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Abstract

In this paper, Fredholmintegro-differential equatioes are reduced to an equivalent
Fredholm integral equation of the second kind anbet exact solutions are obtained
using the Modified Adomian Decomposition Method (NDM) in order to reduce the
large computational workexperienced in some otheettmods.

1.0 Introduction

In 1980 a new method to solve linear and nonlirfaactional equations was introduced and has simen liermed as the
Adomian Decomposition Method (ADM) and has beenjextbof many investigations [1]. The method geresa series
form solutions whose terms are determined by arsami relation. Some fundamental works on variospeat of
modification of Adomian decomposition method areegi in the literature [1-3]. Homotopy analysis asagliational iteration
methodswere also used to solve nonlinear intedferdntialequations [4]

Taylor's polynomials were used to study the sohlutiof the integro-differential equations [5].The disef modified
decomposition method, Lagrange interpolation anel titaditional decomposition methods to solve naamintegral
equations were also extensibly discussed in [3H0wever, it is well known that large computationedrk is the main
disadvantage of some of the methods mentioned abbi® also known that these traditional non peyaion methods
cannot ensure convergence of solution series;ahejn fact only valid for weakly non linear protvig [6].

The basic motivation of this paper is to; employtransformational method combining it with modifieddomian
decomposition methodin order to overcome the custdmeness of the huge computational work experieimcedme other
methods. The former will be used to transform imedjfferential equation to an integral equatiortled second kind, while
the later will be aimed at solving the transforneeghation to obtain its exact solutions. The reghefpaper is organized as
follows: In section 2, a brief discussion of the MBI and the transformation procedure is presented. |
section3implementation of the methods is considbsesblving examples. Section 4 ends the paperavihief conclusion.

2.0 Methodology

The linear Fredholmintegro-differential equatiorgigen by

u™(x) = f(x) +/1fbk(x, t)u(t)dt, (2.1)

whereu™(x) is thenth derivative of the unknown functiom(x) that will be determined,k(x,t) is the kernel of the
integration,f (x) is an analytic function andlis a parameter, the functierit) appears linearly under the integral sign [4]
To illustrate the MADMwe consider the standard Adamdecomposition method (ADM) as given by [6]

up(x) = f (xg
u(x) = )IJ- k(x, t)uy(t)dt

b
u,(x) = Af k(x, u, (t)dt
b
us(x) = )IJ- k(x, t)u,(t)dt

b
Upp () = lf k(x,t) u,(t)dt,n =0 (2.2)
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In view of (2.2) the component, (x), n = Ocan easily be evaluated.

However, the MADAM introduces a slight variation(@2) that will lead to the determination of the compatag€x) in an
easier and faster manner.

We set the Inhomogeneous tefifx) as a sum of two partial functions, nam@y)andf,(x), i.e.

fG) = f1(x) + (%) (2.3)

In view of(2.3), we introduce a qualitative change in theformatb(2.3) as established by [7].

We identify the zeroth componem(x) by one part gf(x), the other part of (x) can be added to the componepfx)
among other terms

uo(x) = f1(x), )
1, () = fo(0) + f k(x, Oug()dt,

b
Uy (x) = )IJ- k(x, t)u, (t)dt

b
us(x) = )IJ- k(x, t)u,(t)dt
w(@) = uy(X) + 1w, () m > 1 (2.4)

3.0  Transformation Analysis
The transformation analysis as presented [8-10fatoed the n-fold integral formula as:

fxfxu(t)dtdt = fx(x — tu(t)dt,

fox fox foxu(t)dtdtdt = %fox(x — )2u(t)de,

1

fox fox foxu(t)dt - mfox(x — O lu(t)dt 3.1)

4.0 Implementation
In this section we apply the transformation andrtredified Adomian decomposition methods to saoene examples to
support our claims
Example 1. Consider the Volterra-Fredholm integalation of the form
ux) = $(8x5 +80x2+5) — %fol tu(t)dt — %fo" t2u(t)de (4.1)
equation (4.1) was solvedby [12] by the use of himmy perturbation method
Here we use the MADM after the transformation abthmed
uo(x) = x2as the exact solution, that is

1 1 1,1 1
Uy (x) = x5 + — =~ [T tug(£)de — - [ t?u ()t = 0 (4.2)

uy(x) =0

Example 2 Consider theFredholmintegro-differergigliation of the second kind of the form:

T

u”(x) = —cosx + x + fz xu'(t) dt,u(0) = 0,u’'(0) = 1,u"(0) =0 (4.3)
0
Integrating both sides of (4.3) frobntox three times and using the initial conditions wéagb
] xt x*rz o,
ulx) =sinx+—+—| u (@)dt (4.4)
41 41,

Applying the MADM to(4.4) gives
uy(x) = sinx

_x4 x* % B 4 x‘*_
ul(X)—a-l'Z . uo(f)df—z—a—o

u,(x) =0
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Therefore
ulx) = ug(x) + uy(x) + uy(x) + -+ = sinx (4.5)
Example 3: Consider the linear Fredholmintegroedéhtial equation of the second kind
u'(x) = —sinx + x — fzxtu(t) dt,u(0) =0,u'(0) =1 (4.6)
0
Integrating both sides of (4.6) frobntox two times and using the initial conditions we dfta
] 3 K3
u(x) = sinx + Tl + ?f tu(t) dt 4.7)
! 'Jo

Applying the MADM to(4.7) gives
Uy (x) = sinx

3 X3 x3 (3 3 x3 x3 3
ul(x) —a—if(‘) tuo(t)dt —a—i— 0
uy(x) =0
Therefore,
u(x) = ug(x) + vy (x) + uy(x) + -+ = sinx (4.8)

Example 4: Consider the Fredholmintegro-differdraguation of the second kind
1

u'(x) =xe*+e* —x+ f xu(t) dt,u(0) = 0 (4.9)
0
Applying same procedures as started above (4.9rbes

2 2

X 1
u(x) = xe* — e + ?fo u(t) dt (4.10)

Applying the MADM to(4.10) gives
Uy (x) = xe*

x2 xZ 1 xZ xZ
ul(x) = —E-i‘aj[; uo(t)dt =E—E= 0
u,(x) =0
;L(x) = ug(x) + uy () + uy(x) + -+ = xe* (4.12)

5.0 Conclusion

The main idea of this work was to combine the tiemmsatinal and the modified Adomian decompositioetieds to solve
Fredholm integro-differential equations. We cargfutansform the Fredholm integro-differential etjoa to a standard
Fredholm integral equation of the second kind aedapplied the MADM to obtain the exact solutionheTmain advantage
of this approach is the fact that it gives the gl solution in just few iterations rather thsg@ries solution as obtained in
some other methods, this can be observed in exabgigation (4.1).
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