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Abstract

In this paper, we obtain the point transformatiorof the simple harmonic oscillator
equation of second order ordinary differential eqtian using the method of
differential forms, and hence its solution.
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1.0 Introduction

While the introductory problems involving the matiof a particle are often concerned with movingdiple from one place
to another, there is an important class of problefmsre a particle goes through a motion, but atespoint in the trajectory
the particle returns to the initial position.

While periodic motion is often complex in natureamy problems can be reduced by approximation t@eersimple form
known as Simple Harmonic Motion (SHM). An exampfesach an approximation is a simple pendulum wHeresmall
oscillations the motion can be approximated to &&mparmonic motion. Simple harmonic motion is awcilé&tion of a
particle in a straight line.

Point transformation preserves the integrabilitytef equation and its Lie symmetry structure [hfl &dence the reason for
the use of point transformation. The linearizapifitoblem for second order ordinary differentialiations using differential
forms has been investigated in [2].

In this paper, we construct the point transfornrafar the simple harmonic oscillator equation anelspnt its solution using
the method of differential forms derived in [2].

2.0 The Method
Our starting point is a second order ordinary défeial equation

Y =fxyy). 2.1)
We assume a point transformation given by the et

X =F(x,y), Y =G(x,y), (2.2)
with a requirement that,

d?y

—z =0 (2.3)

We first construct, using equation (2.2)
ar _ GxtGyy (2.4)

dX  Fx+Fyy

wherer, + Fyy' # 0 and the subscripts andydenote partial differentiation. The second derix@tquation may be written

simply in terms of a differentidl 2 = 0 which becomes
ax

(F. + Fy')(dG, + y'dG, + G,dy’) — (G, + G,y')(dF, + y'dF, + F,dy’) = 0. (2.5)

We can expand (2.5) and write it as

Tdy +py? +(A+68)y +0=0, (2.6)
where

T = F.G, — F,G,, (2.7)
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and we have the 1-forms

p = F,dG, — G,dF,, 1 = F,dG, — Gdex,} 2.8)
o = FdGy — G, dF,,§ = F.dG, — G,dF,. '
We can rewrite equation (2.6) as

dy' =a+By +yy? (2.9)
Where

a=2p="220y=2 (2.10)
For mtegrablllty of equation (2.9) we sédy’ = 0, that is

O0=da+dy AB+ydB+2ydy Ay +y2dy. (2.11)
Substituting (2.9) into equation (2.11), we have:

O=da+ (a+By +yy )AL +ydB+2y(a+ By +yy?) Ay +y?dy. (2.12)

They®term in equation (2.12) vanishes becaugey = 0, we expand equation (2.12) and equate the coefficief the
other powers of to zero to have:
da=FAadB =2y Aa,dr =y AB. (2.13)
Now, we go back to equations (2.8) and expand iffrerentials, to have:
p = F,(Gyydx + Gyydy) — Gy (Fydx + Fyydy),
= F,(Gyxdx + Gy, dy — G, (Fpdx + Fy,dy),
o= Fx(Gxxdx + nydy) - Gx(Fxxdx + nydy),
6= Fx(nydx + nydy) — Gy (nydx + Fyydy),
which can simply be written as
p = Adx + Bdy,A = Cdx + Ady,o = Ddx + Edy,§ = Edx + Hdy, (2.14)
where
A = E,Gy, — G,F,,,B = E,G,, — G,F,,
C = F,Gyy — GyF, D = F Gxx Gy Fx
E = EGyy — Gy Fyy H = FGyy — GiFy,.

Thus,

—(Dde+Edy)‘ﬁ —(Cdx+de;Ady+de)‘y —(Adx+de) (2 15)
SubsUtutmgr,ﬁancy/lnto equat|0n (2.9) and d|V|d|ng byto convert the differential forms to functions, heve:
Y +fot+ iy + foy?+ f3y? (2.16)
Where thef, are given by
h=2h=52n=02 =2 (2.17)
We defmeK andL as
K=%L= (2.18)
and repIacB C, HandBin the 1-forms in equation (2.15) in favour offheKand., obtaining
a=—fydx — Kdy,B = (K — fi)dx + (L — f,)dy,y = —Ldx — f3dy. (2.19)
We also note that
<= (3K — fi)dx + (f, — 3L)dy. (2.20)

We see that the 1-formsg, yin (2.19)an§TZin equation (2.20) are now expressed in terms edatfour known functions

andL. The first three of these 1-forms can now be stilistl into equation (2.13) on the various functidhsve do that, the
first equation forda,gives the equation

ny_Kx=_K(K_f1)+fO(L_f2) (2.21)
which is nonlinear ig- The other equations give the results:

_Ky +f1y+Lx_f2x.: 2KL = fofs (2-22)
and

Ly_f3x=_L(L_f2)+f3(K_f1) (2.23)
which are also nonlinear However, we can simglify situation by defining new variables:

T‘F‘ E=W4,A— (2.24)
SO that from (2 18)

K=—, L= W (2.25)
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and from (2.20)

357 = (fy — 3K)dx + 3L — f,)dy. (2.26)

We now have this situation. TH# equation (2.26) gives expressions Wrand,,. The equation (2.21) gives, after
substitution foW,, an expression

Uy = Wfoy =2Ufi = Vo + Whof; (2.27)
which is linear i/, Vand¥. The equation (2.23) gives an expression

V=W +2Vh+Ufs =Whf (2.28)
which is also linear. The equation (2.22) givemadr expression.

Ve=Uy =2 fot2fi=Why + W = 2fofsW. (2.29)
The integrability condition on (2.26) gives a linexpression

htUy=Sfi+sfitsfat S fiy (2:30)

Equations (2.29) and (2.30) can be solvedfandJ,. Thus we have expressions for all derivatived,of and/, all of
which are linear and homogeneous in the same \asiabhat is

U =2(=20f, = 3Vfo + W(3foy + 3fofs) ) dx + 3 (<Uf, + W(2fiy — fox + 3of3))dy,  (2.31)

1 1
AV =2(Vfy + W(2fx = fiy = 3fofs) ) dx + 2 (3Ufs + 2Vfy, + W(Bfay — 3£1£2))dy, (2.32)
AW = (=3U + Wfy)dx + (3V — W f,)dy. (2.33)
We summarize all these relations in a nice matjixa¢ion
dr = Mr, (2.34)
where

U
r= (V)and\/l = Pdx + Qdy,

w

1 =2fi —3fo 3foy +3fof2
P=(§) 0 f1 2f2x_f1y_3fof3

-3 0 fi
—J2 0 Zfly_f2x+3f0f3
Q= (5) 3fs 2f; 3fax — 3f1f3
0 3

~f2
For integrability of (2.34}{dr = 0 giving
dM =M AM (2.35)
which is not zero sinc¥ is a matrix. Substitution fa¥ in terms ofP and@gives the condition
Qx—P,+ QP —PQ =0. (2.36)
This matrix condition in (2.36) reduces to two etijpras:
foyy + folfoy = 2fsx) + fofoy = fufox + (3) Faxx — 2fy + fufox — 2fif2y) (2.37)
and
fanx + 3(2foy = Fix) + fofay = Fifax + (5) (fryy = 2fany + 2fafox — fofsy) = 0. (2.38)

To summarize, we note that the original differdnéiguation is cubic in’, with the coefficients satisfying equations
(2.37)and (2.38).

Now, we shall construct the point transformationsper. We will neetl, V' andVtherefore we need to solve equations
(2.34). Once the equations are solved, we conskfaatd.from equation (2.25).

In order to find thé& (x, y)and (x, y)for which we are seeking, we revert to equation8)(and solve fatF,, dF,, dG,and
dG,. Solution fod F,andlF, gives

dF. = (Fyo ; Fxl)‘ aF, = (6 — Fxp).

Solution foddG,anddG,, shows that they satisfy the same equation, so Wewnite only equations for the derivatives
ofF.We note that

§+A=-TRands — 1 =dT,

So we can solve these equations¥@ndl.We can also substitute foand in terms ofr andy. We get finally
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(6+7) (-£+7)
dF, = —Fa + F"T' dF, = FEy+E —
ar
We substitute foof‘ﬁ 'YandT from equations (2.19)and (2.20) respectively imteof the expressions obtained above, with

thefk’ KandL.

We now have two equations which can be expressethtrix form as follows;
dR =ZR, dS =78

where
7= ((21( — fi)dx — Ldy fodx + Kdy )
B —Ldx — fydy Kdx + (f, — 2L)dy/)’

_ Fx d _ Gx
R = (Fy) an S = (Gy)'

This linear equation set can be solvedRfdrhere will be two independent solutions, which bantaken ag andS as seen
in equation (2.39). Integrability is guaranteedskitingddR = 0.Finally, one can solve

(2.39)

dF = (dx dy)R, dG = (dx dy)S (2.40)

for FandG.

We can summarize the procedure as follows:

1. Make sure that the original differential equatisraicubic iny’as in equation (2.16)

2. Test the coefficiengto see whether they satisfy equations (2.37) arg8j)2

3. Construct tha x 3matrixMand solve equation (2.34) (linear) for the threemponents af — a special solution is
usually sufficient and constru¢tang; ,

4. Construct th2 x 2 matrixZand solve equation (2.39) (linear) RarsS.

5 Solve equation (2.40); the two independent solstimay be taken &and:.

3.0  Construction of the Point Transformation

The simple harmonic oscillator equation is given as

y'+y=0 (3.1)

Comparing equation (3.1) with equation(2.16), we sbatf, =y,f, = f, = f3 = 0,and the coefficients satisfy the
conditions stated in equations (2.37)and (2.38).

We now constructiax 3 matrixMgiven as

M = Pdx + Qdy
where
0 —ydx dx 0 0 O
de=< 0 0 0>,Qdy=<0 0 0),
—dx 0 0 0 dy 0
so that
0 —ydx dx
M= ( 0 0 0 )
—dx dy 0

Now, we solve equation (2.34) to have:

—yVdx + Wdx
dr = ( 0 )

=Udx + Vdy
The equation fdf isdV = 0,so that we may take= 0. If we do that, we then have

dU = Wdx anddW = —Udx or we simply write‘;—z =W andi—f =-U.
This yields the special solutibn= sin xandW = cos x.
Definingk = % and. = % we see thaf = tanx and. = 0.

We now construct tiex 2 matrixZ to be
(2 tanxdx ydx +tanx dy)
Z = .
0 tany
Setting

R= (IZ) = (g;),dR = ZR
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From equation (2.39)becomes

dR = (Zb tanx dx + c(ydx + tanx dy))'
ctanx dx
We see from the above that,
dc = ctanx dx. (3.2)
We integrate equation (3.2) to obtain
¢ =ksecx (3.3)

wherek is a constant.

We also note from the mattiRthat

db = 2btanx dx + c(ydx + tan x dy). (3.4
Substituting equation (3.3) into equation (3.4) amdplifying, we have

db = (2btanx + ky secx)dx + k secx tanx dy,

so that

b, = 2btanx + ky secx (3.5)
and

b, = ksecx tanx. (3.6)

Differentiating equation (3.3) with respecifave obtain
¢y = ksecxtanx

which implies that, = b,

Integrating equation (3.6) we have

b = kysecxtanx + g(x). (3.7)
Differentiating equation (3.7) with respecitave have

b, = ky secx + 2ky tan’*x secx + g'(x). (3.8)
Equating equations (3.5) and (3.5) and simplifying,have:

g —2tanx g = 0. (3.9
Using the integrating factor to solve §oin the above, we have

g = msec?x. (3.10)
Substituting equation(3.10) into equation (3.7),haee

b = kysecx tanx + m sec?x, (3.11)

wherenis another constant.
In summaryh = Fyis as obtained in equation (3.11) and F, is obtained in equation (3.3).
Considering, = k sec x, on integration, we obtain

F = kysecx + h(x). (3.12)
Next, we differentiate the above with respect to have

F, = kytanxsecx + h'(x). (3.13)
Equating (3.11) and (3.13) and simplifying, we datta

h'(x) = m sec?x. (3.14)
Integrating the above, we have

h(x) = mtanx. (3.15)
Substituting equation (3.15) into equation (3.1&),have

F = kysecx + mtanx. (3.16)

From equation (3.16), we take the coefficientshef tonstanisandm as the point transformation and have that,

X =F(x,y) =tanx, Y =G(x,y) = ysecx

as state in [3].

Considering a transformati&n= aX + b, stated in [2], where andb are known constants; the solution of the simple
harmonic oscillator equation can be readily obtaiag

ysecx =atanx + b ory = asinx + b cos x.
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