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Abstract

This paper crisply present the fundamentals of seéit theory to emphasize that
soft set has enough developed basic supportingstdmtough which various algebraic
structures in theoretical point of view could beadoped. We introduced the concept
of soft lattice theory and distributive soft latéc Finally, we apply the soft lattice
theory to distributed system.
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1.0 Introduction

Let U be a universal set arifibe the set of all possible parameters under cerstidn with respect tt. Let the power set of
U (i.e., the set of all subsets B be denoted b¥(U) andA is a subset of the parametdiJA<C E). The parameters are
attributes, characteristics or properties assatiaiéh the objects V. Then we have the followings which can be found in
[1-12].

Definition 1.1

A pair (F, E) is called a soft set ovér if and only ifF is a mapping of into the set of all subsets of the 8efThat is, a soft
set is a parametrized family of subsets of thd/sdfor alle € E, F(e) is considered as the seteof-approximate elements
of the soft sefF, E).

Definition 1.2

A soft set(F, E) over a univers# is said to beull or emptysoft set denoted By if Ve € E, F(e) = 0.

Definition 1.3

A soft set(F, A) over a univers# is calledabsoluteor universal soft sedlenoted by(F,A) or U, ifve € E, F(e) = U.
Definition 1.4

LetE = {e;,e;,e5, .. .,e,} be a set of parameters. Tmot-setof E denoted by-E is defined as-F = {—e;, —e,,
—€e3, .. —|€n).

Definition 1.5

Thecomplemendf a soft sefF, E), denoted byF, E)¢, is defined as (F,E)¢ = (F¢,~E).

WhereF¢: —=E — P(U) is a mapping given b¥°(a) = U-F(—-a),Vae—E. F¢ is called the soft complement functionfaf
Consequently(F€)¢ = F and((F,E)€)¢ = (F,E)

Definition 1.6

Let (F,A) and(G, B) be any two soft sets over a common univérs@F, A) is called a soft subset of, B), denoted by
(F,A) E (G, B)if;

0] A c B, and

(i) Ve € A, F(e) = G(e)

(F,A) is said to be a soft super set(6f B), if (G, B) is a subset ofF, A) and it is denoted b§F,A) S5 (G, B).
Definition1.7

Two soft setgF, A) and(G, B) over a common univerdé are said to be soft equal, denoted ByA) = (G, B), if (F,A) is
a soft subset ofG, B) and(G, B) is a soft subset g, A).
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Definition 1.8
If (F,A) and(G, B) are two soft sets therfF, A) AND (G, B)” denoted by(F, A) A (G, B) is defined a&, A) A (G,B) = (H,
AN B),whereH(a) = F(a) N G(a), Va € AN B.
Definition 1.9
If (F,A) and(G, B) are two soft sets theénF, A) OR (G,B)” denoted byF,A) Vv (G, B) is defined agF, A) Vv (G,B) =
(P, AuB), whereP(a) = F(a)UG(a),Va € AUB.
Definition 1.10
Let (F,A) and(G, B) be two soft sets over a common univads& he union or extended union @, A) and(G, B), denoted
by (F,A) U (G,B) or (F,A) Ug (G, B), is the soft sefH, C) satisfying the following conditions:

F(e) ife € A\B
(i) ¢ =AUB, (ii) Ve € C, H(e) =4 G(e) ife € B\A

F(e)uG(e)ifee ANB

Definition 1.11
The intersection of two soft setg, A)and(G, B) over a common universe détis the soft setH, C), whereC = A n B, and
Ve € C,H(e) = F(e)orG(e), we write(F,A) n (G,B) = (H,C)
Let (F,A)and G, B) be two soft sets over a common univeliseuch thal N B # @ . The restricted difference ¢F, A)and
(G, B) denoted by(F,A) ~; (G, B), is defined a$F,A) ~x (G,B) = (H,C), whereC = An B,andve € C,H(e) = F(e) \
G(e).

Various properties of these operations and algelstaiictures defined on soft sets could be fousevéhere [2, 4, 9, 10, 11]

2.0  Distributive Soft Lattices
There are several studied on Distributive latticestandard or classical setting. Here we lookhatdoncept of Distributive
lattices based on soft set theory.
Definition 2.1
Let (T',E) be a soft set. LA, B,C < E such tha{F, A), (G,B) and(H, C) are all defined. The(T, E) together with the
binary operations andA is called soft lattice if the following axioms asatisfied:

L1: (a)(F,A)Vv (G,B) = (G,B)V (F,A)
(b) (F,A) A (G,B) = (G, B) A (F, A)(Commutative laws)

L2: (a)F,A) Vv (G, B)V(H,C))=(F AV(GB)VHC)

(bXF,A) Vv ((G,B)Vv (H,0)) = ((F,A) v (G,B)) Vv (HC)  (Associative laws)
L3: (@) (F,A)V(F,A) =(F,A)

(b)(F,A) A (F,A) = (F,A) (Idempotent laws)
L4: (@)F,4) = (F,A) Vv ((F,A) A (G,B))
(bYF,A) = (F,A) A ((F,A) Vv (G, B)), (Absorption laws)

We denote the soft lattid@’, E)by L(T', E). For convenience we simply wrife Wherev andA are as defined iDefinition
1.8 andDefinition 1.9.
Definition 2.2
Let (T, E) be a soft lattice. Led, B, C < E such tha(F, A), (G, B),and(H, C) are all defined. The(, E) together with the
binary operations andA is called distributive soft lattice if the follong axioms are satisfied:
DA(F,A) A ((G,B) v (H,C)) = ((F,A) A (G,B)) v ((F,A) A (H,C))
DA(F,A) v ((G,B) A (H,C)) = ((F,A) v (G,B)) A((F,A) v (H,C))
Definition 2.3
If (T',E) is a soft lattice an@F, A) + @ is a soft subset df’, E) such thawF(e,), F(e,) € (F,A) both F(e;) v F(e,) and
F(e;) AF(ey) are in(F,A), wherev andA are the soft lattice operations @% E). Then we say thd#,A) with the same
operations (restricted 1@, A)) is a soft sublattice dfl’, E).
Definition 2.4
A soft set(T, E) is called an ordered soft set if the paramBtirordered.
Remark 2.1
If (T',E) is order soft set then fet, B, C € E, (F, A), (G,B), (H,C) are all order soft sets.
Definition 2.5
A binary relationc defined on the set of parametérss a partial order oA if for everyA,B,C € E, (F,A), (G,B), (H,C)
are defined such that the following axioms aresfiati
(Y(F,A) E (F,A) (Reflexivity)
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(i) (F,A) € (G,B) and(G,B) € (F,A) = (F,A) = (G,B) (Antisymmetry)

(iii) (F, A) € (G,B) and(G,B) € (H,C) = (F,A) € (H,C) (Transitivity)

If, in addition, for every4,B C E

(iv) )(F,A) € (G,B) or (G,B) € (F,A), then we sag is a total order o#.

A non- empty soft seff’, E) with a partial order on it is callgehrtially orderedsoft sedlenoted a§(T, E), €). If the relation
is total order then we say thdT, E), €) is calledtotally orderedsoft set.

3.0  Soft lattice Distributed Computing

In this paper, we have surveyed various applicatidnlattice theory to distributed computing systdm different
researchers[14-20]. If the element of the undedietehas attributes, then the classical set thedirpe unable to tackle such
problems.

The following distributed computing problems cansbéved by soft lattice theory:

(i) Detecting a predicate in a computation, thatiétermining whether there existscansistent cuof the computation
satisfying the given predicate.

(i) Computing the slice of a computation with respto a predicate. A slice is a concise repretientaf all those global
states of the computation that satisfy the givestjpate.

(i) Analyzing a partial order trace of a distriied program to determine whether it satisfies thergtemporal logic.

(iv) Timestamping events and global states of amgation to capture the order relationship. We wtuolw the results from
soft lattice theory can be used in solving som#hefabove problems.

3.1 Detecting Global Predicate

Definition 3.1.1

Let (T, E) be the soft set of events of a computation -arttk the happened-before order(dnE). A soft subsefG, D) of
(T',E) is a consistent cut if whenever it contains ammeletG (f) then it contains all elemengge) that happened -before
G(f).

This concept is identical to the notion of ordezatlin the soft lattice theory.

Definition 3.1.2

A predicate is simply a soft Boolean function frahe soft set of alconsistent cut$o {0,1}. Equivalently, a predicate
specifies a soft subset of consistent cuts in wiliehsoft Boolean function evaluate to 1.

We now define various classes of predicates.

Definition 3.1.3 Meet-closed predicates

A predicate B is meet-closed if for all consistents(G, D), (H, C):

B((G,D)) AB((H,C)) = B((G,D) A (H,0)).

The classes of meet-closed predicate are usefalisedhey allow us to compute the least consistérthat satisfies a given
predicate.

Definition 3.1.4 Crucial Element

For a consistent ctz, D) < (T, E) and a predicate B, we defiaé€d) € (I', E) ~ (G, D) to be crucial fo(G, D) as:
Crucial(G,D),G(d),B) = ¥Y(H,C) 2 (G,D): B(G(d) € (H,C)) v -B((H,0)).

Definition 3.1.5Linear predicate

A predicate B is linear if for all consistent ciits D) < (T, E),

-B((G,D)) - 3G(d) € (I,E) ~ (G, D): Crucial(G,D),G(d),B).

Theorem 3.1.1

A predicate B is linear if and only if it is medbsed.

Proof

First, assume that B is not closed under meet. M@ shat B is not linear. Since B is not closedemualeets, there exist two
consistent cutgH, C), (K, A) such thaB((H,C)) andB((K,A)) but notB((H,C) n (K, A)). Define(G, D) to be(H,C) n
(K,A) is a strict soft subset ofH, C) < (T, E) becaus&((H, C)) but notB((G, D)). Therefore(G, D) cannot be equal to
(T, E). We show that B is not linear by showing that ¢hdpbes not exist any crucial elemértl) for (G, D). A crucial
elementG(d), if it exists, cannot be iT, E) ~ (G, D) becaus€K, A) does not contaifi(d) and stiIIB((K,A)) holds.
Similarly, it cannot be ifK, A) ~ (G, D) becausé€H, C) does not contaiff(d) and stiIIB((H, C)) holds. It also cannot be
in(TE) ~ ((H, c)u (K,A)) because of the same reason. We conclude thatdbesenot exist any crucial event {@é, D).
Now assume that B is not linear. This implies thare existG,D) < (T, E) such that—|B((G,D)) and none of the
elements inT, E) ~ (G, D) is crucial. We first claim thafl, E) ~ (G, D) cannot be a singleton. Assume if possifleE) ~
(G, D) contains only one eleme@i{d). Then, any consistent c(itf, C) that contain(G, D) and does not contain(d) must
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be equal to(G,D) itself. This implies that-B((H,C)) because we assumedB((G,D)). Therefore,G(d) is crucial
contradicting our assumption that none of the eteémim (T, E) ~ (G, D) is crucial.

Let(W,T) = (IE) ~ (G, D). For eaclt(d) € (W,T), we define(H, C)¢(q) as the consistent cut that contaisD), does
not containG (d) and still satisfies B. It is easy to see t{@tD) is the meet of aH, C); 4. Therefore, B is not meet-closed
because al(H, C);(4) satisfy B, but not their meets.

Example 3.1.1

Consider the soft Boolean lattice generated bysaft subset of1,...,n}. Let the predicate B defined to be true on a
consistent cu€G, D) as if (G, D) contains any odd< n, then it also contains+ 1. It is easy to verify that B is meet-closed.
Given any(G, D) for which B does not holds, the crucial elemerdnsist of {i/iis even2 <i<n,i—1€ (G,D),i ¢
(G,D)}.

Example 3.1.2

Consider a distributed computation on two proceBsemdP, and the predicate B to be true on a consistenif tudth the
processes are in the critical section. Given amsistent cutG, D) for which B does not hold, eith@f is not in the critical
section, orP, is not in the critical section. In the former calbe next event af, after(G, D), entering the critical section is
crucial and in the latter case the evenPpéntering the critical section is crucial. This exde can be easily generalized to
any global Soft Boolean predicate that can be esgak as a conjunction of local predicates.

Theorem 3.1.2

If B is a linear predicate with the efficient adeament property, then there exists an efficientitigm to determine the
least consistent cut that satisfies B (if any).

Proof

An efficient algorithm to find the least cut in whi B is true is given ifrigure 1 We search for the least consistent cut
starting from the empty consistent cut. If the jizatk is false in the consistent cut, then we fhelcrucial element using the
efficient advancement property and then repeaptheedure. If this is the least on the process) the return false else we
advance along the process that has the cruciat.even

Algorithm to detect a linear predicate

Soft Boolean function detect (B: Soft Boolean-Peatks, P: Poset).
Var

(G, D); Consistent cut initially(G, D) = {};

while (—|B((G,D)) A ((G,D) # P)) do

Let G(d) be such that crucig(G, D), G(d), B) in P;

(G,D) := (G,D) v {G(d)}.

End while;

If B((G, D)) return true;

Else return false;

Figure 1. An efficient algorithm to detect a linear pred&a

Assuming that cruciaﬂ(G,D),G(d), B) can be evaluate efficiently for a given poset,osa determine the least consistent
cut that satisfies B efficiently even though themtner of consistent cuts may be exponentially latban the size of the
poset. If the predicate B is join-closed, then search for the largest consistent cut thasfeei B in a fashion
analogous to finding the least consistent cut whinmeet-closed.

Definition 3.1.@Regular predicate)

A predicate is regular if the soft set of consisteumts that satisfy the predicate form a soft diibka of the soft lattice of
consistent cuts, Equivalently, a predicate B isul@gwith respect to P if it is closed undeandu, i.e., for all consistent
cuts(G, D), (H, C) of the poset P:

B((6,D)) AB((H,0)) = B((G,D) u (H,0)) AB((G,D) n (H,0)).

The set of consistent cuts that satisfy a reguladipates forms a soft sublattice of the softdattf all consistent cuts.
Example 3.1.3

Consider the predicate B as “there is no outstandiassage in the channel”. We show that this pagglis regular. Observe
that B holds on a consistent ¢, D) if and only if for all send events (i&, D) the corresponding receive events are also in
(G,D). It is easy to see thatH((G,D)) andB((H,C)), thenB((G,D) U (H,C)). To see that it holds fo(G, D) n (H,C),

let G(d) be any send event {i&, D) n (H,C), letH(d) be the receive event corresponding {a).
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FromB((G, D)), we get thati(d) € (G, D) and fromB((H,C)), we get thati (d) € (H,C). Thus,H(d) € (G,D) n (H,C).
Hence, B((G,D) n (H,0)).

3.2 Slicing Distributed Computing

Suppose we are only interested in a soft subsatoobistent cuts of a computation but not all cdasiscuts of a
computation, namely those that satisfy some prgpsrinterest to us expressed as a predicate mg@pgonsistent cut to a
Boolean valued.

A soft sublattice of a distributive soft latticeatso a distributive soft lattice. Therefore, tldt Sublattice generated by the
consistent cuts satisfying the predicate is comptatharacterized by the joint-irreducible elemenftthe soft sublattice.
Example 3.2.1

The distributed computation shown in Figiteconsists of two process@sandP,. Process; executes eventa and b,
whereas proced?, executes eventsandd. On executind, P; sends a messageRg, which is received by, atd. The set
of consistent cuts of the computation are showridgre?2.

Suppose we are interested in only those consistetst for which no messages are in transit, alsowvknas strongly
consistent cutsThey have been shaded in Fig8rand are shown separately in FigdreThe set of strongly consistent cuts
forms a soft sublattice and its join-irreducibleraknt has been drawn with thick boundaries. Thetgoduced on the set of
join-irreducible elements of the soft sublatticsli®wn in Figuré

a b
Pl c

c d
P, 0 (4]

Figure 2 A Distributed Computation

Figure 3The distributive soft lattice generated by its éstet cuts
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Figure 4The soft sublattice containing all consistent datswhich no messages are in transit.

—/

z

Y

Figure 5 The poset induced on the set of join-irreducibnents of the soft sublattice.

In case the set of consistent cuts that satisfpthdicate does not form a soft sublattice, we @uelor more other consistent
cuts, which do not satisfy the predicate, to comeptbe soft sublattice. The consistent cuts areddi such a way so as to
minimize the total number of consistent cuts inthsulting soft sublattice. The soft sublatticéhisn represented using the
set of its join-irreducible elements. This succingpresentation of a possible large set of congistats satisfying some
property is referred to as a slice.

Theorem 3.2.1

The slice of a distributed computation is uniquedyined for all predicates.

Proof

Let D denote the set of all consistent cuts thésfyathe predicate. We show that the soft suldativith the least number
consistent cuts that satisfy D is uniquely defindgsume the contrary. L&tandY be two distinct soft Sublattices with the
least number of consistent cuts such that:

(1) Cardinality(X) = Cardinality(Y), and

(2) bothX andY containD.

ConsiderZ =XnY . Clearly, Z also containD . Also, since X #Y , Cardinality(Z) < Cardinality(X) and
Cardinality(Z) < Cardinality(Y). It can be proved that intersection of two softlatiices is also a soft sublattice. This
implies thatZ is a soft sublattice that containand has fewer number of consistent cuts thanreftloe Y, a contradiction.
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Remark 3.2.1

The slice for a predicate may contain consistety that do not satisfy the predicate, namely thataalded to complete the
soft sublattice. A slice igean if it contains only those consistent cuts thaisfatthe predicate. Clearly, the slice of a
computation for a predicatelsanif and only if the predicate is regular.

Another way of looking at slice is that it specifizhich events should be executed in an atomiddasiind the order in
which they should be executed. For example, tloe slhown in Figuré and redrawn in Figuré specifies that eventsand

d should be executed atomically after eventndc have been executed. This is expected becauseoasistent cut which
includes the send event of a message but notcesvieewill have at least one message in transit.

{b.d}

{a}

{c}
Figure 6: Aslice that depict the events that are to execatethically

b
1]
N a
d
W T

Figure 7: The graph representation of the slice in Figure 6

For algorithmic purposes, it is more convenientdpresent a slice using a directed graph on evmgsibly containing
cycles: all events that are to be executed atolyif@im a strongly connected component. The notiboonsistent cut has to
be extended appropriately.

We define a consistent cut (global state) on déggraph as a subset of vertices such that ifubset contains a vertex then
it contains all its incoming neigbours. Observe tha emptyd and the set of all vertices are trivial consistans.

We introduce a fictitiouglobal initial andglobal final event, denoted byandT, respectively.

The global initial event occurs before any othegrgvon the processes and initializes the statbeoptocesses. The global
final event occurs after all other events on thecpsses. Any non-trivial consistent cut will conttlie global initial event
and not the global final event.

4.0 Conclusion

In this paper wepresent the fundamentals of sotheery. We introduced the concept of soft laftesft sublattice theory
and distributive soft lattice. Finally, we focusear discussion on the application of soft lattitesletecting a predicate in a
computation and computing the slice of a computatiith respect to a predicate.
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