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Abstract

Due to the difficulties in finding the bilinear fom for some
nonlinear partial differential equations (NLPDE), in Hirota’s
method, a simplified version of the method whichedonot require
the bilinear form of the (NLPDE) will be used to ¢&in the
multiple soliton solutions of Boussinesq Equation.

1.0 Introduction

Hirota developed a bilinear method for finding g@ution of non linear evolution equations. The et

has been one of the most successful methods fatraeting exact solutions of various NLPDE from
soliton theory [1]. It also allows the testing ohether or not a given PDE satisfies the necessary
requirements to admit solitary wave and solitornusohs. The drawback of the conventional Hirota's
method is that the bilinear form of the NLPDE minstknown in advance [2]. In other words, the teghai

can only be applied to equations that can be wriite a bilinear form; however, contrary to the
conventional Hirota’s method the simplified versienimore efficient in the sense that it does nqtire the
knowledge of the bilinear form in order to find thaiton solutions. We consider the Boussinesq toua

Uy = Uy, _3(u2)xx Tl = 0

Equation (1) has been solved using methods suttirata bilinear transform [3-5], Wronskian technéqu
[6], inverse scattering transform and etc. In faper we are going to use simplified version efltirota’s
bilinear method to get the soliton solutions of &ipn (1).

The paper is organize as follows in section twoaxe going to give a brief on the methodologyhef t

propose method, while in section three we giveiriidementation of the method to solve equationafid
finally the paper is going to be concluded in setfour.

2.0  Methodology:
Using a dependent variable transformation of tlmfo

u=2(Inf),
(@)

Equation (1) can be written in the form
JU=fa=fo) = 1+ 44 [ =310 =0
3)

Note that the transformation (2) follows from trated Painlneve expansion [7,8]

In order for the simplified version of the Hirotaschnique be applicable to equations that arécdiffto
write in bilinear form, Hirota’s bilinear operatovgll not be introduced. Instead we write equat{8h as
[9-10]



JLH+N(f)=0

(4)
whereL denotes the linear differential operator defined by
L-:ﬂz._ ﬂZ._ ﬂ4'
17 1 1
(5)

and the nonlinear differential operator denotedNland is defined by

S R WA A WA L
NED= o e e s

(6)
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3.0 Implementation
Suppose we want to fifcsuch that

Stx)=1+ g. e" [ (t,x)

i=1
(7)
f(n) ) ) o
where (n=1,2,..) are to be determined and for simpliewy take€ =1 substituting (7) in to (4) yield a

polynomial in powers (€. We equate to zero terms of like powers€ ib obtain a hierarchy of equations

for f(n) as
e :L(fM)=0
(8)
e L(f®)=- L) N(FO, )= 0
(8a)
e L(fP)=- fOLUP)- NGO, fP)- NG )
9
\
n-1
e” ZL(f(")) - _ & [N(f(./')’f(n- ./'))+ f(j)L(f(n- ./'))]
J=1
(10)
Solving the family of equation (10) simultaneousliyl determine the functi0|f(n) (n=1,2,...). If there

(n)
exist an integer gn such thaf = 0 the series (7) truncates at order m-1 to become

J0)= 1§ ' 0,)

i=1



(11)

Note that the first term of (8) is linear and headenit exponential solutions.

One soliton
_ _ f(l> = g
In order to obtain the one solitonwe
— Shxtwitd
with @
The computation of first of (8) yields the followsrispersion term
plk,w)=0
Where. plk,w)=w- k'- k' i=12,..,N
(12)
Computing the right hand side of (8a) gives
- N )= 0
(13)

(2) 2)
This means thef will be equals to zero, it is easy to check thatrfe? / =0 the series (7) truncates
and yields
fn=1+¢"
(14)
Therefore the one soliton solution of equationiglgenerated from equation (2) as:

u=2In(1+e")],,

(15)
Two soliton solutions
To get the two- soliton solution we use

f(') = it
(16)
1
The dispersion terms are obtained from the comjoutat of (0)e as

w =kl + k' and w,= |k + k]
Next we compute the right hand side of equation §8a
o 2 2 2 2
NG, 70— l£3j£N2kik,[J<1+ KA+ kD)= 1= 20k + kD) + 3kk, 1,

(17)

Journal of the Nigerian Association of Mathematic&hysics Volume 35, (May, 2016), 427 — 430
Multiple Soliton Solutions... Adamu and Bamaina J of NAMP



. f @
this mean: will take the form

a a; 1.1

1£i< jEN

(18)
Substituting (19) in to (8a) we compute the lefadhaide of the (8a) as

L= & pl s kot g,

1£i<jEN
(19)
= 1£éifNZkikj[,/(lJr kH)(1+ ka.)- 1- 2(k7 + kf)- 3kl.2kf]ay.fifj
i<},
(20)

Equating (17) and (21) give % as
JU+ EDA+ kD)= 1= 2062+ k2)+ 3Kk
.- | | |
LU A ) - 1= 20k + k)= 3Kk,

, 1£i< jEN

(21)

) o f(2)
Consequently we obtain the explicit value as
f(z) _ é alje(kﬁ kp)xt (witw;)t+d+d

1£i<jEN
(22)

It is easy to check th#f=0 for =3

— v ') ata
Hence J=1relt e+ ane

(23)

Therefore, the two soliton solution is given by stititing equation (24) in to equation (2) as
u=2In(1+e” +e” +a,e’ )]

Three soliton solutions

®3)
Proceeding in a similar fashion with equation €3ds to the explicit form (f
i.e. for N=3 we will have

(3) — htatg
f din€

(ki+kyt kg )xt (wit wyt w)ttdi+dy+ dy
123



a,,0130;

(n) (n)
ForN =3, we calculabf for n>3 by using the right hand side of (9) to fif
Therefore, the expansion of (7) truncates and yield

f: 1+ e + o + e‘h + a]2€q1+q2 + a13€(11+‘13 + a23€(12+‘13 + a]23€‘11+‘12+‘13

Where %123
=0, forn>4

(24)
with € =1 and upon substituting (24) in to (2) the welbim three soliton solutions of the Boussinesq

equation follows.
_ 6 6, 0, 6,+6, 6,+6, 0, +6, 0,+6,+6,
u=2In(l+e" +e* +e* +a,e" ™ +a,e" " +aze’ +ayue )]

XX

4.0 Conclusion:

Using the simplified version of the Hirota's methibe three-soliton solution for the Boussinesq &qnas

obtained. The method is more efficient in the sehsa¢ it does not require the knowledge of thenkiir

form in order to find the multi-soliton solution &fie NLPDE.The N-soliton solution for N>3 can als®

constructed in a similar manner. However, the datmn becomes very lengthy, and more elegantria. fi
The form of the N-soliton solution may be foundngsthe Wronskian technique.
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