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Abstract 
 
Fifth order explicit extended Runge-Kutta Nystrom type method is constructed 

for numerical integration of special second order system of differential equations of 
the form ��� = ���, ��. We introduce additional parameters into classical Runge-
Kutta Nystrom method in such a way that the first derivative of ���, �� might be 
required for the integration. Constant step size code is presented. The method is 
applied on several model problems in the scientific literature. Results obtained from 
the numerical experiments suggest the superiority of the new codes over several 
existing codes of the same algebraic order in the literature. 
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1.0     Introduction 
In this paper, we present a new Runge-KuttaNyström method that is capable of integrating special second order initial value 
problems of the form 	�� = 
��, 	�, 	���� = 	�, 	����� = 	�� .       (1) 
The specialty associated with this type of problem is that f (x, y) does not depend on y′ explicitly. This type of equation is 
used to model problems arising from different fields of science and engineering, for example, astrophysics, celestial 
mechanics quantum mechanics, electronics, quantum chemistry etc. One of the ways of solving (1) is by transforming it into 
a system of first order equations, then apply any suitable method developed for solving first order equations, e.g., RK or 
linear multi-step method. However, it will be computationally less costly if a method that can directly integrate (1) is 
developed. This attempt has been made by several authors [1- 8] and this type of method is referred to Runge-KuttaNyström 
(RKN) method. There are several Runge-KuttaNyström (RKN) methods in the literature. It is worth knowing that RKN 
method evolved from modification of RK method. As a result, any successful modification done to RK method is capable of 
producing a modified RKN method [7].  
One of the modified RK methods with improved numerical behaviors in the literature today is extended RK method. This 
type of method was introduced by Goeken and Johnson [9]. Further work on the method can be seen in [10]. In line with this, 
extended Runge-KuttaNyström methods up to order four was proposed in [11, 12]. We therefore propose fifth order extended 
Runge-KuttaNyström method of the form 
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Assume ��� , �� , �′� , �� , ��� 	�$%	�̂� are real. mmight be greater or equal to the number of stages of the method. Suppose �, �′, �, �′	�$%	�̂are m-dimensional vectors and A an &	 × 	& matrix, where  � = 	 (��, ��, �), ⋯ , ��+, , �� =	 (���, ���, ��), ⋯ , ���+, , � = 	 (��, ��, �), ⋯ , ��+, , �′ = 	 (���, ���, ��), ⋯ , ���+, , �̂ = 	 (�̂�, �̂�, �̂), ⋯ , �̂�+, , 
and- = (���+.The coefficients of the method can be summarized as in the tableau below. The rest of the paper is organized as 
follows: in Section 2, fifth order extended Runge-KuttaNyström method with five functions call per step is derived. Stability 
analysis of the method is presented in Section 3. In Section 4, numerical results are presented to evaluate the effectiveness of 
the proposed algorithm. Conclusion is given in Section 5. �̂, A 

 �, 
 �, 
 ��, 
 ��, 

 
2.0 Fifth Order Extended Runge-Kutta Nystrom Method 
The general form of the fifth order method, when we consider m = 5 in (2) is 	��� = 	� + ℎ	� + ℎ� .����� + ����� + �)�)� + �/�/� + �0�0� 1 1+ℎ������ + ����� + �)�)� + �/�/� + �0�0��+   (3a) 	′��� = 	� + ℎ .�′���� + �′���� + �′)�)� + �′/�/� + �′0�0� 1 1+ℎ��′���� + �′���� + �′)�)� + �′/�/� + �′0�0��+   (3b) ��� = 
��� , 	��, ��� = "��� , 	��,         (3c) ��� = 
2�� + �̂�ℎ	, 	� + ℎ�̂�	�� + ℎ�������3, ��� = "2�� + �̂�ℎ	, 	� + ℎ�̂�	�� + ℎ�������3,     (3d) �)� = 
 4�� + �̂)ℎ, 	� + ℎ�̂)	�� + ℎ���)���� + �)�����5, �)� = " 4�� + �̂)ℎ, 	� + ℎ�̂)	�� + ℎ���)���� + �)�����5,   (3e) �/� = 
 4�� + �̂/ℎ, 	� + ℎ�̂/	�� + ℎ���/���� + �/���� + �/)�)��5, �/� = " 4�� + �̂/ℎ, 	� + ℎ�̂/	�� + ℎ���/���� + �/���� + �/)�)��5,  (3f) �0� = 
 4�� + �̂0ℎ, 	� + ℎ�̂0	�� + ℎ���0���� + �0���� + �0)�)� + �0/�/��5, �0� = " 4�� + �̂0ℎ, 	� + ℎ�̂0	�� + ℎ���0���� + �0���� + �0)�)� + �0/�/��5, (3g) 

We now derive the order condition of the method. The order condition can be derived by employing the Taylor series 
expansions of (3) and compare the terms of ℎ, ℎ�, ℎ), ℎ/, ℎ0with that of the exact solution of (1). The following set of 
equations obtained as a result of the comparison constitutes the order condition of the fifth order. 
For 	 �� + �� + �) + �/ + �0 = ��,       (4) ���̂� + �)�̂) + �/�̂/ + �0�̂0 + �� + �� + �) + �/ + �0 = �6 ,    (5) �� + �� + �) + �/ + �0 = 0,       (6) ���̂�� + �)�̂)� + �/�̂/� + �0�̂0� + ���̂� + �)�̂) + �/�̂/ + �0�̂0 = ���,   (7) ���̂� + �)�̂) + �/�̂/ + �0�̂0 = 0,       (8) �6 ���̂�) + �6 �)�̂)) + �6 �/�̂/) + �6 �0�̂0) + 89���̂�� + �� �)�̂)� + �� �/�̂/� + �� �0�̂0� = ����,  (9) �)�)��̂� + �/��/��̂� + �/)�̂)� + �0��0��̂� + �0)�̂) + �0/�̂/� = 889:,   (10) ���̂�� + �)�̂)� + �/�̂/� + �0�̂0� = 0,       (11) ��/���̂�/ + ��/�)�̂)/ + ��/�/�̂// + ��/ �0�̂0/ + �6 ���̂�) + �� �)�̂)) + �� �/�̂/) + �� �0�̂0) = �;��,  (12) �)�)��̂� + �/��/��̂� + �/)�̂)� + �0��0��̂� + �0)�̂) + �0/�̂/�, 
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 �� �)�)��̂�� + �� �/��/��̂�� + �/)�̂)�� + �� �0��0��̂�� + �0)�̂)� + �0/�̂/�� = ��//,  (13) ���̂�) + �)�̂)) + �/�̂/) + �0�̂0) = 0,       (14) 
For 	′ �′� + �′� + �′) + �′/ + �′0 = 1 ,       (15) �′��̂� + �′)�̂) + �′/�̂/ + �′0�̂0 + �′� + �′� + �′) + �′/ + �′0 = �� ,    (16) �′� + �′� + �′) + �′/ + �′0 = 0 ,       (17) 89�′��̂�� + �� �′)�̂)� + �� �′/�̂/� + ���′0�̂0� + �′��̂� + �′)�̂) + �′/�̂/ + �′0�̂0 = �6,  (18) �′��̂� + �′)�̂) + �′/�̂/ + �′0�̂0 = 0 ,       (19) �6 �′��̂�) + �6 �′)�̂)) + �6 �′/�̂/) + �6�′0�̂0) + 89�′��̂�� + �� �′)�̂)� + �� �′/�̂/� + �� �′0�̂0� = ��/,  (20) �′)�)��̂� + �′/��/��̂� + �/)�̂)� + �′0��0��̂� + �0)�̂) + �0/�̂/� = 89=,   (21) �′��̂�� + �′)�̂)� + �′/�̂/� + �′0�̂0� = 0,       (22) ��/�′��̂�/ + ��/�′)�̂)/ + ��/�′/�̂// + ��/�′0�̂0/ + �6 �′��̂�) + 89�′)�̂)) + �� �′/�̂/) + �� �′0�̂0) = ����, (23) �′)�)��̂� + �′/��/��̂� + �/)�̂)� + �′0��0��̂� + �0)�̂) + �0/�̂/� 
 +89�′)�)��̂�� + �� �′/��/��̂�� + �/)�̂)�� 	+ �� �′0��0��̂�� + �0)�̂)� + �0/�̂/�� = ����,       (24) �′��̂�) + �′)�̂)) + �′/�̂/) + �′0�̂0) = 0,       (25) 
Method. Where 
��, 	� = 
,			"��, 	� = 
> + 

? and the row sum condition of RKN method, 

 
�� �̂� = ∑���. ��� is assumed to hold. A great deal of work is involved in solving the system of twenty two equations of order conditions of 

the method involving thirty unknown parameters. Due to large number of free parameters the strategy will be to hold some of 
the free parameters constant so that we can easily choose the remaining parameters based on the strategy proposed in [4], 
which demands that the following quantities related to the method be minimized to their least values, where p is order of the 
method, 
  A�B��� = CD�B���C�, A′�B��� = CD′�B���C� D�B���andD′�B��� are the principal error terms of the method and A�B��� and A′�B��� are the principal error norms of 	 and 	′ 
respectively. We therefore obtain the coefficients of the proposed method in line with the aforementioned strategies as 
follows, with A(6+ = 5.7517 × 10 / andA′(6+ = 2.6506 × 10 ) as the error norms of 	 and 	′ respectively. 
Table 1. Coefficients of ERKN5 Method 

15 

12 

45 

1 

150 

− 7183872 22991183872 

40299359125 2292873 45996359125 

− 13223258570 513 13924129288 117 

 

116 25108 427 251432 0 
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116 125432 827 125432 116 

										00000 

3.0  Stability Analysis  
The stability property of a numerical method describes the extent to which the method is consistent with a given problem. In 
this section we derive stability polynomial of ERKN5 method and present the region of absolute stability, which is the main 
linear stability property of the method.  
To study stability property of ERKN5 method, we apply (2) to homogeneous test 	�� = −N�	,          (26) 
equation (26), which gives 4 ?OP8Q?�OP85 = R�S� 4 ?OQ?�O5,where R�S� = TU���S� U���S�U���S� U���S�V, 
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 U���S� = (1 + S�,�W − S-� � + S��,�W + S�W − S-� ��+X, U���S� = (1 + S�,�W − S-� � + S��,�W + S�W − S-� ��+�̂, U���S� = (1 + S�′,�W − S-� � + S��′,�W + S�W − S-� ��+X, U���S� = (1 + S�′,�W − S-� � + S��′,�W + S�W − S-� ��+�̂, S = −�Nℎ��, 
Vectors �, �’, �, �’	�̂ and Matrix A are defined in section 1 and vector X = (1, 1,⋯ , 1+, . R�S� is referred to as stability matrix 
of the method. If  U is the eigenvalue of R�S�, then the characteristic equation associated with R�S�, is  U� = Z�S�U + [�S� = 0.         (27) 
And it is the stability polynomial of the method, where Z�S� and [�S� are trace and determinant of R�S� respectively. 
Definition 1. Interval �−S	, 0� is referred to interval of absolute stability of the method if for all S ∈ �−S	, 0�, |U�, U�| < 1 
where U�, U� are the roots of equation (27). 
The region bounded by the set of points for which |U| = 1 is known as stability region of the method. Figure 1 below shows 
the region of absolute stability of ERKN5 method. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 1. Stability region of the ERKN5 method. 
 
4.0  Numerical Results 
In this section, we evaluate how effective the proposed method in this paper is by solving some model problems in the 
literature. The result is compared with results of existing methods of its type in the literature. However, the following 
acronyms in this paper means: 
Max error = |	����� − 	����|: is maximum global error. 
ERKN5: New Fifth Order Method obtained in section 2. 
RKN5: Fifth Order Method proposed in [4]. 
MRKN5: Fifth Order Method presented in [13]. 
BRKN5: Fifth Order Six-Stage Method with first same as last property obtained in [14]. 
CRK5: Fifth Order RK Method presented in [15]. 
Problems 1 – 5 below are the test problems in this paper. 
Problem 1.  	�� =	−		, 	�0� = 0; 		′�0� 	= 	1, 
exact solution:		��� 	= 	`a$���	obtained in [2].  
Problem 2.  	�′′	 + 		� 	= 	0.0	001�b`��	�, 	�	�0� = 0, 		�’	�0� 	= 	0.		′′	 + 			 = 	 .0	001`a$�	�, 			��0� 	= 0, 	�′�0� 		= 	0.9995.	
exact solution: 	���	� = 	�b`��� + 0.0005�	`a$��	�, 	���� = 	`a$��� − 	0.0005�	�b`��� obtained in [1].  
Problem 3.  	�� =	−			 + 	�, 	�0� = 1, 	′�0� 	= 2,	
exact solution: 	��� 	= 	`a$��� 	+ 	�b`��� 	+ 	�	obtained in [1].  
Problem 4.  	′′	 = 	−64	, 	�0� = �/	,		′	�0� 	= 	−��	
exact solution: 	��� = √�;�6 	`a$�8� + d	�, d = e	 − 	d�$ �	�4	�	 obtained in [1].  
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Problem 5.  		′′ − f�		 + �f� 	− 1� sin��� , 	�0� = 1, 	′�0� 	= 12	
exact solution: 	��� 	= 	�b`�f�� 	+ 	`a$�f�� 	+ 	`a$��� obtained in [1].  
The problems are solved using ,ℎ	 = 	0.1, 0.05, 0.01, 0.005 and 0.001. 
Tables 2-6 show the numerical accuracy of the new ERKN5 and the existing methods for the constant step-sizes. The 
accuracy is measured in terms of maximum global error taken over the whole interval considered for the approximation. 
From the tables, we observe that the new method proposed in this paper has smaller maximum global errors when compared 
to the existing methods considered in the paper. This implies that the new method converges faster than the existing methods. 
The derivation as well as the implementation algorithm of the method is coded using computer algebra package (MAPLE). 
 
Table 2. Comparison of maximum global error of fifth order RKN methods for Problem 1. 

h Max error 
 ERKN5 RKN5 MRKN5 BRKN5 CRK5 

0.1 3.5713× 10 �� 2.5993 × 10 �j 1.4197× 10 �� 5.4466× 10 �k 1.1507× 10 �; 
0.05 5.7465× 10 �� 8.205 × 10 �� 2.2148× 10 �� 1.7182× 10 �� 3.5905× 10 �k 
0.01 6.3711× 10 �6 2.6478 × 10 �) 1.4148× 10 �6 5.5377× 10 �/ 1.1474× 10 �� 
0.005 1.7387× 10 �; 8.2825	× 10 �0 3.2227× 10 �; 1.7321× 10 �0 3.5850× 10 �/ 
0.001 5.3296× 10 �� 2.6525 × 10 �j 8.6544× 10 �� 5.5464× 10 �k 1.1720× 10 �; 
 
Table 3. Comparison of maximum global error of fifth order RKN methods for Problem 2. 

h Max error 
 ERKN5 RKN5 MRKN5 BRKN5 CRK5 

0.1 1.4796× 10 �� 2.7548 × 10 �j 1.0324× 10 �j 5.7140× 10 �k 1.1492× 10 �; 
0.05 2.5017× 10 �� 8.5919 × 10 �� 3.2232× 10 �� 1.7852× 10 �� 3.5856× 10 �k 
0.01 3.7551× 10 �6 2.7453 × 10 �) 1.0311× 10 �) 5.7142× 10 �/ 1.1458× 10 �� 
0.005 1.0328× 10 �; 8.5774	× 10 �0 3.2220× 10 �0 1.7857× 10 �0 3.5799× 10 �/ 
0.001 3.1056× 10 �� 2.7444 × 10 �j 1.1105× 10 �j 5.7143× 10 �k 1.1660× 10 �; 
 
Table 4.Comparison of maximum global error of fifth order RKN methods for Problem 3. 

h Max error 
 ERKN5 RKN5 MRKN5 BRKN5 CRK5 

0.1 4.8780× 10 �� 4.1167 × 10 �j 1.0483× 10 �j 8.2850× 10 �k 1.6936× 10 �; 
0.05 7.8363× 10 �� 1.2852 × 10 �k 3.2504× 10 �� 2.5714× 10 �� 5.2878× 10 �k 
0.01 9.9000× 10 �6 4.1081 × 10 �) 1.0341× 10 �) 8.2254× 10 �/ 1.6900× 10 �� 
0.005 2.7931× 10 �; 1.2836	× 10 �/ 3.2291× 10 �0 2.5703× 10 �0 5.2823× 10 �/ 
0.001 8.4028× 10 �� 4.1071 × 10 �j 8.2245× 10 �j 8.2245× 10 �k 3.2000× 10 �; 
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Table 5. Comparison of maximum global error of fifth order RKN methods for Problem 4 

h Max error 
 ERKN5 RKN5 MRKN5 BRKN5 CRK5 
0.1 1.8895 × 10 �/ 1.8810 × 10 �) 8.9670 × 10 �0 3.9273 × 10 �/ 6.4756 × 10 �� 
0.05 3.1076 × 10 �6 6.0740 × 10 �0 2.6600 × 10 �6 1.2720 × 10 �0 2.0261 × 10 �) 
0.01 2.0461 × 10 �� 1.9616 × 10 �j 8.4439 × 10 �� 4.1100 × 10 �k 6.5043 × 10 �; 
0.005 3.3721 × 10 �� 6.1297	 × 10 �� 6.407 × 10 �� 1.2844 × 10 �� 2.0324 × 10 �j 
0.001 4.4579 × 10 �6 8.9612 × 10 �) 8.4576 × 10 �0 4.1102 × 10 �/ 6.5025 × 10 �� 

 

Table 6.Comparison of maximum global error of fifth order RKN methods for Problem 5. 
h Max error 
 ERKN5 RKN5 MRKN5 BRKN5 CRK5 

0.1 7.0513× 10 �j 2.5600 × 10 �6 3.7691× 10 �; 5.2303× 10 �; 2.2150× 10 �0 
0.05 1.1473× 10 �k 7.9901 × 10 �j 1.1564× 10 �j 1.6326× 10 �j 6.8998× 10 �; 
0.01 1.0327× 10 �) 2.5545 × 10 �� 3.6499× 10 �� 5.2257× 10 �� 2.2010× 10 �� 
0.005 2.3774× 10 �0 7.9817	× 10 �) 1.1387× 10 �) 1.6329× 10 �) 6.8751× 10 �� 
0.001 6.0630× 10 �k 2.5538 × 10 �6 3.6318× 10 �; 5.2252× 10 �; 2.2011× 10 �0 
 
5.0  Conclusion 
Extended explicit Runge-KuttaNyström method of order five with five stages is derived in this paper. The method is applied 
on some test problems and the results are presented. From the numerical results we can conclude that the new method is more 
promising than the existing methods of the same algebraic order considered in the paper.  
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