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Abstract

In this paper we focus our discussion on the deyefent of soft seton lattice
theory structure. Some concepts of lattices wersoatliscussed in details. The main
purpose of this paper is to study the generalizatiof the union and intersection
operations between soft lattices. The concepts safmiorphic soft lattices and soft
sublattices were also study. We also gave someutisefnarks.

1.0 Introduction

Primarily the aim of soft set theory is to proviaddool with enough parameters to deal with uncetyaassociated with the
data, whereas on the other hand it has abilitgpoesent the data in a useful manner. In thissedhe definitions of some
concepts in lattices are givenas follows [1-7]. ¥so define the notions of soft lattices, soft rilisttive lattices and soft
modular lattices. We focus on the generalizatiothefunion and intersection operations betweenlastiiites.

2.0 Some Concepts on Lattices

Definition 2.1

A nonempty set together with a partial order relais called as a partially ordered set or a poset.

Definition 2.2

A partial ordered set (Poset) is a set in whichinarly relation< is defined, which satisfies the following condit# for all
xX,¥,Z,

Pl.x < x, for anyx (Reflexive)

P2.x <y andy < x impliesx = y (Antisymmetry)

P3.x < y andy < z impliesx < z (Transitivity)

Definition 2.3

A lattice is a partial ordered set (Poset) any olevhose elements have a greatest lower bognd. p), denoted by A y,
and a least upper bound . b), denoted by v y. A lattice L is complete when each of its subséthas al.u.b and a
g.l.bin L.

Definition 2.4

Let L be an arbitrary, and let there be given twaaly operations on L, denoted fagndA. Then the structur@.,v,A) is an
algebraic structure with two binary operations. ¢édl the structuré€L,v,A) a lattice provided that it satisfies the following
properties:

(1) foranyx,y,z€ L,x A(yAz) = (xAy)AzandxV (yVvz)=(xVy)Vz

(2) foranyx,y €L, xAy=yAxandxVy=yVx

(3)foranyx e L,x Ax =xandxVx =x

(4)foranyx,y €L, x A(yvz) =xandxV (yAz) =x.

Definition 2.5

A poset4, <) is a join semilattice ifup{a, b} exists for alla, b € A. A pose4, <) is a meet semilattice ifif{a, b} exists
foralla,b € A.

Definition 2.6

If a lattice has a smallest element, denoted pgnd a greatest element, denoted,bhen it is called a bounded lattice.A
nonempty subset R of L is said to be a sublattideiba, b € Rimpliesa v b,a Ab € R.
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Definition 2.7

A nonempty subset | of L is said to be an ideal @f (i) a,b € I impliesa Vv b € I and (ii) for anya, b € Lsuch thatt < b
andb € I impliesa € I.

Definition2.8

A lattice (L,V,A) is said to be distributive B A(yvz) =(xAy)V(xAz)andxV (yAz)=(xVy)A(xVz), for all
x,y,zinL.

Definition 2.9

A lattice (L,v,A) is said to be modular if < z implies thatc vV (y Az) = y A (x V z), for all x,y, zin L.

Definition 2.10

A mappingf of a lattice(L; Vi A; ) into a lattice(L, V,, A, )is said to be a lattice homomorphisny{ A, b) =
f(a) A, f(b), for alla, binL,. If such a mapping is one-one and onto, thendalked a lattice isomorphism.

3.0  Soft Lattices

In this section, the definition of soft sets, slafttices and some properties of soft lattices axgewed in [2, 4, 5, 6, 7 ].
Throughout this section, L is a lattice and A iy aonempty set. R will refer to arbitrary binaryation between elements of
A and elements of L. That i®, € A x L. A set valued functioi: A - P(L) can be defined a&(x) = {y € L/xRy,Vx €
A}.The pair(F, A) is a soft set over L.

Definition 3.1[ 3]

Let (F,A) be a soft set over L. Th&i, A) is said to be a soft lattice over LA{x) is a sublattice of L, for at € A.The set
of all soft lattices over L is denoted$8(L).

Remark 3.1

In the aboveDefinition 3.1[3 ], for the set valued-functioR(x) to be sublattice of L, it has to first satisfibe fproperties of
lattice, i.e., for every pair of elementsiofx) the least upper bour@) and the greatest lower bouf) exists inF (x).
Example3.1[3]

Consider the lattice L as shown in figure 1. let {a, b, d}. define the set-valued function F Byx) = {y € L: xRy &
xVy=1}. ThenF(a) ={1,f}, F(b) ={1,e}, F(d) = {1,c,e,f}. Therefore, F(x) is a sublattice of L, for alt € A.
Hence(F, A) € S¢(L).

Figure 1
Remark 3.2
From the abovdxample3.1[3 ], the set valued-functions of the given soft laiare given base on the definition of the
function and the nature of the lattices structures.

Example 3.2

Considered the lattice L as shown in figure 1. HAet {a, b, d}. Define the set-valued function F Byx) = {y €
L:xRy © x Ay = x}. ThenF(a) ={1,a,d,e}, F(b) = {1,b,d, f}, F(d) = {1,d}. Therefore, F(x) is a sublattice of L, for
all x € A. Hence(F, A) € S¢(L).

Example 3.3[3]

Considered the lattice L as shown in figure 2. et {0,a, b,c, d,1}. Define the set-valued function F By(x) =
{yeL:xRy ®xvy=1}. Then F(0) ={1}, F(a) ={1,b,c,d}, F(b) ={1,a,¢,d}, , F(c) ={1,a,b,d}, F(d) =
{1,a,b,c}, F(1) ={0,a,b,c,d, 1}. InF(a), b,c € F(a). ButbAc =0 ¢ F(a). ThereforeF(a) is not a sublattice of L.
Similarly, F(b), F(c), F(d) are not sublattices of L. Hene@, A) ¢ S£(L).
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0
Figure 2
The following example illustrate that, (f', A) is not a soft lattice over L then there may ex&stsonempty subsétc A
such tha(F /B, B) is a soft lattice over L.
Example3.4[3]
Considerer the lattice L as shown in Figure 3.Aet {0, a, b, ¢, d, 1}. Define the set-valued function F Byx) =
{yeL:xRy ©xAy=0} Then F(0)={0, a, b,c, d, 1},F(a) ={0, b,c, d} , FMb)={0,a, ¢, } , F(c)=
{0, a, b},F(d) ={0, a}, F(1) = {0}. HereF(b) = {0, a, c}, F(c) ={0, a, b} are not sublatices of L.
Therefore, (F,A) € S¢(L). Take B={0, a, d, 1} c A. Then Fz(0)={0, a, b, ¢, d, 1},Fg(a) ={0, b, ¢, d} ,
Fgz(d) ={0, a},Fz(1) = {0}. Therefore(F/B,B) € S{(L).

Figure 3 Y

Proposition[3]3.1

Every lattice can be considered as a soft lattice.

Proposition[3] 3.2

Let (F,A), (H,B) € S¢(L) be such thal n B # ¢ andF(e) N H(e) # ¢foralle € An B. Then their intersectidif, A) N
(H,B) € St(L).

The general case of the above proposition is angiteposition, given as below.

Proposition 3.3

Let (Fy,4;), (Fy, Ay), ... (F,, Ay) € SE(L) be such thatl; N 4, n--N A, # ¢ andF,(e) N F,(e) NN E,(e) # ¢pfore € A; N
A, N---N A,,. Then their intersectidir;, A;) N (F,, A,) NN (F,, A,) € S¢(L).

Proof:

The intersection of n-numbers of soft §€},4,), (F,, 4,),...(E, Ay) is given by(F;,A;) N (F,,A) NN (E,, A,) =
(K,C) whereC = A; nA, NN A, # ¢, anK(e) = F;(e)NF,(e) NN E,(e) # ¢, for alle e C. Lete e C = A; N A4, N+
NA,. Sincee € A, and(Fy,A,) € S¢(L), F;(e) is a sublattice of L, since € A, and(F,,A,) € S¢(L), F,(e) is a sublattice
of L by induction, since € A, and(F,, 4,) € S¢(L), F,(e) is also a sublattice of L by assumption, we h&e,) = F;(e) N
F,(e) n---n E,(e) is a sublatices of L. Sineee C is arbitrary.

Proposition3.4[3]

Let(F,A), (G,B) € S((L). If An B = ¢, then their unio(F, A) U (G, B) € S¢(L).

The general case of the above proposition is angtteposition, given as below.

Proposition 3.5

Let (Fy,Aq), (Fy, Ay), ... (F, Ay) € SE(L) be such thad; N A, NN A, = ¢. Then their uniofF;, 4;) U (F,, A,) U---U
(E,, A,) € SC(L).

Proof

The union of n-number of soft s€F;, A,), (F,, A,), ... (F, Ay) is given by(F;,A,) U (F,, A,) U---U (E, 4,) = (H,(C)
whereC = A; U A4, U---U 4, and
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Fi(e), fore€A,—A,——A,

H(e) =

E,(e), fore€e A, —A; — —A,_4
Fi(e) U-~-UE,(e), fore€eA;NA,Nn-NA,
Since,A; NA, NNA, = ¢
A —Ay— -4, =4
Ay —Ay — Az —Ap =4,

An - Al - AZ - _An—l = An’
and eithere € A, ore € A; UA, U-~-U A,

F;(e), foree€ A,
H(e) = j :

E,(e), for e€A,
Since, (F;,A;) € SI(L), F;(e) is a sublattice of L, fowe € A;. Since,(F,, 4,) € SI(L), F,(e) is a sublattice of L, for
Ve € A,. By induction since, alsdF,, A,,) € SI(L), E,(e) is a sublattice of L, fove € A,. ThusK(e) is a sublattice of L,
for Ve € C. Therefore(H, C) € SI(L).
That is,(F;, A1) U (F,, Ay) U--U (E,, A,) € SE(L).
Proposition3.6
Let (F,A)and(G, B) € SI(L) be such thaF (x) N G(x) + ¢,vx € An B. Then(F,A) A (H,B) € S¢(L).
Proof
The AND operation of two soft setg, A) and(G, B) is given by(F,A) A (H,B) = (H,C) whereC = An B and H(x) =
F(x)NG(y) # @, Vx € An B. Since (F,A) is a soft lattice over L, thefi(x)is a sublattice of L for alt € A. Since(G, B)
is a soft lattice over L, thefi(x) is a sublattice of L for alt € B. That is,H(x) is a sublattice of L for alt € A n B.
Therefore(H, C) is soft lattice over L. that i&, A) A (G, B) is soft lattice over L.
Proposition3.7
Let (F,A)and(G,B) € SI(L) be such thakF (x) N G(x) = ¢,vx € AUB. Then(F,A)Vv (H,B) € S¢(L).
Proof
The OR operation of two soft se{d’, A) and(G, B) is given by(F,A) Vv (G,B) = (H,C) whereC = AUB and H(x) =
F(x) UG(y),Vx € AU B. Since (F,A) is a soft lattice over L, thef(x) is a sublattice of L for alt € A. Since(G,B) is a
soft lattice over L, theG(x) is a sublattice of L for alt € B. That is,H(x) is a sublattice of L for alt € A U B. Therefore
(H,C) is soft lattice over L. that i@, A) v (H, B) is soft lattice over L.
Definition3.2[ 3]
Let(F,A) and(G,B) € SI(L).Then(F, A)is a soft sublattice ofG, B) if and only ifF (x) € G(x),Vx € A.
The above definition can be illustrated by thedaiing example.
Example3.4[ 3]
Consider the lattice L as shown in figure 3. Uet {0,a,b,c,d, 1}. Let B = {0,b,c,d}. Define the set-valued function
F:A->P(L) by Fx) ={yeL:xRy & xVy=x€A}. Then F(0) ={0} , F(a) ={0,a} , F(b) ={0,b} , F(c) =
{0,c},F(d) ={0,b,c,d},F(1) ={0,a,b,c,d,1}. Define the set-valued functiagh B - P(L) by G(x) = {y € L: xRy &
xVy=x € B}. ThenG(0) = {0}, G(b) = {0, b}, G(c) =1{0,c}, G(d) = {0, b, c,d}. Therefore(F, A), (G,B) € SI(L). Here
B € A andG (x) is a sublattice of (x), for allx € B. Therefore(G, B) is a soft sublattice i, A).
Remark 3.2
In the above example the lattice in question hdnedame elements with the parameter set A. it ismest that the set
parameter A to be equal in elements with the ktticlf we letd = {0, b, c,d, 1} and letB = {0, b, ¢, d}. We can still show
that (G, B) is a soft sublattice dfF, A).

Example3.5
Consider the lattice L as shown in figure 3. Ket {0,b,c,d,1}. Let B ={0,b,c,d}. Define the set-valued function
F:A->P(L) byF(x)={y€eL:xRy & xVvVy=x€A}. Then F(0) ={0}, F(b) ={0,b}, F(c) ={0,c}, F(d) =

{0,b,c,d},F(1) ={0,a,b,c,d, 1}. Define the set-valued functigh B - P(L) by G(x) ={y € L:xRy < xVy =x € B}.

Journal of the Nigerian Association of Mathematic&hysics Volume 35, (May, 2016), 49 — 56
52



On Soft Lattice... Yusufand Balami J of NAMP

ThenG(0) = {0}, G(b) ={0,b}, G(c) ={0,c}, G(d) ={0,b,c,d}. Therefore(F,A), (G,B) € SI(L). HereB € A and
G(x) is a sublattice of (x), for allx € B. Therefore(G, B) is a soft sublattice dfF, 4).

Proposition 3.7[3]

Let(F,A), (G,A) € SI(L). Then(F, A) is a soft sublattice dfG, A) if and only ifF(x) € G(x), for allx € A.

Remark 3.3

It is not necessary for the two soft lattices toehthe same parameter as it was stated in propogti7 in [3]. Since all the
elements in the set-valued function are coming fpamameter set of the soft &t A).

Proposition 3.8

Let (F,A), (G,B) € SI(L). Then(F, A) is a soft sublattice diG, B) if and only if

F(x) € G(x), forallx € A.

Proof

Let us assume théF, A) is a soft sublattice (iG, B). ThenA € B that implies tha(x) < G(x), for all x € A. Conversely,
let F(x) € G(x), for allx € A. Since (F,A) € SI(L), F(x) is a sublattice of L, for alk € A. Since (G, A) € SI(L), G(x) is
a sublattice of L, for allx € A. ThereforeF (x) becomes a sublattice 6{x), for allx € A. Also A € B. Thus(F,A) is a
soft sublattice of G, B).

Corollary 3.1

Every soft lattice is a soft sublattice of itsdlhat is,(F, A) is a sublattice ofF, A).

proof

Let (F, A) be a soft sublattice @f*, A), thenA < A that implies thaF (x) € F(x), for allx € A. Since(F, A) is a soft lattice
of L, thenF (x) is a sublattice of L, for alt € A. Therefore(F, A) is a soft sublattice of itself.

Definition3.3[3]

Let (F,A) be a soft lattice ovel,. Letf be a lattice homomorphism from to L,. Then(f(F))(x) = f(F(x)), for all
x € A.

Proposition3.9[3]

Let (F,A) and(G, B) be soft lattices ovelt, such tha(F, A) be a soft sublattice @f7, B). If f is a homomorphism frorb,
to L,, then (f(F), A) is a soft sublattice dff (G), B).

Definition3.4[ 3]

Let (F,A) and(G, B) be two soft lattices ovdr, andL, respectively. Lef:L; - L, andg: A - B. Then(f, g) is said to be
a soft lattice homomorphism if

(1) f is a lattice homomorphism frolm ontoL,,

(2)g is a mapping from A onto B,

(3)f(F(x)) = G(g(x)), for allx € A.

Then(F, 4) is said to be a soft lattice homomorphid @ B) and it is denoted b¢f, A)~(G, B).

Example 3.6[3]

Consider the latticé, andL, as shown in figure 4 and Figure 5 respectivelyt Ae {0,a, b, 1} andB = {01, 1}. Define
the set-valued function F b¥(x)={y€L;:xRyoxvy=x€A}. Then F(0) ={0}, F(a) ={0,a,}, F(b) =
{0,b}, F(1) = {0,a,b,1}.Then (F, A) € SI(L) .Define the set-valued functiofi(x) = {y € L,:xRy © xVy =x € B}.
Then G(01) = {0}, ¢(11) ={0%,1'} . Then (G,B) € SI(L,) . Define f:L; » L, by f(0) =0, f(a) =0'f(b) =
11, f(1) = 11. Defineg: A - B by g(0) = 0%, g(a) = 0g(b) = 1, g(1) = 11. Thenf is a lattice homomorphism from
L, ontal, and g is a mapping from A onto B. AlsB(F(x)) = G(g(x)), for allx € A. Hence (F,A) is a soft lattice
homomorphism tqG, B).

1 11
a b
01
Definition3.5[3 ] Figure 4 Figure 5

Let (F,A) be a soft set over L. th€i, A) is said to be a soft distributive lattice overflF{x) is a distributive sublattice of
L, for all x € A.

Example 3.6[ 3]

Consider the lattice L as shown in Figure6. Aet {a, b, c}. Define the set-valued function F Byx) = {y € L: xRy © x V

y =x € A}.Therf(a) = {0,a}, F(b) ={0,a,b},F(c) = {0,a, b, c}. HenceF (x) is a distributive sublattice of L, for all

x € A. Therefore(F, A) is soft distributive lattice over L.
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1
C
a
-0
Proposition3.10[3] Figure 6
Let L be a distributive lattice. Then eveily, A) € SI(L) is a soft distributive lattice over L.

Proof

Let (F,A) € SI(L). ThenF(x) is a sublattice of L, for alt € A. Since L is distributive and every soft latticeaoflistributive
lattice is distributivel (x) is a distributive sublattice of L, for alle A. Therefore(F, A) is a soft distributive lattice over L.
Remark3.4[3]

The converse of the above proposition is not tfimat is, if (F, A) is a soft distributive lattice over L then L neaat to be a
distributive lattice.

Example3.7[3]

Consider the lattice L as shown in Figure 2. Let {a, b, c,d}. Define the set-valued function F Byx) = {y € L: xRy &

x Ay =vy}. ThenF(a) = {0,a}, F(b) ={0,b}, F(c) = {0,c}, F(d) = {0,d}. HereF(x) is a distributive sublattice of L, for
all x € A. Therefore(F, A)is a soft distributive lattice over L. But L is natdistributive lattice, since L has a sublattice
isomorphic taM;.

Remark 3.5

The converse of the above proposit®ho in [3 ] can be made true always if L has no stticka isomorphic td4s or Ns.
That is suppose thatL has no sublattice isomorfgthi/s or N if (F, A) is a soft distributive lattice over L then L isalys
distributive lattice.

Mg andN; are two five —element lattices structure depidtedhe following diagram below

Ns

0
Figure 7 Ms
In neither case iav (b Ac) = (aV b) A(aVc), so neitheMs norNsis a distributive lattice. Fa¥Ws we also see that < b
butav (bAc) #bA(aVc), SONgis not modular.

Theorem3.1[3]

A soft lattice(F, A) over L is distributive if and only if (x) has no sublattice isomorphic A or Ms. For allx € A.
Theorem3.2[3]

(1) let(F, A) be a soft distributive lattice over L a6, B) be a soft sublattice @, A). Then(G, B) is a soft distributive
lattice over L.

(2) let(F,A) be a soft distributive lattice ovéf and(G, B) be a soft lattice homomorphic image (8f A) overL,. Then
(G, B) is a soft distributive lattice ovés,.

Proposition 3.11

Let (F,A) and(G, B) be two soft distributive lattices over L, thé, A) n (G, B) is also a soft distributive lattice over L.
Proof

Let (F, A) be a soft distributive lattice over L, théiix) is a distributive sublattice of L, and Igt B) be a soft lattice over L,
thenG (y) is a distributive sublattice of L, for alle A and for ally € B. Since(F, A)and(G, B) are soft distributive lattices
over L, that implies thaf (x) N G(y) is a sublattice of L. therefor&r, A) n (G, B) is a soft distributive lattice over L.
Proposition 3.12

Let (F,A) and(G, B) be two soft distributive lattices over L, théi, A) U (G, B) is also a soft distributive lattice over L.
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Proposition 3.13

Let (F,A) and(G, B) be two soft distributive lattices over L, théf, A) v (G, B) is also a soft distributive lattice over L.
Proposition 3.14

Let (F,A) and(G, B) be two soft distributive lattices over L, thé, A) A (G, B) is also a soft distributive lattice over L.
Definition3.6[ 3]

Let (F,A) be a soft set over L. Théf, A) is said to be a soft modular lattice over IE{f) is a modular sublattice of L, for
all x € A.

Example3.8[3]

Consider the lattice L as shown in Figure 1. Aet {0, a, b, ¢, 1}. Define the set-valued functigi(x) = {y € L: xRy &
xAy=0}. Therf(0) =L, F(a) ={0,b,c,f}, F(b) ={0,a,c,e}, F(c) ={0,a,b,d}, F(1) = {0}. Here’(x) is a modular
sublattice of L, for allkk € A. Therefore(F, A) is a soft modular lattice over L.

Proposition3.15[ 3]

Let L be a modular lattice. Then evdify, A) € SI(L) is a soft modular lattice over L.

Remark 3.6[3]

The converse of the above proposition is not tiitt is, if(F, A) is a soft modular lattice over L then L need netéb
modular lattice.

Remark 3.7

The converse of the aboWroposition 2.15[3 ] 3can be made true always if L has no sublattice @phic toNs. That is
suppose that L has no sublattice isomorphiitdf (F, A) is a soft modular lattice over L then L is alwayshalar lattice.
Theorem3.3[3]

A soft lattice(F, A) over L is modular if and only if (x) has no sublattice isomorphicig. For allx € A.

Theorem 3.4[3]

(1) Let(F, A) be a soft modular lattice over L a(@, B) be a soft sublattice ¢, 4). Then(G, B) is a soft modular lattice
over L.

(2) Let(F, A) be a soft modular lattice over and(G, B) be a soft lattice holomorphicimageBfA) overL,. Then(G, B) is
a soft modular lattice ovey.

Proposition 3.16

Let (F,A) and(G, B) be two soft modular lattices over L, théf, A) n (G, B) is also a soft modular lattice over L.

Proof

Let (F, A) be a soft modular lattice over L, thExix) is a modular sublattice of L, and gt B) be a soft lattice over L, then
G(y) is a modular sublattice of L, for alle A and for ally € B. Since(F, A) and(G, B) are soft modular lattices over L,
that implies thafF (x) n G(y) is a modular sublattice of L. therefo(&, A) n (G, B) is a soft modular lattice over L.
Proposition 3.17

Let (F,A) and(G, B) be two soft modular lattices over L, théf, A) U (G, B) is also a soft modular lattice over L.
Proposition 3.18

Let (F,A) and(G, B) be two soft modular lattices over L, théf, A) v (G, B) is also a soft modular lattice over L.
Proposition 3.19

Let (F,A) and(G, B) be two soft modular lattices over L, théf, A) A (G, B) is also a soft modular lattice over L.

4.0  Conclusion

In this chapter, we have introduced the concepbéflattices and studied some of their algebraiperties. We focused on
the generalization of union and intersection openat between the soft lattices.Soft distributivitides and soft modular
lattices were also introduced and characterizati@orems for them have been obtained. Soft laitieals and soft lattice
homomorphism were also introduced and their priggehtave been studied with some remarks.
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