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Abstract

Diabetes mellitus is a chronic condition in whicthé body cannot make or use
available insulin effectively. Diabetes is one dfet biggest diseases in western world
today. Many millions suffer from it and do not knothey have the disease. This work
presents an extension of an earlier model for thetection of diabetes in the blood.
The new model incorporates physical exercise whiltilitates the utilization of
glucose, the effectiveness of insulin and the redeaf epinephrine concentrations in
the blood. The existence and stability of the edurila of the model is investigated and
the only equilibrium state was found to be uniforgnhsymptotically stable. It is shown
using Ackerman criteria for detecting diabetes th#te new model can be used for the
interpretation of the result from a Glucose Toleraa Test (GTT). A computer
program is also developed to simulate the null-égof the model equations to study
the effect of physical exercise on glucose, insuéind epinephrine concentrations in
the blood, and it is found that as the rate of piga exercise increases, the excess
glucose, insulin and epinephrine concentrations ueted to their equilibrium levels
with time. The above results confirm that physicatercise is useful in the control of
diabetes and is therefore recommended for diabpttients.
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1.0 Introduction

Historically, diabetes is a Greek word meaningpdsen. The word was used to connote a conditiorassimg water (urine)
like siphon. Mellitus is a Latin word meaning swexetd or honey-like. Put together, the term Diabktellitus was literally
used to denote a disease condition associatedpeiistent passing of sweetened urine [1]. Diabilelfitus is a chronic
condition in which the body cannot make or use latsée insulin effectively. So Diabetic Patients ugg supplements of
insulin in the form of regular injection and talsléh addition to modified diet to regulate glucasput [2]. According to
WHO [3], there are three types of diabelgpe 1 diabetes(lack of insulin), Type 2 diabetes(insulin not working properly),
andlype 3 diabetes(also known agjestationaloccurs in pregnancy and usually disappears aftigd olrth).Symptoms of
diabetes include;Thirst, hunger, frequent urinegdimess,Vaginal discharge in women and erectilefudgion in
men,Unusual sensations such as tingling in yowgefis, toes, Blurred vision, weight loss, andGunbfem, or itching, or
sores that do not heal quickly[4-5].Diabetes candbtected through some of the following tests;Infienous Glucose
Tolerance Test (IVGTT),Oral Glucose Tolerance T&GTT) or simply Glucose Tolerance Test (GTT), amdfaently
Sampled Intra Venous Glucose Tolerance Test (FSIVGA].

Over the years, mathematical models have been tmsemhderstand and predict the spread of many diseaslating
important public health questions to basic infatii@rameters [6].Many mathematical models have Heggaloped to better
understand the mechanisms of the glucose-insuljulatory system [7-9]. Many of the models considemnly two
variables, glucose and insulin concentrations élilood. An improved model over the earlier models been formulated
by Kwachet al. [6] in which a third variable, epinephrine concgatibn in the blood, is included. The importandetos
third variable lies in its ability to help in contting a reliable test for detecting diabetes inlited. Kwachet al.[6] found
their model to be asymptotically stable. Furthermdhe resonance period of their model was far leass the resonance
period for the existing models. This shows thatgheose concentration returns to normal levelbiwit shorter time.
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Research has shown that physical exercise can Iblwed glucose and blood pressure, improve the 'soalyility to use
insulin and increase epinephrine concentrationslRJ0 Glucose commonly called sugar is a carbohgdifzat comes from
the food we eat.It is an important energy soureg ithneeded by all the cells and organs of theybulin is a hormone
secreted by the beta cells of the pancreas tlestsisntial especially for the metabolism of carbodigs and the regulation of
glucose levels in the blood and that when inswdfidy produced results in diabetes mellitus. Epimey is a hormone
secreted by the adrenal medulla that is part afraargency mechanism to quickly increase the corat@on of glucose in
the blood in times of extreme hypoglycaemia. Itréases the rate of breakdown of glycogen into glecand directly
inhibits glucose uptake by muscle tissue. It adtectly on the pancreas to inhibit insulin secrefi@nd it aids in the
conversion of lactate to glucose in the liver. Thatiwation for this study lies in the role that plog exercise can play in the
control of diabetes as mentioned above.To this eedimprove on the model by Kwaeh al.[6] by including the role of
physical exercise in the control of diabetes.

The rest of the paper is organizes as followseltien 2, the formulation of the extended modexplained, the analysis of
the new model is considered in section 3, whiledation 4 the results and discussion of the madpiésented. Finally, the
conclusion and recommendations is done in section 5

2.0  Model Formation

Since the aim of this work is to extend the Kwathl.[6] model for detecting diabetes in the blood (vhis to help in the
interpretation of the Glucose Tolerance Test (GTthg existing model is first presented.

2.1  Assumptions of the Existing Model

The assumptions according to the existing modehar®llows:

0] An increase in glucose in the blood stimulatesigsgptake of glucose and glycogen storage in e, li
(i) An increase in insulin facilitates the uptake afase in tissues and the liver,

(iii) An increase in blood glucose results in the reledisesulin,

(iv) An increase in insulin only results in increasedabelism of excess insulin,

(v) An increase in epinephrine stimulates tissue uptdigtucose,

(vi) An increase in epinephrine facilitates the utilizatof insulin.

2.2 Definition of Variables of the Existing Model
g(t) = Excess glucose concentration in the blood at time
h(t) = Excess insulin concentration in the blood at time

e(t) = Excess epinephrine concentration in the bloodha ti

2.3 Definition of the Parameters of the Existing Model

The parameters of the existing model were not ddfin biological term. Theparameters of the exgstimodel are defined as
follows:

a = The rate of glucose consumption in tissues,

b = The rate at which insulin facilitates the uptakelfcose by the body tissues,

c =The rate at which insulin is secreted in the boglyhle pancreas,

d =The rate at which insulin is used up in the bodsgues,

f = The rate at which epinephrine inhibits glucose kgtay muscle tissues,

k =The rate at which epinephrine acts on the pandeeiabibit insulin secretion,

1 =The rate of change in plasma epinephrine concémtrat a result of low glucose concentration,
m =The change in plasma epinephrine concentratiorresudt of low insulin concentration,

n =The rate at which epinephrine is secreted in tbedl

2.4  The Existing Model Equations
With these assumptions, variables and parametergathe existing model by Kwaehal. [6] is given as follows:

% — —ag — bh + fe )
S =cg—dh+ke @)
d—ez—lg—mh+ne (3)

dt
wherea, b, ¢, d, f, k,l,m and n are positive quantities, defined above.

2.5  The Extended Model
The model (1) — (3) is extended by including phgbkiexercise as a measure of control for diabeteleuthe following
additional assumptions and parameters:

2.6  Assumptions of the Extended Model
0] Physical exercise results in the burning of cagnehich facilitates the utilization of glucose tmyscles and liver,
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(i) Physical exercise results in the burning of cagnehich increases the utilization of insulin,
(iii) Physical exercise results in the utilization of agise, which facilitates the release of plasma @biriee
concentration.

2.7 Parameters of the Extended Model

Based on the new assumptions, the following pararsedire introduced and will be used in conjunctigth the existing
parameters

p =The rate at which glucose concentration is usedugpto physical exercise,

q = The rate at which insulin concentration is usednune body as a result of physical exercise,

r =The rate at which epinephrine is released for gnasga result of physical exercise.

2.8  The Extended Model Equations

Based on the above assumptions, definition of kéeta parameters above, the extended model eqgsadien given as
follows:

=—(a+p)g—bh+fe @
L =cg—(d+qh+ke (5)
E=—lg—mh+(n+r)e (6)

dt
wherep, g andr are as defined above.

3.0  Model Analysis

In this section, the new model (4) — (6) for théed&on of diabetes and also for the control obdias is analysed.Since the
only concern is to measure glucose concentratidhdrblood for detecting diabetes, the model (&)-s transformed into a
second order ordinary differential equation in temh glucose concentration as follows:

Taking the second derivative of equation (4) wébpect td gives

LIy a+p)ypit_ple_g 7)

dt? dt dt dt

Substituting fo%and % in (7), and assuming that there is no excessimsohcentration in the blogd = 0)as in Kwachet

al. [6], then

2
o F @+p) G+ (be + fDg + (bk = f(r +m))e = 0 ®
From equation (4) = % Z—f + (a+p)g).

Substituting this in (8) and simplifying results to

d? d

d—t‘g-l- Zad—f+w§g =0 9)
whereg = %(a +p+ l}—k —-(n+ r)), and (20)
w(z,=(bc—i—fl-i—(a+P)I;—k—(a+p)r—(a+p)n) (11)

Equation (9) is a second order differential equatEpresenting 8imple Harmonic Motion.

3.1  Analytical Solution of the Extended Model
The characteristic equation of (9) is given asofol;

A +2ad+wi=0 (12)
The eigenvalues of the characteristic equationgusia quadratic formula is given as
Mo =—at 0 — o] (13)

With any Simple Harmonic Motion, three cases amolived: the overdamped ca&& — o > 0), the critically damped
case(o? — o3 = 0) and underdamped cag& — w3 < 0).

From basic differential equations, if the charast&r equation has only positive real coefficiertten the eigenvalues are
either complex with negative real parts or botreriglues are negative and real. We assumethag > 0. This means that
the eigenvalues are assumed to be complex withimegaal parts.

Therefore, the general solution of (9) is given by

g@) = e * (¢, coswt + cysinwt) (14)

wherec, andc, are constants

If we takec; = Asing, ¢, = Acosd, then an alternative solution of (9) is as folldd:4].

g@) = Ae % sin(wt + 8) (15)

Here, A is the amplitude of the system, @nid the phase angle.
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If there is a small perturbation in the glucoseasortration, then
G(D) = Go+g(t)

= G(t) = Gy + Ae “sin(wt + §) (16)
therefore, the solution of (9) is given by
G(t) = Gy + Ae *sin(ot + 8) a7

wheregG, is the equilibrium blood sugar leveld,is the ability of the system to return to equililon state after perturbation,
andw is a response to perturbations. Equation (17l r@ferred to as a GTT model.

a, which is expected to be the primary measure daftirdr someone is diabetic, was found to have efrors the many
subjects tested by Ackermatal. [15]. A more reliable measure was the use of #itenal frequency of the system.

3.2 Parameter Estimation

We obtained the parametets, A, a, wandd as follows:

The data in Table 1from Rohan [16] is fitted to @€T model (Equation (17)). A least square beftTitis performed using
an inbuilt excel tool solver to minimize the leaguare error in order to obtain the optimal valitesthe parameters. The
Table of values for the parameters generated ankb#st sum of the square errors is presentedlile 2a

Table 1: Data from Glucose Tolerance Test Conducted on Thedviduals by [16]. (For the purpose of this resbawork,
the two individuals shall be referred to as subfeand subject B)

G(1) (mg/dl)

t (hr) G(t) (mg/dl)Subject A Subject B
0.00 70 100
0.50 150 185
0.75 165 210
1.00 145 220
1.50 90 195
2.00 75 175
2.50 65 105
3.00 75 100
4.00 80 85
6.00 75 90

Table 2: Parameter Values for the GTT Model

Mean Square  (MSRE)% Mean Square (MSRE)%

Para- Error (MSRE)for for subject Error (MSRE)  for subject
meters subject A subject B subject A A for subject B B
3.35219E-

Go 77.0369757 95.2123549 0.003352191 06 0.005209183 5.21E-06
A 179.564621 263.1528475

a 1.02763759 0.633490626

1) 1.72436666 1.030365222

) 0 0.008722147
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Table 3:Values for the Null-Clines of the Model Equations

p g(p) r e(n) q h(q)
0.0475 3.7019 0.0025 32.0333 0.076 6.1386
0.5475 3.1681 0.5025 15.0008 0.576 2.0347
1.0475 2.7689 1.0025 9.3406 1.076 1.0149
1.5475 2.459 1.5025 6.5946 1.576 0.609
2.0475 2.2115 2.0025 5.0052 2.076 0.4064
2.5475 2.0092 2.5025 3.9839 2.576 0.2907
3.0475 1.8409 3.0025 3.2799 3.076 0.2184
3.5475 1.6986 3.5025 2.7695 3.576 0.1701
4.0475 1.5767 4.0025 2.3849 4.076 0.1363
4.5475 1.4711 4.5025 2.0863 4.576 0.1117
5.0475 1.3788 5.0025 1.8486 5.076 0.0932
5.5475 1.2974 5.5025 1.6557 5.576 0.0789
6.0475 1.225 6.0025 1.4965 6.076 0.0677
6.5475 1.1603 6.5025 1.363 6.576 0.0588
7.0475 1.1021 7.0025 1.2498 7.076 0.0515
7.5475 1.0495 7.5025 1.1528 7.576 0.0454
8.0475 1.0016 8.0025 1.0687 8.076 0.0404
8.5475 0.958 8.5025 0.9953 8.576 0.0362
9.0475 0.9179 9.0025 0.9308 9.076 0.0326
9.5475 0.8811 9.5025 0.8736 9.576 0.0295

Theorem 1: Stability Criteria [17]

Suppose that the — square matrix A has eigenvalugs = 1,2, ..., n. Then the stability of a solution of the linearteys of
ordinary differential equations

x = Ax

is determined according to the following criteria:

0] If Re(\;) < 0, for all i then there is uniform asymptotic statyili

(i) If Re(d;) < 0, for any i or algebraic multiplicity equals geometmultiplicity whenever}; = 0, for any i, then there
is uniform stability,

(iii) If Re(};) > 0, for any i or the algebraic multiplicity is greatiran the geometric multiplicity whenewvgr= 0 for
any i, then there is instability.

Theorem 2: Ackerman Criteria for Testing Diabetes fom the result of GTT [15]

Given a Simple Harmonic equationymnof the type:

y' + 2ay + o2y = 0

where,a measures the ability of the system to returnqwildrium state after being perturbed ang = Vvo? + o? is the
natural frequency of the system and

T, = 2% is the natural period of the system
®g

If

T, < 4 hours, then the subject does not have diabetes,

T, > 4 hours, then the subject has diabetes.

The parameter values on Table 2 are substitutedeirGTT model equation (17) to obtain equations @&l (19). The
graphs of glucose concentration using (18) and &t®)resented in Figure 1.

Subject A
G(t) = 77.0369757 + 179.564621e~10276375%in(1.72436666t) (18)
Subject B
G(t) = 95.2123549 + 263.1528475e0:633490626t5in(1,030365222t + 0.008722147) (29)
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Figure 1: Graphs of GTT

3.3  Stability of the Extended Model

Using equation (13) and the parameter values oteTAlwe obtain the following results:
Subject A

Ao =—1.0276 £ 1.7260i
Subject B
A = —0.6335 % 1.0303i

Since the eigenvalues are both complex with negatdal parts, it follows from Theorem 1that theteys (4) — (6) is
uniformly asymptotically stable.

3.4  Testing for Diabetes (GTT)
Subject A
Using the parameter values in Table 2 we get
wo = Vw? + a? = ,/(1.72436666)2 + (1.02763759)% = 2.0074, and
_2n_ 2m
7w, 2.0074

= 3.1301

Subject B
Using the parameter values in Table 2 we get
wo = Vw? + a? =,/(1.030365222)2 + (0.633490626)2 = 1.2095, and
_2n_ 2m
°" w,  1.2095

= 5.1947

4.0 Results and Discussion
4.1 Numerical Simulation and Results

Thenull-clines of the extended model equations wereilated (hypothetically) to study the effecipbiysical exercise on the

dynamics of glucose, insulin and epinephrine cotraéions in the blood. The null-clines of the exted model equations
(equations of glucose, insulin and epinephrine) are

—(a+p)g—bh+fe=0 (20)
cg—(@d+qh+ke=0 (21)
—lg—-m+Mn+r)e=0 (22)
Or

g =520 (23)

h@) =5 (24)

e(r)= lg:TmT[ (25)

A computer program is developed to simulate eqnat{@3) — (25). The values generated from the sitiorl are presented
in Table 3 andthe graphs obtained from the Taldeezsented in Figure 2.
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Figure 2: Effect of Physical Exercise on Glu., Ins., and.Egbncs. in the Blood

4.2 Discussion

4.2.1 Discussion of the Analytical Results

The extended model is found to be uniformly asyrigpadly stable.This is a situation where the subjemormal. This result
agrees with that of the existing model by Kwathl.[6].

Also diabetes was tested using secondary data &dBTT of two individuals (subject A and subject &)d found the
following results:

Subject A: The natural period of the syste1{301) is less than 4 hours. This shows that the glucoseentration returns
to normal level within a shorter time. This impligst the subject is normal (without diabetes) sTrasult agrees with that of
Rohan [16]with a natural period 0f3.0401, and Kweicdl [6] with a natural period of 2.9847.

Subject B: The natural period of the system1947) is more than 4 hours. This shows that the gluocoseentration will
not return to normal within a shorter time. Thiglias that the subject is likely to have diabelgss result agrees with that
of Rohan [16]with a natural period of 5.1947 andala[18] with a natural period of 5.2780. The abossults show that the
extended model can be used for the detection betks.

4.2.2 Discussion of the Numerical Results

It can be seerF{gure 1) that the glucose concentration for subject Anmetuto normal (equilibrium) level within a shorter
period than that of subject B. This indicates satject A is normal, while subject B is likely tawe diabetes. This result

agrees with that Rohan [16].

It can also be seerFigure 2) that as the effects of physical exercise on glecassulin and epinephrine concentrations
increases, plasma glucose, insulin and epinepluameentration returns to their equilibrium statéisTis as a result of

improvement in glucose uptake and utilization, limsand epinephrine effectiveness in the body bysjdal exercise. This
result agrees with that of Ibrahiehal. [13].

5.0  Conclusion and Recommendation

5.1  Conclusion

In this research work, we present a mathematicaleinfor the detection and control of diabetes m hood. The model is
an extension of the model by Kwaetal. [6] where we include physical exercise as a diebebntrol measure. We studied
the stability of the new model and found out thasiuniformly asymptotically stable. We also tesfer diabetes using
secondary data from a GTT of two subjects, A antiV®.found that subject A is normal (without dials@tdut subject B is
likely to have diabetes. The numerical results abow that physical exercise can be used to briegdbglucose
concentration, insulin concentration and epineghigoncentration to their equilibrium levels witim&.The above results
imply that, the extended model can be useful irdigtection and control of diabetes.

Based on the results obtained from this work, veememend the followings; Groups handling diabeteth warious health
services should aid in the detection of diabetesatarly stage by counselling and encouragingestsjpeople) to carry out
diabetes test. The Diabetes Association, in cotlaiimn with the medical practitioners, recommend ancourage regular

physical exercise for diabetic patients. Governmé¥itbetes Associations should improve on investmenphysical
exercising facilities for diabetic patients.
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