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Abstract

This study investigates steady free convective feat mass
transfer of magnetohydrodynamic pressure-driven lopast a
permeable plate with inclined uniform magnetic fakl The
governing partial differential equations of the med are reduced
to a system of coupled non-linear ordinary differéal equations
by applying a scaling group of transformations. Theoupled
differential equations are solved numerically usinthe Weighted
Residual method. The results obtained were presemgephically
to illustrate the influence of various parameters no the
dimensionless velocity, temperature, concentratiand pressure
drop. Finally, the effects of Skin friction, Nussehnd Sherwood
numbers which are of physical and engineering inést are also
presented and discussed.
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1.0 Introduction

The fundamental concept of magnetohydrodynamitisaismagnetic fields can induce currents in a ngvin
conductive fluid, which in turn creates forces ba fluid and changes the magnetic field itself.rAgsure-
driven flow of heat and mass transfer in MHD poikeflow past a permeable plate are being studied
widely due to its importance in MHD power generafgretroleum reservoirs, chemical catalytic reactor
reducing drag, Aeronautical engineering fields,|eacwaste disposal and others.

In view of these applications, Youssef et al. [bhlgzed two-dimensional viscous flow between slowly
expanding or contracting walls with weak permeapiby using Lie-group method. They neglected the
magnetic terms and pressure gradient in their aizahAn analytical analysis was performed to sttiay
steady MHD poiseuille flow between two infinite plel porous plates in an inclined magnetic fielidhw
constant pressure gradient by Manyonge et al.j{@d]raported that the velocity decreases in theepiasof

an inclined magnetic field, suction/injection ratpsessure gradient and Hartmann number. Alsostilny

of boundary layer flow of a non-Newtonian power-lfluid in a convergent channel was carried out by
Pramanik [3]. Ignoring the pressure gradient andymaic terms, and reduced the partial differential
equations to a nonlinear differential equation gsnaling group of transformations. Mohammad ef4il.
examined the Viscous flow through expanding or @mting gaps with permeable walls using Optimal
Homotopy Asymptotic method. They neglected the reigrterms but highlighted the effect of Reynolds
number on the pressure distribution.

The problem of free convection under the influen€@ magnetic field has attracted the interest afyn
researchers in view of its applications in geoptg/sand astrophysics. Makinde [5] investigated MHD
boundary layer flow with heat and mass transfer @venoving vertical plate in the presence of magnet
field and a convective heat exchange at the surfétbethe surrounding while Uwanta and Sarki [&]died
heat and mass transfer with variable temperatuck emponential mass diffusion. However,the authors
neglected the effect of pressure gradient in thteidied. Alireza et al. [7] dealt with the problefsteady

1



two-dimensional MHD stagnation point flow towardpermeable stretching sheet with chemical reaction.
The problem was solved using Optimal Homotopy Asyrtip method and compared their results with
fourth order Runge-Kutta method. Hossain and Sanf@hstudied heat and mass transfer of a MHD free
convection flow along a stretching sheet with cleahireaction, radiation and heat generation in the
presence of transfer magnetic field. The problerdeurconsideration was transformed using similarity
solution and analyzed by applying Nachtsheim Swigleooting iteration technique with sixth order Ben
Kutta integration scheme. Scaling transformatiarhieat and mass transfer effects on
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steady MHD free convection dissipative flow pastiaelined porous surface was investigated by Reddy
[9]. The results showed that the velocity increasith an increase in the thermal and solutal Grasho
numbers but decreases with an increase in SchmultPaandtl numbers. However, the pressure, heat
source and reaction rate terms were not takerciomsideration the study.

A pressure driven flow in a magnetohydrodynamicat lsnd mass transfer problems are important in many
processes such as purification of cruid oil, fldidplets sprays, energy transfer in a wet cooliget, flow

in a desert cooler and possible applications inymadustries and many more. Time dependent pressure
gradient effects on unsteady MHD couette flow aedthransfer of a casson fluid was carried outdye8-
Ahmed et al. [10]. The fluid is acted upon by afomm and exponential decaying pressure gradient, an
external uniform magnetic field is applied perpentkir to the plates with the fluid motion subjecteda
uniform suction and injection, while Farooq et [4l1] studied steady poiseuille flow and heat transff
couple stress fluids between two parallel inclipdates with variable viscosity. they used Reynotdzdel

for temperature dependent viscosity. ThiagarajahSangeetha [12] investigated nonlinear MHD boupndar
layer flow and heat transfer past a stretchingeplédth free stream pressure gradient in presenearable
viscosity and thermal conductivity.

Most of the above studies, neglected the influexfdaclined magnetic field and the contributiorfslaid
pressure. Consequently, the present research igatest the combined effects of inclined magnetddfi
and pressure drop in a steady convective heat @sd mansfer in a magnetohydrodynamicpressuresdrive
flow. Scaling group of transformation was appliededucing the number of independent variables.

2.0  Formulation of the Problem

Investigation was carried out to examine free cotive heat and mass transfer of two dimensional MHD
poiseuille flow past a permeable plate under tlileénce of uniform inclined magnetic field and e
gradient. The motion of the fluid is maintained Ibgth pressure gradient and gravity, and the flow is

assumed to be in tt X -direction with ¥ -axis normal to it. The magnetic field of unifortnength B, is

T
O<a<—
introduced at angl & lying in the range 2 in the direction of the flow. The plate is maimid

. T .
at the temperature and species concentra_ ) C. and free stream temperature and species

concentrationTw, C. respectively. The geometry and equations govertliggsteady heat and mass
transfer of two-dimensional magnetohydrodynamicsseadglle fluid flow past a permeable plate with
inclined magnetic field are as follows:

oX oY (1)
ou . oU 1 , ., lorP o’U o'U

U—+V—=——0B,Usin"aa ———+vVv +— |+ T-T, )+ c-C
GX 8Y po_ 0 sin an (8)(2 aYg gﬁT( oo) gIBC( oo)
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or _ oT o°’T o°T
—+V—|=k +— |+ O,\T -T.
pcp( oxX an (axz aYQJ 0T -T.) @
2 2
vy _plf (;’+a(;’ -y(c-c,)
oX oY oX° oY 5)
The corresponding initial and boundary conditioresas follows:
u=0V=v,,P=0T=T, +(T,-T,)AX,C=C_+(C,—-C,)BX at Y=0
U=0,T=T,C=C_, as Y > ©)

WhereU, V, P, C, andT are velocity component in tt X direction, velocity component in 104

direction, pressure, concentration of species énfliid, temperature of the fluid respective A and B

are constants defined [ , % is the magnetic field strengt& is the angle of inclination of

the magnet,vw is the permeability of the porous surface such v, =0 indicates wall injection and

v, <0 indicates wall suction respectively.
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C
The physical quantitie?’, p, O, D, 7,k 9 and 7 are the fluid kinematics viscosity, density,

electric conductivity of the fluid, mass diffusiaroefficient, specific heat at constant pressurerntial
conductivity, rate of specific internal heat geniera or absorption and reaction rate coefficient

respectively & is the gravitational acceleratic'B,T and Be are the thermal and concentration expansion
coefficients respectively.
Introducing the following non-dimensional quanttie

2 T-T C
x:é’y:Z’u:g’v:Kl’p:iH :lBO\/Eﬂez wS})r:ILl p’

[ l % % pv: e 7 T,-T, k
S :LG _l3gBT(Tw_Too)G :l3gBC(Cw_Coo)¢: C_Coo /1:[2_7/
© D v’ e Vv’ 7 C,—Coo’ v’
I? v [
0= 9 =
uc, 1%
(7)
Substituting the non-dimensional quantities (19 iquations (1)-(6), to obtain
ou ov
—+—=0
ox Oy

(8)



2 2
ua—u+v8—u=—H2sm au—a—p+ 62+8 +G,0+G.¢
ox Oy ox \ox® oy’
)
ov  ov op [(0*v o%v
B
X Y Y X Y (10)
2
e
X y X Y (11)
(00,00 136 08)
ox Oy S ox’ 8y (12)
The corresponding initial and boundary conditians as follows:
u=0,v=v—wl,p=O,6?=x,¢=x at y=0
1%
u=0,=0,0=0 as y—> oo (13)
where X and? are dimensionless coordina¥,andV are the dimensionless Ve|OCI ,and ¢ are the
dimensionless temperature and concentration, peisptessure,H“ the Hartmann numbe,,Gr is the

thermal Grashof numbe (,;" is the solutal Grashof numbeM s the incline magnetic terms parameter,
F, is Prandtl, S is Schmidt number,Q is the heat source ar/ is the concentration parameter

respectively. I is the non-dimensional wall mass transfer coeffitisuch tha ekl indicates wall

f., =<0

suction anc: indicates wall injection or blowing respectively.

u=Y _ oy

Introducing the stream functic 0y , ox , continuity equation is automatically satisfieddan
equations (9)-(13) become

2 2 3 3
v Oy _ovoy =—H§sin2a(a—l//j—a—p+[ oV 9 l/:j+G,6’+GC¢

Oy oxdy Ox oy oy ox*dy Oy
(14)
oy dy oy vy _ 8_p_(83w+83—l//J
dy ox° 8x 8x8y oy \ox’  oxoy’

(15)
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oy ox ox oy S, ox’ 6y 17)



subject to the initial and boundary conditions

W0 f p=0.0=x4=x at y=0

oy " Ox
a—l//20,19=0,¢=0 as y— o
o (18)

Introducing simplified form of Lie-group transfoations namely, the scaling group of transformations
(Mukhopadhyay et al. [13] and Bhattacharyya efi]),

* e * ca * ea * ca * ea
Vix =xe ',y =ye 2w =we *,u =ue *,v =ve 3,
* _ £a6 * _ £a7 * _ 8&8
p =pe ) 0 =6e 9¢ - ¢€ (19)
a a, o, o a . .
where &1, %2 ©3 G4 &5 S D7 and ¥8 | are transformation parameters ¢€1is a small
parameters. Equation (19) may be considered asirg-tpansformation which transforms coordinate

(5, y,,u,v,0,9) to the coordinat,(x*’y*’l//*’u*’v*"g*’¢*).
Substituting the transformations equation (19) equations (14) to (18), this gives
* 2 * * 2 * * *
es(a]+2a272a3) al//* 0 *l// __ 3!//* 0 l,/*/2 _ _Hjsinzaeg(a2fa3) al//* B ea(ar%)@p;*
oy Oxdy Ox Oy oy ox
3 % 3 %
+ e£(2a1+a2—a3) 8*21// . eg(3a27a3) 0 1{3 + e—£a7 Grt9* + efaas Gc¢*
ox “0y oy

(20)
e£(2a1+a2—2a3) _ 5;//* 82W* n 6(//* 821//* _ _eg(az—ats)ai_es(?)al—a:;) 53l//*
o' ox? ox oxoy oy ox”
ea(al+2a2—a3) 53ly*
* *2
ox Oy (21)

*

ea(a|+a2—a3—a7) 81,//: 69: _ 81,//: 80: _ lea(Zal—a.]) az?: +ieg(2a2—a7) 62?2* +
oy Ox Ox Oy P ox~ P oy
e 706 22)
ea(al+a2—a3—a8) 8!,//* 8¢* B 81//* 8¢* :Lea(Za]—as) 62¢* +iea(2a2—a8) 62¢* _
oyt ax' ox oy S. ox? S, oy™?
e ¢ (23)

The corresponding initial and boundary conditiginges

(24)

The system will remain invariant under the grouirtransformationv and the following relations are
obtained.

=0, =0, =0, =a, 0, =as; =0, =0 (25)
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Thus the set of transformatio ¥ reduces to one parameter group of transformatiens

= xe™ ,y* _ y,!,V* _ y/ega‘ =™y = v,p* _ p,9* — g™ ’¢* _ Wsal 6)
Then, the absolute invariant gives:

S =x""y" p,(m)=p .00 =x"'0",¢(m)=x"'¢’ 27
Therefore, the similarity transformations is ob&al as:

n=y.w =xfln)p = p,n).0" =x0(n).4" = x'¢(n) 28)

Substituting the similarity variables (28) intouagjons (20)-(24), the following system of non-kne
differential equations are obtained.

f+ ff = fP—Hxsin*of +G.0+G.$=0

(29)
—Pa~ f +ff (30)
0 +Pf0-PfO+POO=0 31)
¢ +S. P =5/ 9=SA9=0 @2)
The corresponding initial and boundary condititaie the form:
f=twf=0,p,=0,0=1,4=1at =0
£ =0,0=0,=0 as n—>o (33)
Integrating equation (30) with the initial and bodary conditions wit fu=1 and pressure drop
1 1
- G=f+21
Pa =Y henc 2 2 (34)

3.0 Weighted Residual Method
The idea of weighted residual method [15,16] isdek an approximate solution, in form of a polyredrto
the differential equation of the form

L[u(x)|= f in the domain T, Bﬂ[u]Zyﬂ on OT (35)
L[u]

where denotes a differential operator linear or nondinmvolving spatial derivatives of dependent

B [u]

variables ¥ / is known function of position, # represents the approximate number of boundary

conditions ancI is the domain with bounda,‘?T . The problem of finding an approximate solutiortrod

boundary above is often done by assuming an appatian to the sqution“(x), an expression of the
form

u(x)zw(x,al,a2,a3...an) (36)

such that for arbitrary valu @243 e boundary conditions are satisfied.
Applying WRM to equations (29), (31), (32) and (38Je assume a polynomial with unknown coefficients
or parameters to be determined later, this polyabimicalled the trial function.

f(n)= Zn‘,a,n’} 0(n) = Zn:bmi $(n) = Zn:cmi
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(37)
Use the boundary conditions (33) on the trial fiowg also substituting the trial functions into ations
(29), (31) and (32) to obtain the residual equation

Journal of the Nigerian Association of Mathematic&thysics Volume 35, (May, 2016), 93 — 104
Scaling Group Analysis of Heat... Salawu and Dada J of NAMP

f = 6a,+24a,n+60as% +120a° + 210a7* +3368/° +504a,7° + 7208, /7"
+9908, /7° +13208,/7° + (0,772 + 3, 1" + 2,7 +agn° + 1" + 2y’
rag1® +ag® +agrt tagrt + e’ +ag) + 8, 1328,/ +1108,7°
+90a,7° + 728/]" +568y71° + 422,7° + 30ay]" + 208/]" +1284]" +6a7) + 22,)
- (L2a,/7" + 112, 7"° +108,¢7° + 98y7° +8ayy” + 7a,n° + 6ay7° + 5847
+4a,7° +3ay” + 28, +a,| - HZsin‘a(12a, /7" +11a,/7"° +10a,7° +9ag7"
+8ay)” +7a/° +6ay1° +5a47" + da/)*+ 3/’ + 287 + 2, )+ G, (b7
+b7 + b7 + by’ +p® +b,7" +07° +by7® +byp* +by7’ + by
b7 +1,) + Gy e 72 + 07 + 0+ 67 +6p® + e + ey’ + e

+cnt +eg’ et e+,
(38)

6, = 2b, +6by+12b° +200,7° +30by7* +42b,7° +56hy7° + 72hy7 " +90h;,
78 +1100,7° +1320,77° + P (2,72 + &, + a7 + agp° + agy® +agy’
+ag)®+ag)® +ag’ +ag)® +a’ +ag +ag 120,07 +11b, 770 +100,7°
+0hy7° +80y77 + Th® +6by7° +5by7* +do7° + 3077 + 25,7 +1y )
- P (128,77 +118,/7° + 108,7° + 9ay7® +8ay) + 7a,]°® +6ay)° +5ag)"
+4a,7° +3ag7 + 2847 + & (0,7 + b7 +bygp° oy +byp®
+by77 +by7® +by® +byy* +byr® + by + by +by )+ PQb Y +hy "
+by7"° +hy7° +hy7® +bn” +by® +byy® + bt +byp® + b’
+b1’7+bo) (39)



@ = 2c,+6¢cy7 +12c,n7° +20cy7° +30c7” +42c,7° +56¢47° + 720,17 +90c,47°
+110c,77° +132, 770+ S, (a7 + 2,7 + 8,70 + agp® + agr® +ay’
+ag+agp® +agyt +ag)® +ay’ +ag) + a8 J120, + e 47 +10¢,47°
+96,7° +8cy7" +7C7° +66,7° + 5677 + Acyp® +3cy)? + 2077 +¢,)

-5, (128,77 +118, 17" +108,47° + 98y7° +8a47" +7a,1° + 6347° + 5ayy*
+4a4/73+3a3/72 +2a2/7+a1X012/712+c11/7“+cl(/71°+09/79+08/78+c7/77

+Cg1° +Cgp° + "+ eyl + gl + 6+ G- SAler G + o

401"+ GI1°+ Gl 1S I+ T+ G+ Gl Gy o)

Minimizing the residual error by forcing equatio(®3)-(40) to zero at some set of collocation p®int
within the domain in order to obtain the unknoweffigients.

Substituting the values into the trial functions oébtain the tangential velocity, temperature and
concentration equations respectively.

(41)
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(42)

(43)
Differential equation (41) to obtain

f(7)= 4.19856849217—9.142898253n" +10.120544637° —7.3512982857*
+3.775950145n° —1.39416082571° +0.36384347121" —0.06376701337°
+0.006706443907° —0.000312563247'° —0.000001233487"!

(44)

Also substituting fowf and / in (34) with the corresponding constant valueshtain the pressure drop
as,



G(7)= -0.500000000+ 4.198568497 —9.1428982572 +10.120544877°
-7.35129828" +3.775950187° —1.3941608%7° + 0.3638434167’
-0.06376703327° +0.006706489007° —0.000312581885"°
-0.00000123432062™ +1/2(1.00000000+ 2.09928428n°
-3.0476327%7° + 2.5301361%37* -1.4702596%7°
+0.6293250217° - 0.199165821y" +0.0454804395;°
-0.007085237027° + 0.0006706439007*° —0.000028448353™
~0.0000001@7860052"

(45)
SKIN FRICTION
(46)
NUSSELT NUMBER
SHERWOOD NUMBER
(48)
The process of weighted residual method are regdatedifferent values oGr, G", H“, a . Q, Pr,
Se and /.
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4.0 Results
The computational results obtained compared weH Runge-kutta method as indicated in tablel.
Table1: Effect o O- , G, , Q SC, on?, Nu gangSh (PP-Physical Parameters)
WRM 4" order R-K
PP values |7 |Nu Sh 4 | Nu Sh




G 2.5 2.86521 |0.53944 |1.34943 |2.86359 |0.53931 |1.34902

55 3.77012 |0.69197 |1.39921 |3.76616 |0.69173 |1.39866
7 4.19857 |0.75010 |1.42060 |4.19315 |0.74981 |1.41999
0 0.3 4.02001 |1.08149 |1.40258 |4.01476 |1.08098 |1.40195

1.0 4.19857 |0.75010 |1.42060 |4.19315 |0.74981 |1.41998
2.0 4.63757 |0.01876 |1.46429 |4.63208 |0.01877 |1.46368
S 0.01 4.79802 |0.93631 |0.35822 |4.79293 |0.93598 |0.35822

0.1 4.65693 |0.89254 |0.56181 |4.65179 |0.89221 |0.56179
0.62 4.19857 |0.75010 1.42061 |4.193156 |0.74981 |1.41999

4.0  Discussion
The numerical computation has been carried outgusia method of Weighted Residual for variations in

the governing parameters, the Hartmann nurH” ; angle of inclinatior® , thermal Grashof numb G,

P

, solutal Grashof numbe GC, Prandtl numbe * , Schmidt numbe SC, heat SOUI’CiQ and reaction rate

paramete A The following default parameter values are adbfibe computation G - G, =7, Q-1 =1,

_ 0
Pr:0.72, 5. =0.62, H, =5 and @ =307 Al graphs therefore correspond to these valuekess

specifically indicated on the appropriate graph.
Figures 1 and 2 illustrate the velocity and pressofiles for various values of Hartmann numH” St

shows that as magnetic field parameH” increases, the velocity and pressure profiles adeses,
confirming that the magnetic field exerts an impgdiorce on the fluid flow.
Figures 3 and 4 present velocity and pressure lpsofor different angles of inclination of the matjn

field &, while other parameters are kept at some fixedegl An increase in the angle of inclination
increases the effect of the buoyancy force and emprently the driving force to the fluid flow decsea
which resulted in decreasing the velocity and pnesprofiles.

P

Figures 5, 6 and 7 show the influence of diffenaities of the Prandtl numb~~ on the velocity, pressure
and temperature profiles. It is observed that amemse in the ratio of momentum diffusivity to tinef
diffusivity results in the respectively decreasevilocity and pressure profiles. Figure 7 shows #ra

increase in th(Pr results in a decrease in the thermal boundaryr lthjekness and reduce the average

temperature within the boundary layer because smalilues 01Pr are equivalent to increasing in the

thermal conductivities, therefore heat is ableitfuse away from the heated plate than higher \sahfn,Pr .

Figures 8, 9 and 10 represent the effect of SchmidtberSC on the velocity, pressure and concentration

profiles. Schmidt number is the ratio of the momento the mass diffusivity. An increase S‘ causes
reductions in the velocity, pressure and conceaotraprofiles which are accompanied by simultaneous
decrease in the velocity and concentration boundiaygrs. Therefore, Schmidtnumber quantifies the
relative effectiveness of momentum and mass trahdpo diffusion in the hydrodynamic velocity and
concentration boundary layers.

Table 1 represents the effect of some physicalnpaters on skin friction, nusselt and sherwood numibe
clearly shows that the an increase in the thermmabl®f number have an accelerating effect on the sk
friction, nusselt and sherwood number respectiveigrease in heat source increase skin friction and
sherwood number while it decreases the Nusselt auinbcause heat within the boundary layer reduces.
Also, skin friction and nusselt number deceleratdhee schmidt number increases but have an inogeasi
effect on the sherwood number.
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5.0 Conclusion

The formulated partial differential equations gakeg the problem are non-dimensional and reduceal to
couple ordinary differential equations by usinglisgpand translational symmetries. The numericitsin
for scaling symmetry are obtained using the WeigiResidual method. From the numerical resultss it i
seen that, an increase in the magnetic field paeanidartmann number) or the degree of inclinatbthe
magnetic field is manifested as a decrease inlthve felocity and pressure distribution. The velpand
pressure profiles increase as the thermal Grashuobar increases. In the presence of increasingletran
Schmidt numbers, the velocity, pressure, tempegand concentration profiles decreases respectively
The result of studiesof flows past a permeableaserare of great interest due to its applicatiorscience
and engineering, as well as in many transport @sERin nature.
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Fig 1: Velocity profiles for d ifferent values of Ha
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Fig. 3: Velocity profiles for d ifferent values of o
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Fig, 4: Pressure profiles for different values of o
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Fig 5 Velocity p rofiles for d ifferent values of Pr Fig 6: Pressure profiles for different values of Pr
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Fig 8 Velocity profiles for different values of Sc
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Fig 9: Pressure profiles for different values of 5c
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