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Abstract

Fisher’s Linear Discriminant and Bayesian Classifation procedures were compared
when the assumption of equal cost of misclassifioatis violated. The comparison
was carried out at various samples sizes and déférmisclassification cost ratios.
Data were simulated to consist two groups (popuas) of four variables each from
two multivariate normal populations. The homogengibf the variance-covariance
matrices of the two groups was tested using Box'sTikt. The Apparent Error Rate
as the estimate of the Actual Error Rate was usedudge the performances of both
procedures at different misclassification cost magi (1:1, 1:2, , , 4:5) and sample sizes
(10, 20, 30, 40, , , 100). The results show thateajual cost ratio (1:1), both
approaches produced almost the same error rate #fecbnt sample sizes. With
difference in misclassification cost ratio, the Bagian approach generally has higher
proportion of misclassifications than the Fisher atarious ratios and sample sizes.
The Fisher performed better in small sample casas<(50) under all the cost ratios
considered except 1:2 and 1:5. For large sampleesaé > 50), the performance was
better at cost ratios 2:3, 2:4 and 2:5.

Keywords: Fisher’s Linear Discriminant Function, Baye's Glifisation Rule, Apparent Error Rates, Cost of
Misclassification, Cost Adjusted Prior Probabd#tj Cost Matrix

1.0 Introduction

There are vast literatures on classification argtrigination. Anderson [1] viewed the problem o&gdification as the
problem of decision theory. Anderson and Bahadlivi@wed it as a problem of assigning an unknowseotation to a
group with low error rate.There are various apphneacto classification which include Bayesian apphodisher’s Linear
Discriminant Function (Fisher’'s LDF), Maximum Lilkebod Discriminant Function, Distance Base Discnarit Function
and so on. The consideration of cost-sensitiveissud discriminant function has received growitigation in the past few
years. Brefeld et al [3] discussed dependence sif @o the single sample and not on the class ofdhgples.Oyeyemi and
Oyebaniji [4] compared the performance of both tlehérian and Bayesian approaches to classificatmhconcluded that
the Bayes’ approach performed better. Ariyo and bsahgi [5] compared the performance of both linead ajuadratic
classifier under unequal cost of misclassificatibandrozny and Elkan [6] looked into issues of emsisitivity when costs
and prior probabilities are both unknown.

Bayesian approach to classification assigns anrebdeunit to a group with the greatest posteriasbpbility. Bayesian
approach to classification in the case of normdiltributed observations with unknown parameters diacussed in[7].
Classification based on Bayes’ formula was alsoutised in[8].

Fisher's LDF is the most widely used method of sifisation because of its simplicity and optimaliiy minimizes the
expected cost of misclassification) propertiesclassical discriminant problem [9], the number adups or subpopulations
was two. Discriminant function was obtained by dding linear combination of the variables to maxienthe ratio of the
‘between-group’ to that of the ‘within-group’ vaniee. Linear discriminant analysis is known to beirogl for two
multivariate normal groups with equal covariancetrivas. The robustness of linear discriminant asialyand effect of
failure of assumption to hold have been studiefl@® 11]. The effect of unequal covariance matrioedinear discriminant
analysis was studied by Gilbert [10] for large segases.

In this paper, a comparison of both Bayesian astidfis linear discriminant procedures was carrigidab various samples
sizes and different misclassification cost ratios.
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2.0  Evaluating Classification Rules

To judge the performance of a sample classificapiatedure, we want to calculate its misclassificaprobability or error
rate.A measure of performance that can be calalfmeany classification procedure is the Apparénr Rate (APER)
which is the defined as the fraction of observatiam the sample that are misclassified by the ifleag8on procedure.
Denote n,and n,, the number of objects misclassified@andrrespectively, then

APER —Mimthom (1)

ni+n;
The APER is intuitively appealing and easy to cit Unfortunately, it tends to underestimate Awual Error Rate
(AER) when classifying new objects. This undereation occurs because we used the sample to beildidissification rule
(therefore we can call this the training samplejvali as to evaluate it. To obtain a reliable eatienof the AER we ideally
consider an independent test sample of new obfemts which we know the true class label. This metrad we split the
original sample into a training and test samplds AER is then estimated by the proportion of naissified objects in the
test sample while the training was used to constitue classification rule. However, there are twawbacks with this

approach

0] It requires large samples.

(i) The classification rule is less precise becausedwaenot use the information from the test sampléuadd the
classifier.

An alternative is the (leave-one-out) cross-valaabr jackknife procedure which works as follows.

1. Leave one object out of the sample and construgtaissification rule based on the remaining n-1 ctisjén the
sample.

2. Classify the left-out observation using the clasatfon rule constructed in step 1.

3. Repeat the two previous steps for each of the thjethe sample.

Denoten{?, andn$’, the number of left-out observations misclassifiedlass 1 and 2 respectively.
Then a good estimate of the Actual Error Ratevsmiby
AER =2m i )

ni+n;

3.0 Methodology

3.1 Fisher’'s Linear Discriminant Function

The objective of Fisher's LDF is finding projectido a plane such that samples from different grdigfssses) are well
separated, i.e. finding linear combination that imézes the ratio of the between-group sum of squiarel the within-group
sum of squares such that a good separation is\vechiét is also known for maximizing the sample alahobis distance
between the two sets of data. And maximizing oiffee between groups may lead to reducing probabift

misclassification.

Fisher suggested that using a linear combinatiosbsérvations and choosing coefficients so thatdkie of the difference
of means of linear combination in the two groupggosariance is maximized. Fisher’s linear disénamt function is known
to be optimal (in the sense of expected number istlassifications) for two multivariate normal pdgtions with equal
covariance matrices.

3.2 Incorporating cost of misclassification intoFisher’'s LDF
If the discriminant function

Y=VX =S (wy — )Xy, i =12,..,p and X = (x,%; ... x;,) 3
Expected value of Y with respect to class j is gibg

Y, =85, (y — i = 6;, j=1.2 4)
SinceY;; =V'X; = ViXy; + VoXoi + -+ VX, i=12,..,m, =12 (5)

WhereX;; represents the score of individual frdfircjass with measuremekit.

Now, m;andm, are the two classes that X must be assigned.

Also if C = [C; C,] be the cost of misclassification matrix, where

C,and G are the vectors of cost associated with classesijjg) 1 and respectively
Furthermore, if we defin€;;, kj = 1,2 as the cost associated with classifying an indaddato m, when infact the correct
decision is to classify it intg.

Hence possible costs in class 1 ayeadd G;, and possible costs in class 2 afgdhd G,
Where,

Ci1is the cost of classifying an individual fratyasmn;.

C,1 is the cost of classifying an individual fratyasr,.

Ci» is the cost of classifying an individual fratpasm;.
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Co, is the cost of classifying an individual fratpasm,.
With C; and G being cost vectors, C is the misclassificatiorn oastrix given as
C= [gl CE‘]
11 12
c=ler &
If we defineZ; = Y;;Cy;, i=12,..,n andk,j = 1,2. (6)
WhereCy; is as described above.
ThenZ =YC' (7
WhereY =[Y; YJandY; =V'X;;, i=12,..,n. andj =12
SoZ; are the new observations that are to be classiftecone of the two classes.

Y=[Y Y]
— Ciy C21]
Ci2 Gy c c
11 21
Then z=1h w)|" sz]
= [Y2C12 Y1C21]
= [Zl Zz]

Note that G, = C» = 0, no cost of misclassification for correctlassified units.

i.eij = O,V k :]

Hence,Zi = YLjij' i = 1,2, ...,nj and k] = 1,2 (8)
Z,=YCq k#]

__ V=1 _
SOZl = chz:l and Zz = YZC].Z
Z = [Zl Zz]

Assignment Rule

Fori=12, ..,n; andj = 1,2. Assign " individual to class j if
C'{Yi —%(71 - 172)} > 0, and to class j' if otherwise. Where j'.

Simplifying the rule above gives;

Assign an individual to class 14f > @ ,if C,1 > Cy, and to class 2 if otherwise.
OR

. s 7147,
Assign an individual to class 1 &, < 1%

,if C;1 < Cy,and to class 2 if otherwise.

3.3 Baye’s Classification Rule (BCR)

The Bayesian approach towards classification whiérparameters are known (parameters are not alvkaysvn but

estimated from the data) and misclassification emstequal would begin with evaluation of the pasteprobability that

X €m given X, for eachi=1,2,..,/. Then the posterior odds or ratio are computed €ach pair of population.
Alternatively forj > 2, the population with the greatest posterior praftigtzan be selected.

When the costs of misclassification are unequa, BAyesian would select the population that progliceninimum cost

when average with respect to the posterior proibgbithis result also holds for all 2 2when all parameters are known.
Bayesian approach to classification is more gelyeegiplicable. Even the covariance matrices neddbeoequal for the
approach to be applicable and it requires no caratgd distribution theory, though it is much moiféallt to apply.

4.0  Analysis and Comparison

4.1  Test for Normality

Test for normality was done using Mardia’s teste Wardia [12] test function is used to calculate khardia’'s multivariate
skewness and kurtosis coefficients as well as tt@iresponding statistical significance. This fumettcan also calculate the
corrected version of the skewness coefficient foalssample (n<20).
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Table 1: Mardia’s Multivariate Normality Test

Group 1 Group 2
Glp 1.8757 1.4792
Chi. Skew 31.2620 24.6533
p-value. Skew 0.0518 0.2150
G2p 26.2888 26.8068
z. Kurtosis 1.7240 2.0257
p-value. Kurtosis 0.0847 0.0628
Chi.Small. Skew 32.5871 25.6982
p-value. Small 0.0374 0.1760

4.2  Calculation of Apparent Error Rate.
We calculate the misclassification probability ggin

= n1m+n2m
P=———
n, +n2

Oyeyemi and Oyebaniji

and the Apparent Error Rate (APER) as the estiwifatiee Actual Error Rate (AER) using

APER = AER =

Nim +
Where n,and B, are the number of observations misclassified;aand =, respectively ana, and n,are number of

Nom

X 100

samples in groupl and 2 respectively.

Table 2: Table of Apparent Error Rates at equal cost fagiodifferent sample sizes.

Apparent Error Rate at equal cost ratio but difiésample sizes (%)

Sample Sizes Fisher's LDF BCR
10 10 10
20 15 15
30 15 15
40 12.5 13.8
50 15 15
60 18.3 18.3
70 15.7 14.3
80 15.6 16.3
90 15 15.6
100 13.5 15.5

Table 3: Table of Apparent Error Rate at different costasitind different sample sizes.

J of NAMP

Apparent Error Rate at different cost ratios arftedént sample sizes (%)

n=10 n=20 n=30 n=40 n=50
Ratio FLDF BCR FLDF | BCR FLDF BCR FLDF BCR FLDF BCR
1:2 5.0 20.0 2.5 17.5 1.7 13.3 1.3 15.0 4.0 17.0
1:3 0.0 20.0 0.0 17.5 0.0 16.7 0.0 18.8 2.0 19.0
14 0.0 20.0 0.0 20.0 0.0 21.7 0.0 23.8 0.0 19.0
1.5 5.0 20.0 2.5 22.5 3.3 23.3 2.5 22.5 4.0 22.0
2:3 0.0 10.0 0.0 17.5 0.0 15.0 0.0 13.8 0.0 12.0
2:4 0.0 20.0 0.0 17.5 0.0 13.3 0.0 17.5 0.0 18.0
2.5 0.0 20.0 0.0 15.0 0.0 16.7 0.0 18.8 0.0 19.0
34 0.0 10.0 0.0 15.0 0.0 15.0 1.3 16.3 2.0 14.0
3:5 0.0 15.0 0.0 17.5 0.0 13.3 0.0 13.8 0.0 15.0
4.5 0.0 10.0 0.0 15.0 0.0 13.3 2.5 16.3 3.0 14.0
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Table 3 continued.

n=60 n=70 n=80 n=90 n=100

Ratio FLDF | BCR FLDF BCR FLDF BCR FLDF BCR FLDH BCR

1:2 5.0 18.3 3.6 17.1 6.3 18.1 5.6 16.7 7.0 16.0
1:3 0.8 20.8 0.7 19.3 2.5 20.6 1.1 16.7 2.0 23.0
1.4 0.8 21.7 0.7 20.0 1.9 23.1 0.6 23.3 1.0 24.5
1.5 0.0 22.5 0.0 20.7 0.0 23.8 0.0 24.4 7.0 25.5
2:3 0.0 16.7 0.0 15.7 0.0 17.5 0.0 12.2 0.0 15.5
2:4 0.0 18.3 0.0 17.8 0.0 18.1 0.0 16.1 0.0 11.5
2:5 0.0 20.8 0.0 18.6 0.0 21.3 0.0 18.9 0.0 19.5
3:4 2.5 18.3 1.4 15.7 1.3 16.9 1.7 16.7 0.5 15.0
3.5 0.0 17.5 0.0 16.4 0.0 16.9 0.0 17.8 0.0 16.5
4:5 3.3 18.3 2.9 15.7 2.5 16.3 0.6 16.1 1.5 16.0

Graphical presentation of results

Below are the graphical presentations of the restilivo kinds of graphs were presented here, firg#yplot the sample sizes
against the error rate at constant cost ratio ¢otlse effect of sample sizes, and secondly cosisratas plotted against the
error rates at constant sample sizes to see thet eff cost ratios.

Graphs of sample sizes plotted against error ratest differentcost ratio.
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Figure 1. Graph of sample sizes against error rate at eqsalratio.
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Figure 2: Graph of sample sizes against error rate atratistof 1:2.
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Figure 3: Graph of sample sizes against error rate at atistof 1:3.
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Figure 4: Graph of sample sizes against error rate at atistof 1:4.
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Figure 5: Graph of sample sizes against error rate at atistof 1:5.
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Figure 6: Graph of sample sizes against error rate at atistof 2:3.
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Figure 7: Graph of sample sizes against error rate at atist of 2:4.
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Figure 8: Graph of sample sizes against error rate at atist of 2:5.
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Figure 10: Graph of sample sizes against error rate at atistof 3:5.
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Figure 11: Graph of sample sizes against error rate at etistof 4:5.
Graphs of cost ratios against error rate for different sample sizes.
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Figure 12: Graph of cost ratios against error rates at sasipés 10.

=N
B —_— Fishel .
2077 [f---eeee-- Bayes'
——————————— iag R - - ]
% 15 — TEe--------- a3 o
E 10
5 -
o
T T T T T T T T T T
1:2 13 1:4 15 2:3 2:4 2:5 3:4 35 4:5

Cost Ratios(n=20)

Figure 13: Graph of cost ratios against Error rates at sasipks 20.
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Figure 14: Graph of cost ratios against error rates at sasipés 30.
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Figure 15: Graph of cost ratios against error rates at sasipés 40.
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Figure 16: Graph of cost ratios against error rates at sasipés 50.
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Figure 17: Graph of cost ratios against error rates at sasipés 60.
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Figure 18: Graph of cost ratios against error rates at sasipés 70.
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Figure 19: Graph of cost ratios against error rates at sasipés 80.
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Figure 20: Graph of cost ratios against error rates at sasipés 90.
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Figure 21: Graph of cost ratios against error rates at sasipés 100.
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5.0 Discussion of Results and Conclusions

We have considered incorporation of cost of misifacstion into Fisher’'s LDF and the Bayes’ Clagsifion Rule to assign
observations with measurement X into one of theags when the classical cost assumption was eibldt is quite clear
from the results as shown in Table 2 and Figurat Equal cost ratio that both approaches produltedsaéthe same error
rate at different sample sizes (with little diffece noticed when n=70 and 100). Introduction ofedént cost ratios caused
imbalances in the proportion of misclassificatiaroe rate in each of the approaches as shown ieTabFigures 2 to 11
show the graphs of sample sizes against miscleasdin error rate for different cost ratios whilgures 12 to 21 are the
graphs of cost ratios against misclassificatioorerates for different sample sizes. The high erate reduction noticed in
the Fisherian approach which has its highest eater of 7% when the sample size is 100 (at 1:21abdFigure 21). On the
other hand the Bayesian approach has its lowest ete to be 10% at sample sizes 10 with cosbsaif 2:3, 3:4 and 4:5
(Figures 6, 9, 11 and 12).

The Fisherian approach provided only a decisiort #ttempt to cope with the problem of risk ass@datvith the
classification decision but falls short in thaistthen required that covariance matrices be e@salimptions that are not
always true. The Bayesian approach provided onpyedlictive distribution for placing a vector of @pgations into the
second population (in addition to the predictivels)d

Since we know that a classification rule with lovpeobability of misclassification or error ratelistter than the one with
high probability of misclassification or error ratee conclude that the Fisherian approach was Igraaproved by this
method even when the classical cost assumptionweaated and performing twice better or more thae Bayesian
approach.
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