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Abstract

In this paper, we reviewed the work of J. Dziok and H.M. 
Srivastava using a new subclass of analytic functions with fixed 
point and fixed argument, provided alternative proofs supporting 
some of their claims.We also resolved the quadratic inequality in 
their work using a property of Bilinear Transformation. We 
intend to restrict our discussions to the coefficients estimates.
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1.0    Introduction

Let denote the class of functions  of the form 

                            (1)

which are analytic in the open unit disk  in the complex plane with the   usual   

normalization , .

Let  be the class of functions of the form        

  (2)

normalized   with    and  , where  is a fixed point in   .

The function in ( 2 ) was introduced by Kanan and Ronning ,for more details see [1,2]

Def. 1.0

Let   denote the class of functions  satisfying the condition 

1



              (3)     

.  .                        
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Def. (2.0)

let  denote the subclass of the class 

 of functions  of the form (1) such that arg( ) ( )

written in the form 

  .                  (4)

The class of functions introduced in (4) have fixed point and fixed argument.

For complex parameters   and  

hypergeometric function  is 

                            (5)

where  is the Pochhammer symbol defined in terms of the Gamma function  , by
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     ( )

with [3,4]                            (6)

The convolution of functions f1(z) and f2(z) is defined by

where * is the usual Hadamard product of f1(z),f2(z) as expressed in   (1)  . See [ 2-5]

Let k∈N and suppose that the parameters α1,...,αk and β1,...,βk−1are positive real numbers. Also let 

0≤ θ≤π ,0≤B≤1 and -B≤A<B.

Lemma 1.0

Let        and   

                        (7)

then                             (8)

  where
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             (9)
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Proof:   Given that 

.

Since satisfaction of equation (7) implies equation  (8) 

and by Hadamard product satisfying the condition

    .    (10)

On comparing equation (8)  and equation (10) evidently yields 

which implies that 

        .

Lemma  2.0

Let  be a function of the form  (1) and  analytic  in ,

where     and   

If  and  then 

Proof: 

Since   implies  and  satisfy that .

Now   if and only if   belongs to family of starlike 

functions . Consequently ,application of ( Nevanlinna’s  theorem ,see pg. 111 of [6] ) on the 

starlike functionsand following the implication of subordination in the first statement of the 
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proof we get 

which will yield    .
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Theorem 1.0

If a function of the form (4) belongs to the class   then 

                        (11)

where    and  and    is defined  by  (9)  and

                       

(12)

Proof :

 Since 

where     and   for .

Observe that 

from  definition   (1),
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while 

thus 

where          .   Using the result of Lemma   (1)

   and
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hence ,

6



     .

Further simplification of the inequality yields 

Consequently  ,    

where   is same  as in Lemma (1).

Let       then one gets 

                    

(13)

neglecting the imaginary part since K is real . Squaring both sides of  (13)

and use the fact that  ,will give 

                           

(14)

The method adopted in this thesis to solve the inequality in (14) is the use of

inverse fixed-point property of bilinear transformation.

 Let    and    be solutions of (14)  such that  

                           

(15)
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and 

      .                    

(16)

Clearly ,                               .                               

(17)
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Since the transformation is bilinear we claim that 

                           

(18)

using (17)  and  (18)  ,one observes that  (17)  can be written as 

hence  , (15)  and  (16)  can be written respectively as 

 ,    

substituting   for   and    in (18) will give 
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that is      

 .

Corollary 1.0

A function of the form (4) belongs to the class  if and only if

                                           

(19)

Theorem 2.0

A function of the form (4) belongs to the class  if and only if

  

(20)

where     is defined by equation (9)
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Proof

From theorem 2 of  [3] , and here, following corollary (1)  then 
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(20) is satisfied.

2.0 Conclusion

The work showed that Generalized Hypergeometric function has the ability to transform a 

subclass  of analytic function with fixed point and fixed argument to Schwarz function and 

provided their upper and lower bounds. Introduction of fixed point to the original function 

studied by the Authors [3] did not change the bounds. The reflexive, inverse property of bilinear 

transformation was used to provide solution of a quadratic inequality.
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