
Journal of the Nigerian Association of Mathematical Physics
Volume 35, (May, 2016), pp 427 – 430

© J. of NAMP

Multiple Soliton Solutions of the Boussinesq Equation by the Simplified 
Hirota’s Method

1M. Y. Adamu and 2M. M. Bamaina

1Abubakar Tafawa Balewa University, Bauchi, Nigeria
2Nigeria National Petroleum Cooperation (NNPC), Kano.

Abstract

Due to the difficulties in finding the bilinear form for some 
nonlinear partial differential equations (NLPDEs), in Hirota’s 
method, a simplified version of the method which does not require 
the bilinear form of the (NLPDE) will be used to obtain the 
multiple soliton solutions of Boussinesq Equation.

1.0    Introduction
Hirota developed a bilinear method for finding the solution of non linear evolution equations. The method 
has been one of the most successful methods for constructing exact solutions of various NLPDE from 
soliton theory [1]. It also allows the testing of whether or not a given PDE satisfies the necessary 
requirements to admit solitary wave and soliton solutions. The drawback of the conventional Hirota’s 
method is that the bilinear form of the NLPDE must be known in advance [2]. In other words, the technique 
can only be applied to equations that can be written in a bilinear form; however, contrary to the 
conventional Hirota’s method the simplified version is more efficient in the sense that it does not require the 
knowledge of the bilinear form in order to find the soliton solutions. We consider the Boussinesq equation 

Equation (1) has been solved using methods such as Hirota bilinear transform [3-5], Wronskian technique 
[6], inverse scattering transform  and etc. In this paper we are going to use simplified version of the Hirota’s 
bilinear method to get the soliton solutions of equation (1).
The paper is organize as follows in  section  two we are going to give a brief on the methodology of the 
propose method, while in section three we give the implementation of the method to solve equation (1) and 
finally the paper is going to be concluded in section four.  

2.0 Methodology: 
Using a dependent variable transformation of the form

       
(2)

Equation (1) can be written in the form 

       
(3)

Note that the transformation (2) follows from truncated Painlneve expansion [7,8]
In order for the simplified version of the Hirota’s technique be applicable to equations that are difficult to 
write in bilinear form, Hirota’s bilinear operators will not be introduced. Instead we write equation (3) as 
[9-10]

1



       
(4)

where denotes the linear differential operator defined by

       
(5)
and the nonlinear differential operator denoted by N and is defined by

       
(6)
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3.0 Implementation 
Suppose we want to find f such that 

(7)

where (n=1,2,..) are to be determined and for simplicity we take =1 substituting (7) in to (4) yield a 

polynomial in powers of . We equate to zero terms of like powers of to obtain a hierarchy of equations 

for as

        
(8)

       
(8a)       

       
(9)

        
(10)

 Solving the family of equation (10) simultaneously will determine the function  (n=1,2,…). If there 

exist an integer m≤n such that = 0 the series (7) truncates at order m-1 to become

                 2



(11)

Note that the first term of (8) is linear and hence admit exponential solutions.
One soliton

In order to obtain the one solitonwe let 

With 
The computation of first of (8) yields the following dispersion term

Where,     
     

(12)

Computing the right hand side of (8a) gives

       
(13)

This means that will be equals to zero, it is easy to check that for n≥2 =0 the series (7) truncates 

and yields 

     
(14)

Therefore the one soliton solution of equation (1) is generated from equation (2) as:

     
(15)
Two soliton solutions
To get the two- soliton solution we use 

     
(16)

The dispersion terms are obtained from the computation of  as 

Next we compute the right hand side of equation (8a) as

     
(17)
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this means will take the form

    
(18)
Substituting (19) in to (8a) we compute the left hand side of the (8a) as 

     
(19)

                                              
(20)

Equating (17) and (21) gives  as 

                                              
(21)

Consequently we obtain the explicit value of  as

        
(22)

It is easy to check that f(n)=0 for n≥3

Hence         

(23)

Therefore, the two soliton solution is given by substituting equation (24) in to equation (2) as

Three soliton solutions

Proceeding in a similar fashion with equation (9) leads to the explicit form of 
i.e. for N=3 we will have

          =

4



Where 

For N = 3, we calculate  by using the right hand side of (9) to find 
Therefore, the expansion of (7) truncates and yields

                                       
(24)
with =1 and upon substituting (24) in to (2) the well-known three soliton solutions of the Boussinesq 
equation follows.  

4.0 Conclusion:
Using the simplified version of the Hirota‘s method the three-soliton solution for the Boussinesq equation is 
obtained. The method is more efficient in the sense that it does not require the knowledge of the bilinear 
form in order to find the multi-soliton solution of the NLPDE.The N-soliton solution for N>3 can also be 
constructed in a similar manner. However, the calculation becomes very lengthy, and more elegant to find. 
The form of the N-soliton solution may be found using the Wronskian technique.

Journal of the Nigerian Association of Mathematical Physics Volume 35, (May, 2016), 427 – 430
Multiple Soliton Solutions…           Adamu and Bamaina    J of NAMP

5.0 References:
[1] Hirota, R.,The direct method in soliton theory. (  2004) Cambridge, University Press.
[2] Joy, M.P.Painleve analysis and exact solution of two dimensional KdVequations. Prama, J. phys.
(1996),46(1), 1- 8.
[3] Li, Q Xia, T. C. and Chen, D. Y.N-soliton solutions to the modified                                                                                                                                                                                                                              

Boussinesq equation. J. of Shangai Univ.(2009), 13(6), 497-500.
[4] Liu, J. and Deng, S. T., Novel Wronskian solution of the KdV equation J.Shangai Univ.(2003),7
(3), 223-227.
[5] Wazwaz, A., Multiple soliton solutions for Calogero-Bogoyavlensskii-Schiff, Jimbo-Miwa and 
YTSF equations, App. Math and comp (2008). 203, 592-597.
[6] Hietarinta.J.  Hirota’s bilinear method and soliton solutions.Phys. AUC 15 (part 1) (2005) 31-37.
[7] Ma.  W. X.and  Fan. E  Linear superposition principle applied to Hirotabilionear equations. Comp.   

and Math. With application (2011) doi: 10:1016/j.camwa.(2010).12.043
[8] Adamu . M. Y. and Darvishi. M. T. threes oliton solutions of a (2+1)-dimensional   Bogoyavlenski 

breaking soliton and a (3+1)-dimensional Jimbo-Miwa equations: Wroskian technique ABACUS 
(2011) 38, 125-132  

 [9] Willox,R, Lons, I and Springael, J Bilinearization of nonlocal Boussinesq equation. J.phys. A 
(1995) 28 5963-5972
 [10] Yao, Y., Liu, Y., Ji-Lie and Chen. D.Novel Wronskian solution to the Boussinesq equation. 

Commn.Theor. Phys. (2007), 48, 577-583

5



Journal of the Nigerian Association of Mathematical Physics Volume 35, (May, 2016), 427 – 430

6


