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Abstract 
 

In this paper, we obtain the point transformation for the simple harmonic oscillator 
equation of second order ordinary differential equation using the method of 
differential forms, and hence its solution. 
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1.0     Introduction 
While the introductory problems involving the motion of a particle are often concerned with moving a particle from one place 
to another, there is an important class of problems where a particle goes through a motion, but at some point in the trajectory 
the particle returns to the initial position. 
While periodic motion is often complex in nature, many problems can be reduced by approximation to a more simple form 
known as Simple Harmonic Motion (SHM). An example of such an approximation is a simple pendulum where for small 
oscillations the motion can be approximated to simple harmonic motion. Simple harmonic motion is an oscillation of a 
particle in a straight line. 
Point transformation preserves the integrability of the equation and its Lie symmetry structure [1], and hence the reason for 
the use of point transformation. The linearizability problem for second order ordinary differential equations using differential 
forms has been investigated in [2]. 
In this paper, we construct the point transformation for the simple harmonic oscillator equation and present its solution using 
the method of differential forms derived in [2].  
 
2.0 The Method  
Our starting point is a second order ordinary differential equation �′′ = �(�, �, �′).          (2.1) 

We assume a point transformation given by the variables � = 	(�, �), 
 = �(�, �),        (2.2) 
with a requirement that, �
���
 = 0.          (2.3) 

We first construct, using equation (2.2) ���� = ������′������′           (2.4) 

where	� + 	��′ ≠ 0 and the subscripts � and�denote partial differentiation. The second derivative equation may be written 

simply in terms of a differential� ������ = 0	which becomes  �	� + 	��′ ���� + �′��� + ����′ − ��� + ���′ ��	� + �′�	� + 	���′ = 0.  (2.5) 
We can expand (2.5) and write it as  "��′ + #�′$ + (% + &)�′ + ' = 0,        (2.6) 
where  " = 	��� − 	��� ,         (2.7) 
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and we have the 1-forms  (# = 	���� − ���	� , % = 	���� − ���	�,' = 	���� − ���	� , & = 	���� − ���	�.)       (2.8) 
We can rewrite equation (2.6) as  ��′ = * + +�′ + ,� ′$,         (2.9) 
where  * = -./ , + = -(0�1)/ , , = -2/ .        (2.10) 

For integrability of equation (2.9) we set ���′ = 0,	that is  0 = �* + ��′ ∧ + + �′�+ + 2�′��′ ∧ , + �′$�,.      (2.11) 
Substituting (2.9) into equation (2.11), we have: 0 = �* + (* + +�′ + ,�′$) ∧ + + �′�+ + 2�′(* + +�′ + ,�′$) ∧ , + �′$�,.   (2.12) 
The �′5term in equation (2.12) vanishes because , ∧ , = 0, we expand equation (2.12) and equate the coefficients of the 
other powers of �′to zero to have: �* = + ∧ *, �+ = 2, ∧ *, �6 = , ∧ +.       (2.13) 
Now, we go back to equations (2.8) and expand the differentials, to have: # = 	������� + ����� − ���	���� + 	���� , % = 	�(����� + ����� − ���	���� + 	���� , ' = 	������� + ����� − ���	���� + 	���� , & = 	������� + ����� − ���	���� + 	���� , 
which can simply be written as # = 7�� + 8��, % = 9�� + 7��, ' = :�� + ;��, & = ;�� + <��,    (2.14) 
where 7 = 	���� − ��	�� , 8 = 	���� − ��	�� 9 = 	���� − ��	��, : = 	���� − ��	�� ; = 	���� − ��	�� , < = 	���� − ��	��. 
Thus, * = -(=���>��)/ , + = -(?���>���@���A��)/ , , = -(@���B��)/ .     (2.15) 

Substituting*, +and,into equation (2.9) and dividing by��to convert the differential forms to functions, we have:  �′′ + �C + �D�′ + �$�′$ + �5�′5 = 0,        (2.16) 
where the �E are given by  �C = =/ , �D = (?�$>)/ , �$ = (A�$@)/ , �5 = B/.       (2.17) 

We define F and G as  F = >/ , G = @/,          (2.18) 

and replace:, 9, <and8in the 1-forms in equation (2.15) in favour ofthe�E, FandG,	obtaining  * = −�C�� − F��, + = (F − �D)�� + (G − �$)��, , = −G�� − �5��.    (2.19) 
We also note that �// = (3F − �D)�� + (�$ − 3G)��.        (2.20) 

We see that the 1-forms*, +, ,in (2.19)and
�// in equation (2.20) are now expressed in terms of these four known functions F 

and G. The first three of these 1-forms can now be substituted into equation (2.13) on the various functions. If we do that, the 
first equation for �*,gives the equation �C� − F� = −F(F − �D) + �C(G − �$)       (2.21) 
which is nonlinear inF. The other equations give the results: −F� + �D� + G� − �$� = 2FG − �C�5       (2.22) 
and  G� − �5� = −G(G − �$) + �5(F − �D)       (2.23) 
which are also nonlinear. However, we can simplify the situation by defining new variables:  " = DIJ , ; = KIL , 7 = MIL,        (2.24) 

so that from (2.18) F = KI , G = MI,          (2.25) 
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and from (2.20) 3 �II = (�D − 3F)�� + (3G − �$)��.       (2.26) 

We now have this situation. The�Nequation (2.26) gives expressions for N� andN� . The equation (2.21) gives, after 
substitution forN� ,	an expression O� = N�C� − $5O�D − P�C + N�C�$       (2.27) 

which is linear inO, PandN.	The equation (2.23) gives an expression P� = N�5� + $5P�$ + O�5 − N�D�5        (2.28) 

which is also linear. The equation (2.22) gives a linear expression. P� − O� = K5 �$ + M5 �D − N�D� +N�$� − 2�C�5N.      (2.29) 

The integrability condition on (2.26) gives a linear expression  P� + O� = K5 �$ + M5 �D + I5 �$� + I5 �D�.       (2.30) 

Equations (2.29) and (2.30) can be solved forP�andO� .	Thus we have expressions for all derivatives ofO, PandN,	all of 
which are linear and homogeneous in the same variables. That is  �O = D5 �−2O�D − 3P�C +N�3�C� + 3�C�$ � �� + D5 �−O�$ + N�2�D� − �$� + 3�C�5 � ��, (2.31) �P = D5 �P�D +N�2�$� − �D� − 3�C�5 � �� + D5 �3O�5 + 2P�$ + N(3�5� − 3�D�5) ��,  (2.32) �N = D5 (−3O + N�D)�� + D5 (3P − N�$)��.      (2.33) 

We summarize all these relations in a nice matrix equation �6 = Q6,          (2.34) 
where  

6 = ROPNSandQ = T�� + U��, 
T = V13XY

−2�D −3�C 3�C� + 3�C�$0 �D 2�$� − �D� − 3�C�5−3 0 �D Z 

U = V13XY
−�$ 0 2�D� − �$� + 3�C�53�5 2�$ 3�5� − 3�D�50 3 −�$ Z. 

For integrability of (2.34),��6 = 0 giving �Q = Q ∧ Q          (2.35) 
which is not zero since Q is a matrix. Substitution for Q in terms of T andUgives the condition  U� − T� + UT − TU = 0.         (2.36) 
This matrix condition in (2.36) reduces to two equations:   �C�� + �C��$� − 2�5� + �$�C� − �5�C� + �D5� ��$�� − 2��� + �D�$� − 2�D�D�    (2.37) 
and �5�� + �5�2�C� − �D� + �C�5� − �D�5� + �D5� ��D�� − 2�$�� + 2�$�$� − �$�D� = 0.  (2.38) 

To summarize, we note that the original differential equation is cubic in�′ , with the coefficients satisfying equations 
(2.37)and (2.38). 
Now, we shall construct the point transformations proper. We will needO, P  andNtherefore we need to solve equations 
(2.34). Once the equations are solved, we construct F andGfrom equation (2.25). 
In order to find the	(�, �)and�(�, �)for which we are seeking, we revert to equations (2.8) and solve for�	�, �	�, ���and ��� .	Solution for�	�and�	�gives  

�	� = �	�' − 	�% " , �	� = �	�& − 	�# " . 
Solution for���and��� , shows that they satisfy the same equation, so we will write only equations for the derivatives 
of	.We note that  & + % = −"+and& − % = �", 
So we can solve these equations for & and%.We can also substitute for'and# in terms of*  and ,. We get finally  
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�	� = −	�* + 	� �+ + �// �2 , �	� = 	�, + 	� �−+ + �// �2 . 
We substitute for*, +, ,and 

�//  from equations (2.19)and (2.20) respectively in terms of the expressions obtained above, with 

the�E, Fand G. 

We now have two equations which can be expressed in matrix form as follows; �[ = \[, �] = \]         (2.39) 
where  \ = V(2F − �D)�� − G�� �C�� + F��−G�� − �5�� F�� + (�$ − 2G)��X, [ = V	�	�X and  ] = V����X. 
This linear equation set can be solved for[. There will be two independent solutions, which can be taken as [ and ] as seen 
in equation (2.39). Integrability is guaranteed by setting ��[ = 0.Finally, one can solve  �	 = (�� ��)[, �� = (�� ��)]       (2.40) 
for 	and �. 
We can summarize the procedure as follows: 
1. Make sure that the original differential equation is a cubic in �′as in equation (2.16) 
2. Test the coefficients�Eto see whether they satisfy equations (2.37) and (2.38). 
3. Construct the3 × 3matrixQand solve equation (2.34) (linear) for the three components of6 − a special solution is 
 usually sufficient and constructF andG. 
4. Construct the2 × 2 matrix\and solve equation (2.39) (linear) for[or]. 
5. Solve equation (2.40); the two independent solutions may be taken as	and�. 
 
3.0 Construction of the Point Transformation  
The simple harmonic oscillator equation is given as:  �′′ + � = 0          (3.1) 
Comparing equation (3.1) with equation(2.16), we see that:�C = �, �D = �$ = �5 = 0, and the coefficients satisfy the 
conditions stated in equations (2.37)and (2.38). 
We now construct a3 × 3	matrixQgiven as  Q = T�� + U�� 
where  

T�� = R 0 −��� ��0 0 0−�� 0 0 S , U�� = R0 0 00 0 00 �� 0S, 
so that  

Q = R 0 −��� ��0 0 0−�� �� 0 S. 
Now, we solve equation (2.34) to have:  

�6 = R−�P�� + N��0−O�� + P�� S. 
The equation forP	is�P = 0,so that we may takeP = 0. If we do that, we then have  �O = N�� and�N = −O�� or we simply write 

�K�� = N and 
�I�� = −O. 

This yields the special solutionO = sin �and	N = cos �. 

DefiningF = KI andG = MI, we see thatF = tan � andG = 0. 
We now construct the2 × 2  matrix\ to be  \ = V2 tan � �� ��� + tan � ��0 tan � X. 
Setting   [ = �fg� = V	�	�X , �[ = \[ 
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From equation (2.39)becomes  �[ = �2f tan � �� + g(��� + tan � ��)g tan � �� �. 
We see from the above that, �g = g tan � ��.          (3.2) 
We integrate equation (3.2) to obtain  g = h sec �          (3.3) 
whereh is a constant. 
We also note from the matrix�[that �f = 2f tan � �� + g(��� + tan � ��).       (3.4) 
Substituting equation (3.3) into equation (3.4) and simplifying, we have �f = (2f tan � + h� sec �)�� + h sec � tan � ��, 
so that f� = 2f tan � + h� sec �         (3.5) 
and  f� = h sec � tan �.         (3.6) 
Differentiating equation (3.3) with respect to�, we obtain  g� = h sec � tan � 
which implies thatg� = f� . 
Integrating equation (3.6) we have  f = h� sec � tan � + j(�).        (3.7) 
Differentiating equation (3.7) with respect to�, we have f� = h� sec � + 2h�	klm$� sec � + jn(�).       (3.8) 
Equating equations (3.5) and (3.5) and simplifying, we have: jn − 2 tan � j = 0.         (3.9) 
Using the integrating factor to solve forj in the above, we have  j = o	pqg$�.          (3.10) 
Substituting equation(3.10) into equation (3.7), we have f = h� sec � tan � + o	pqg$�,        (3.11)   
whereois another constant. 
In summary,f = 	�is as obtained in equation (3.11) andg = 	� is obtained in equation (3.3). 
Considering	� = h sec �, on integration, we obtain  	 = h� sec � + ℎ(�).         (3.12) 
Next, we differentiate the above with respect to � to have  	� = h� tan � sec � + ℎn(�).        (3.13) 
Equating (3.11) and (3.13) and simplifying, we obtain ℎn(�) = o	pqg$�.         (3.14) 
Integrating the above, we have ℎ(�) = o tan �.          (3.15)    
Substituting equation (3.15) into equation (3.12), we have 	 = h� sec � + o tan �.         (3.16)   
From equation (3.16), we take the coefficients of the constantshand o as the point transformation and have that, � = 	(�, �) = tan �,			
 = �(�, �) = � sec � 
as state in [3]. 
Considering a transformation
 = l� + f,  stated in [2], wherel  andf  are known constants; the solution of the simple 
harmonic oscillator equation can be readily obtained as  � sec � = l tan � + f or � = l sin � + f cos �. 
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