consequently , =2

(r+d)""

a,|(r+d)"" <(B—A4)+B’> I, "a,
n=2

-1
Wherer 7 js same asin Lemma (1).

K= ZF”_I a,|(r+d)""
Let n=2 then one gets

|K|<|(B - 4)+ Be”K]| > |(B~ 4)+ BK cos )|

(13)
neglecting the imaginary part since K is real . Squaring both sides of (13)

2
ol=1
and use the fact th ‘COS ‘ will give

(1-B*)K* —2B[(B— A)cosd1K —(B— A)* <0

(14)
The method adopted in this thesis to solve the inequality in (14) is the use of

inverse fixed-point property of bilinear transformation.

K K,

Let ! and

K, (B —szl) (Bcos&—\ll — B?sin’ 6’)

1

be solutions of (14) such that

(15)



and

Z:(lB_BIZIj(BCOSG-F\/l—Bz sin’ 6?)

(16)

K?;M
(1-B%)

1771

Clearly ,

(17)
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Since the transformation is bilinear we claim that
-1

K=t
Kl
(18)
using (17) and (18) ,one observes that (17) can be written as
(B—A)Y =1-B°.

hence , (15) and (16) can be written respectively as

(Bcos¢9—\/1—B2 sin’ «9)

K, =
(B-A4)

|

1

(Bcos¢9+\/1—B2 sin’ 0)

T (B-4)
substituting f01K' and K, in (18) will give
1

-1 (Bcos@—x/l—Bz sin20)

(B—4)

=
Il




(4-B)

= =:}/(697607‘4al?)
Bcos@—+1-B*sin’ 0
that is
> — A-B
Zrn‘l a,|(r+d)" <
2 Bcos@—+1-B*sin’ 0
Corollary 1.0
A function fof the form (4) belongs to the cIeTﬂ (k.k—1, o, 4,B) if and only if
Zrn“ a, < B-4
o 1+ B
(19)
Theorem 2.0
A function fof the form (4) belongs to the cIeTﬂ (k.k—1, o, 4,B) if and only if

al’l

Zrn-‘ (r+d)"" = Zrn-‘ alr+d)"
n=2 n=2

(20)

where L, is defined by equation (9)
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Proof

o0

Zrn“ a,|(r+ 0:’)"_1 < B-4
From theorem 2 of [3]"=2 1+B

and here, following corollary (1) then



(20) is satisfied.

2.0  Conclusion

The work showed that Generalized Hypergeometric function has tkity dbitransform a
subclass of analytic function with fixed point and fixed argument tow8cz function and
provided their upper and lower bounds. Introduction of fixed point to the origimakién
studied by the Authors [3] did not change the bounds. The reflexive, irpreqzerty of bilinear

transformation was used to provide solution of a quadratic inequality.
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