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Abstract

In this paper, Variational Iteration Method (VIM) $ presented to further study
and obtain the numerical solutions for the initialalue problems of Klein-Gordon and
sine-Gordon equations. Both linear and nonlinear s&s are considered. Six examples
are solved based on the method to illustrate itficefncy and applicability. The
Method is flexible and has the ability to solve éar and nonlinear equations
accurately and conveniently.
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1.0 Introduction

Differential equations play important role in theoaeling and simulation of physical problems and tieed to find the
numerical solution to most of these equations becamperative since it is difficult to obtain theaex solution by the
existing analytical methods. Many researchers [[L41&e used different numerical approaches to miffe types of
differential equations.

Consider the equation of the form;

Uy (X, 1) — (¢ + c‘zz)u(x,t)xX +au(x,t) +asinu(x,t) + F(u(x,t)) = h(x,t) ... )
with initial condition

ux0) =fX,ux9=9x )
Where G, G, @, are all constants.

fa=c,=0¢=1 (3)
Then the equation becomes

Ug (X, 1) —u (X, t) +au(x,t) + Fu(x,t) =h(x,t) .. 4)

Equ. (4) is known as the nonlinear Klein-Gordonatipn, h(xt) is a source term and=U(X1)) is a nonlinear function of

u(xt) . This equation arises in field theory and desesribenlinear wave interaction. The equation is usedescribe
dispersive wave phenomena. It also appears inmeanioptics and plasma physics [1-2].

If ¢ =0a=0F=0h(x,t)y=0 (5)

Equ. (1) becomes:

Uy (X,1) = C2U(X, 1) + @ sinu(x,t) =0
Equ. (6) is the sine-Gordon which appears in playgpbenomena such as the propagation of magnetécdhd stability of
fluids motions. It plays a major role in nonlingdrysics [3-5]. This equation also arises in thetof differential geometry
of surfaces.

The Solution of Klein-Gordon and sine-Gordon arenatically challenging. Authors [1-10] have usedefiént numerical
methods to solve these equations.

These equations plays important role in the profagaof fluxions in Josphson junction between twgpearconductors,
stability of fluid motion, motion of rigid pendulattached to a stretched wire, solid state phyaicknonlinear optics.
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In this paper, VIM proposed by He [11-14] is apgli® obtain the approximate analytical solutionsvafious forms of
Klein-Gordon and sine-Gordon equations. These @&nsplays important role in the propagation okituns in Josphson
junction between two superconductors, stabilitflafi motion, motion of rigid pendular attachedaastretched wire, solid
state physics and nonlinear optics. Comparison thighexact solution are also be performed.

The solutions are obtained in the form of convetgenies by using Maple 18.

2.0 Variational Iteration Method

The basic idea of the He's Variational Iterationtihdel (VIM) [11-14], can be explained by consideritige following
nonlinear partial differential equations ;

Lu(x,t) + Ru(x,t) + Nu(x,t) = g(x,t) ... )

where L is a linear time derivative operator, Raisinear operator which has partial derivative wiéispect to x, N is a
nonlinear operator and g is an inhomogeneous t&cgording to VIM, we can construct a correctiondtianal as follows:

t - ~
Un+1(x,t):U(x,t)+jA[LUn+RUn+NUn—g]dr ....... ®)
0

where A is a Lagrange multiplier which can be identifiediolly by variational iteration method. The sulistm denote

the nth approximation,u,, is considered as a restricted variationd, = 0. The successive approximatiaoh,, N 2 0

of the solutionUcan be easily obtained by determine the Lagrangéiptier and the initial guessl,, consequently, the

solution is given byu = limu,, .

n- o

3.0  Analysis of the Klein-Gordon and sine-Gordon Equations
In this section, we present the solution of equreafl) by means of VIM. The correction functionatbees

Uy (1) =U (x,8) + J}l{(un)n (0 +00)2(Un) o + U, +asing) + F(u,)-h(x,7) [d7, n=0

........ 9
To find /](T) using variational calculus, it is obtained as:
t
Ay (%,1) = (x,1) +5L/1(r)(un)n5r ....... (10)
So, the stationary conditions are:
1-A'(@)= 0],
A (T ) =0 |r=t
....... (11)
/]“ (T): 0|r:0
hence,
A@)=c -t (12)
And the formula becomes:
t (un)n' _(C1+C2)2(un)xx+
u X,t)=u x,t+J. r-t - dr . 13
neabt)=un (xt) 0( aun+asin(unj+ F(un)—h(x,r) (13)
4.0 Numerical Applications
To illustrate the applicability of the method, sealeexamples are considered.
Example 1: Consider the inhomogeneous Klein-Gordon equation.
Uy — Uy —U=2-t2 (14)
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subject to initial conditions:

u(x,0)= X, Uy (x,0)= X

....... (15)
To solve eq.(13), the following variational itemtiformula is applied.
t
U (1) = U, (X, 1)+ JO (r —t)[(un ), —U,), —u-2+ r2}1r. n0 ... (16)
With initial approximation
Ug =x+tx a7)
The following variables are easily obtained from)(and given by
Usxt x-Sk ekl (18)
12 6 2
U, S xSkt e s L (19)
6 2 360 120 24

Ug = X+ X+ 213 220412 + 5%+ Ayt —E T+
6 2 0 24 5040
Loyt oya L g8y 1 g2, 1 g, 1 a0 (20)
720 362880 40320 239500800 39916800 3628800

The exact solution is
u(x,t)=xe'+t2 (21)

The graph of u(exact) with u(vim) against t whe®=is shown in Fig.1a. The graph of u(exact) wiftim) against
x when t=0.5 is shown in Fig.1b. Also, Fig.1c ang.Ed show the 3-D graphs of 5-iterate of VIM axa@& solution respectively

Graph of the u(x. 1) againstx
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Figure 1c- 3-D graph of 5-iterate of VIM Figure-13D graph of exact solution
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Example 2 Consider the equation

Uy —Uy —20=0 (22)
u(x,O) =COSK, Uy (x,O) =COX. (23)

To solve equation (20), the following VIM formulaapplied

un+1(x,t)= un(x,t)+ I;(r - t)[(un )n - (un)xx - 2un}:Ir, n0 ... (24)
Wxt)=cos+tcox (25)

The following iterates are easily obtained:

ulzécos(tg’ +3%+60+ 6) ....... (26)

U, = cos{t5 +5t4 +20t° +60% +12a +120) ... (27)
27 12¢

"o cosx ™ +12t1° +110t° + 990t® + 7920t 7 + 55440t° + 332640t° + 1663200t *
T

39916800 + 6652800t % +19958400t 2 + 39916800t + 39916800
The exact solution is
ux,7)=e'cosx. 29)
Fig.2a and Fig.2b show the 3-D graphs of 5-itechté¢IM and exact solution of equ. (22) respectively

Figure 2a- 3-D graph of 5-iterate of VIM  Figure ZbD graph of exact solution
Example 3: Consider the Equation

Uy —Uy —U=0....... (30)
With initial conditions

u(x,O) =0,u, (x,O) =sinx. (31)
The following VIM formula is applied

T,
un+1(x,t) = un(x,t)+ L(r —t)[(un)n - (un)xx - un}jr, n0O . (32)
With uo(x,t):tsinx ....... (33)
After 1-iterate,
u =tsinx. (34)

Equ.(34) is the exact solution to equ.(30).
The graph of u(vim) against x when t=0.05 is shown n3a. Also, Fig.3b shows the 3-D graphs of 1-iteratel®df Which

is equivalent to the exact solution.
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Graph of the ux.f) againstx
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Figure 3a: u(vim.) when t=0.05 Figure 3b- 3-D prapexact solution

Example 4: Consider the nonlinear Klein-Gordon equation.

2
Uy — Uy +U% = (t2 +x2)

....... (35)
u(x,O) =x2,u, (x,O) =0 (36)
The VIM formula is
U (68)= Uy () [ =t @)y = () @ -2 2P Jar nz0 (37)
The following iterates are easily obtained:
ul:x2+1it4—1t2x4+%t2x2+t2. ....... (38)
Uy =2 clia lioo 2 1 a0, 1 sa 1o 1is 762 168, 16

6 12960 672 672 336 180 120 60
s Lo, Liae 1iaa 2040
40 3C 12 12 3
....... (39)

The exact solution is:

ulxt)=t2+x (40)

The graph of u(exact) with u(vim) against x whef.25 is shown in Fig.4a. The graph of u(exact) wifhim) against x
when t=0.5 is shown in Fig.4b. Also, Fig.4c and.#iyshow the 3-D graphs of 2-iterate of VIM and axsolution

respectively.
Graph of the ufx.f) azainst x
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Figure 4a: u(exact) with u(vim.) when t=0.25 guifie 4b: u(exact) with u(vim.) when t=0.5
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Figure 4c- 3-D graph of 2-iterate of VIM
Example 5: Consider the equation

U; —Uy —U=-sinxsint (41)

Subject to initial conditions:

u(x0)=0u,(x0)=sinx (42)
The VIM formula is given as

un+1(x,t) =u,(x,t)+ j;(r —t)[(un)n - (un)xX - u, *+sinxsin r]d r, nz0 L (43)
which converges to

u, =sinxsint (44)

After 1-iterate, the scheme produced Equ. (44) kidcthe exact solution of Equ.(41) The graph afxatt) with u(vim)
against x when t=0.05 is shown in Fig.5a. Also,%tgshows the 3-D graphs of 1-iterate of VIM.

Graph of the u/x.f) against x
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Figure 5a: u(vim.) when t=0.05 Figure 5b- 3aph of exact solution
Example 6: Consider Sine-Gordon equation
Uy — Uyy —sinu,xD[a,b], t=z<o . (45)
Subject to:
u(x,0) = 4tan-*(exp()x)), x O[a,b]
-Alyexd) 46
u, (x.0)= 4(yexpy)) (46)

T 1+exp2)x)

The VIM formula becomes:
t

Unag (1) + J(r —t)[(un )TT - (un)xx - (sin(un))]dr ....... (47)

0
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Where
0o (1) = 4tan—1(exp(/1x))—%r;—”;)5t ....... 48)
The exact solution of Equ.(45) is

u(x,t) = dtant(exdy(x-ct) (49)
Where
1

Y=
V1-c?

Figures 6(a)-(d) show the comparison of 1-iterdtélM and the exact solution whea= 00005.

The graph of u(exact) with u(vim) against x whef.25 is shown in Fig.6a. The graph of u(exact) wifhim) against x
when t=0.5 is shown in Fig.6b. Also, Fig.6¢c and.&iyshow the 3-D graphs of 1-iterate of VIM and axsolution
respectively.

Graph of the u(x.f) against x
Graph of the ux.1) azainst x 6
64

Figure 6¢- 3-D graph of 5-iterate of VIM Figurd-8-D graph of exact solution

5.0 Conclusion

In this paper, VIM has been successfully used nd fihe solution of Klein-Gordon and sine-Gordon atpns. These
equations arise in the propagation of fluxiondasphson junction between two superconductorsilistatf fluid motion,
motion of rigid pendular attached to a stretchetkwsolid state physics and nonlinear optics. Coispa with the exact
solution shows that the method is elegant, effeciivd a powerful tool for both Klein-Gordon andesfdordon equations.
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