Journal of the Nigerian Association of Mathematical Physics
Volume 35,(May, 201§, pp 451 — 460
© J. of NAMP

A Study of Lindley Distribution and its Associated Distributions

N. Ekhosuehi

Department of Mathematics, University of Benin, Benin City, Nigeria.

Abstract

In this paper, we compare some properties of thendley
distribution with two of its associated distributis; the
Exponential and a special Gamma distribution whidtave some
relationship with the Lindley distribution. The puerties
considered are the Survival function, Hazard funoti, moments
and maximum likelihood estimation. The Lindley digiution is

found to have more flexibility than the other twaddributions in

terms of certain Statistic such as the coefficient§ variation,

skewness and Kurtosis. We used real lifetime datdicw

comprises of the length of time it takes a Univeysgraduate to
get a job to make comparison among these threerithistions.

The estimates of the parameter of these models warined
using the maximum likelihood. The Kolmogorov-Smiraotest
Statistic, P-P plot and the Q-Q plot show that ttieee models fit
the data well but the Lindley distribution has theest fit since it
has the smallest value in terms of the Kolmogorawigov test
Statistic for the observed sample.

Key words: Lindley distribution; Survival function; hazard feiion; moments; maximum
Likelihood; Kolmogorov test Statistic

1.0 Introduction
The Lindley distribution was originally introducesich that the distribution was used to illustrdte t
difference between fudicial distribution and poistedistribution [1]. The distribution which is aixture of

Exponential distribution and Gamma distributionhwiicale parameter 2 and location parameehas
attracted a wide range of applicability in therétieire. Variants of this distribution have beenpmsed.
Some of these families of Lindley distributions :abéscrete Poisson Lindley distribution for moded)i
count data [2]. The properties of the Lindley dimition and its usefulness [3]. A two-parameteigheed
Lindley distribution which is useful for modellingortality data [4]. A generalised Lindley distrtimn
that is superiority over the popular Gamma, Weitand Lognormal models [5]. The Power Lindley
distribution model [6]. A Quasi Lindley distributiowhich can be applied in the social sciences [7].
Estimation of the reliability of a stress-strengifstem from power Lindley [8]. The Lindley-Exponiaht
distribution model with applications to Biologicdhta [9]. Extended Power Lindley distribution with
Statistical application for non-monotone survivaltal [10]. A new class of generalized power Lindley
distribution with application to different set d@fetime data [11].

However, in this paper, we compare some propedfethe Lindley distribution with the Exponential
distribution and the Gamma 0,) where the Lindley distribution is a mixture ofthoexponential and

\

gamma (2,0) distributions. We also demonstrate this usinga tifetime data which comprises of the
length of time it takes a graduate in a particldaality of Delta State of Nigeria to get a job.

2.0  Exponential, Gamma and Lindley Distributions



The exponential density function having the parmrra can be defined by

o

g,t,0)=0e%,t>060>0 a
The Gamma distribution with scale param and location parametl,e’ can be defined by:
ata—l ~
g, (t,0)= e 150
IN'a) 2
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The Gamma distribution has a special case of expiahelistribution wher & =1.

For proper a survey on equations (1) and (2), seddss [12].

The probability density function of a random vat@ab having the Lindley distribution [1] is giveryb
2

60 ="2—asne? 150050
0+1

©)
As demonstrated by [7], 1(.0) is written as:
f(@t,0)=pg t0)+p,g,(0), t>0,6>0
1,0)=6e" 1,0) =0t =0/(0+1), p, =1/(0+1
where gl( ) , g2( ) and pl ( ) pZ ( ) are mixing

(,0)

proportions, hence,f is a mixture of Exponentia,e\) distribution and Gamma (Q) distribution

where Gamma (6,’) is a special case (¢ =2, in the general case of the Gamma distributiefmed in
equation (2).

2.1 Failure rate and Hazard Rate Functions
The probability distribution of the time-to-failud an item can be characterized by the failure fa8]. It
is defined by the function.

S() (4a)
where h(?) is also called the Hazard rate [14]. The funct,f(t) is called a probability density function
(pdf) andS @)

is the probability of failure after time t or tisarvival function or simply the reliability.

Typically, S() has the probabilistic expression given by:
S)=pr(T 2¢t) _

= [ f(x)dx

St)=1-F()

Hence; where F() is the cumulative distribution function (CDF) 1@
The CDF of the pdf can be obtained using the fdhow



t
F(1) = f(x)dx iy
0 4

In many applications of lifetime distribution,}f(t) is monotone. I1h(t) increases monotonically, the

distribution is said to have increasing failureeréi-R) and ifh(t) decreases monotonically, it is said to

have decreasing failure rate (DFR). The IFR prgpertcharacterized by a device that can consistentl
deteriorate with age, whereas DFR property is dtarzed by device that improves with age. Many
physical phenomena exhibit failure rate that are-monotonic such as the study of ‘human life’, wdos

failure rate is termed Bathtub (BT) shaped [13].

Using equation (4b), the CDF, Survival function ardzard function of the exponential, Gamma and
Lindley distributions are obtained and tabulated @ble 1 respectively. The shape of the densitgtfans,

survival function and the Hazard functions for sdired parametee are given in Figures 1(a, b, c), 2(a,
b, c) and 3(a, b, c) respectively.

Table 1. The CDF, F(t), the Survival function,S(Z) and Hazard function,h(t) of the exponential,
Gamma(z,e) and Lindley distribution.
VAQ) EF(t) S(t) h(t)
_& -6
Exponential 1-€ € 0
0°t
0 I—[l+a1e n+ae
Gamma(z?) 1+ 6
1_6+1+0te_9; 9+1+9te_9; 6°(1+1)
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Fig. 1a: Density function of the Exponential distributiaor fvarying paramete‘,9= 1.5,2.0and 2.5
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Fig. 2a: Density function of Gamma(: 6y gistribution for varying paramet? = 1.5, 2.0 and 2.5
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Fig. 2c: Hazard function of Gamma( ) gistribution for varying paramet? = 1.5, 2.0 and 2.5

18 T T T T T T I

— -—B=15
—+— =20
6=26

16

14
12
1

=
[T 1o
[T

04

02

EIra L I
o o5 1 15 2 25 3 35 4 45 5

Fig. 3a: Lindley Probability density distribution for vang paramete,‘9= 1.5,2.0and 2.5
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Fig. 3b: Survival function of the Lindley distribution fearying parameteaz 1.5,2.0and 2.5
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Fig. 3c: Hazard function of the Lindley distribution forrying parameteez 1.5,2.0and 2.5

2.2 Moments of the Exponential, Gamma(.¢) and Lindley Distributions
The rth moment about the origin of a random variablg, aof a given probability density function,

f(t;H) is defined by:
L= ET Y=t f(t.0)dt
u =ET")=[ 1 f(,0) o

Similarly, the kth central moments of a given probability density time can be defined as:

k k
w =E(T -k} = Z(—l)r[ ]T’”M

r=0 r
| is the mean of the distribution.
since'uI =H



k
=3
k r k / r
(=1 (rjﬂk_rﬂ

= r=0 (6)
The 24, 39 and &4 central moments can be deduced from equation f@&revthe 2 central moment
correspond to the variance while tHe &xd 4" central moments can be used for computing theficimett

of skewness and coefficient of kurtosis respegfividsing equation (5), theh moment about the origin of

r(kjE(Tk—r)ﬂr
r

the Exponential, Gamma\e,) and Lindley distributions are obtained in equagio(7), (8) and (9)
respectively:

,U: :F(r+1)9 ]"21,2,"'
4 7)
ﬂr/ :M, r=12,-
4 ®)
|
;:M, F=12,--
r
0 (6+1) )

Similarly, the coefficient of variation C:V), coefficient of Skewness S\k) and coefficient of Kurtosis

(K*‘ ) are defined as follows:

1/2
CVZ('UZ)
y7]
H

S, =—13
)
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Thus the first four moments'u\r’r - 1’2’3’4), the variance 'LfZ), Cv, S, and K, of the three

distributions are obtained and tabulated in TableTRe results obtained in Table 2, reveals thelikty

of the Lindley distribution over the exponentiatja@amma(ze) distributions WhOSlCV’ Si and K,
are constant values while the Lindley are all fiored of the parameter which can take on any pesitiv

value.
Table 2: Summary Statistics of the first four moments wiitle variance, coefficient of Skewness and

coefficient of Kurtosis of the Exponential, Gamm_‘?; and Lindley distributions

/
H, Exponentit 61) Gammg ‘9) Lindle,‘?)

7



1 2 0+2
H 0 ] 06 +1)
P 6 2(0+3)
5 ra ra 6°(6+1)
6 24
H 0 0 60+4)
24 120
1, ra ro 24(6 +5)
1 o) 6% +46 +2
My ra A 6*(0+1)*
V2
cv ) By 0> +46+2
2 2(60° +66% +60+2)
S, ) 2 (0% +46+2)*?
330" +240° + 4467 +320 +8)
K, 5 9 (07 +40 +2)*

2.3 Method of Moments and Maximum Likelihood

Given a random samp,y,w =ittty of size n from a density functic f(t;é’) , then an estimator

A

O of the parametee can be obtained by equating the sample mean hétlaw mean given in equation
(5). That is

n
ti
1 =u

P
" (10)

If equation (10) is used to estimate the pararrexmhere the mean is a function 01, then, this method is
called method of moment. Similarly, the log-likedid function of a density function is defined by

(T;0) =3 log £(1,30)
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«T,0)

The maximum likelihood estimate (MLE) @ is found by minimizing the log-likehood functi
oU(T;0)

and solving fol when the score functio . 060 ) is set equal to zero, that is:
oUT:0) _,

o6 (11)
Using method of moments given in equation (10) BlihdE given in equation (11) to estimate the paramete
of the three distributions under study gives thimeged 0, Using the method of moment and maximum
likelihood for estimating the parameter of the Laddistribution has been showed to give the sasalr

[3]. These similar results also holds for the Exgial and Gamma(e,) distributions. The results
obtained for the three distributions understudingithe method of moments and MLE are given in &bl
while the estimated parameter values are giveralier4.

Table 3: Summary results of the method of moment and MLUEEkponential, Gamma(e,) and Lindley
distributions

Distribution  Method of moment Lagdlihood Score function
=1 nlogf- 631, o
Exponential 0 i=1 —- Z t.=0
F=2 2nlog0+ > log(t,) -0 1, 0y
Gamma(z9) 0 P i - _ Z;l_ =0
- 0+2 n n 2n n n
t=———  2nlog(@)—nlog(@+1)+ ) log(l+¢)-6>t, —— ->1t=0
ndiey 561D g2(0) —nlog( +1) le g+6)-0%1,  ~-—re Z

Table 4: Summary Statistics of the estimated parameteregalising the method of moments and the MLE

for the Exponential, Gamma\e,) and Lindley distributions

Distribution Estimated parameter

Ao 1

9 ==
Exponential t

A2

9 =—_
Gamma(:9) t

p —( =D+ -1 +8f

Lindley 2t

3.0 Application

The data used in this paper, comprises of the teafjtime it takes a graduate before getting a e
sample was obtained from a particular locality igd¥ia, Ukwuani Local Government Area of Delta 8tat
The data was obtained by administering questioagaiv each respondent who were required to simply
specify how long (in months) they were unemployedble getting a job. The length of time starts from
when an individual passed out of the National yosghvice Corps (NYSC) before getting a job. This
information is in Table 5 and the Histogram is giyme figure 4 while the basic summary Statisticgiien

in Table 6.

From Table 6, we observe that the distributiondsifively skewed. Thus the distribution pointshe tight

9



since coefficient of skewness is greater th',:!n iBdicating that the sample is not from a normstribution
while the kurtosis value is greater than 3, indicaexcess kurtosis which is also non-normal. Téwgawce
is also very large. The reason for this high valiigtzould not be accounted for, as it could be do many
factors such as poor quality of education, lackkilfs, economic recession and so on.

We decided to fit the three distributions to théadzonsidering the following: Firstly, the threstributions
fit into the exponential family which is exhibitdgy the histogram. Secondly, the distributions ustlety
can be used to explain the large variance in thokadata, since the parameter of each modelusatitn
of the respective variances; which can attain |laejees for some parameter space.

The estimated model parameter, the Akaike informnatriterion (AIC), the Bayesian information critar
and the
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Kolmogorov-Smirnov test for the three models areegiin Table 7, the density histogram with the
theoretical density of the three distributionsiigeg in Figure 5, the empirical CDF and theoretiC8IF is
given in Figure 6 while the estimated hazard fundifor the three models are given in Figure 7.

Table 5: The length of time (in months) it takes 108 Unsigrgraduates to get employed.

9,9, 13, 15, 214, 219, 23, 27, 331, 30, 32, 3218319, 19, 21, 27, 44, 44, 44, 44, 35, 36, 44216, 54,
55,

57, 46, 47, 47, 48, 49, 68, 70, 71, 71, 57, 61,6@263, 83, 87, 86, 71, 71, 71, 74, 77, 8, 98,199, 86,
88, 88,

89, 95, 95, 120, 125, 125, 109, 11, 11, 111, 113, 142, 155, 154, 129, 13, 131, 133, 137, 139, 200,
213,

173,173, 181, 182, 189, 19, 385, 9, 36, 47, 6188111, 131, 181, 23, 271, 284, 299, 15, 200559,

40
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Fig. 4: Histogram of Unemployment Duration in Months

Table 6: Basic Summary Statistics for the sample data.
Mean Median Mode Variance Minimumaiimum Range CV Skewness  Kurtosis
87.9907 70 71 5692 4 385 381 0.8574.5103 5.4108

Table 7: Basic summary Statistics of the estimated parametiees, Log-likelihood, Akaike information
criterion (AIC), Bayesian information criterion (B) and Kolmogorov Smirnov (K-S) test of the

10



Exponential, Gamma(e,) and Lindley distributions

Distribution Estimated parameterlog-likehood AIC BIC K-S
Exponential 0.0114 -502.3100 1006.60 0230 0.094436
Gamma(z9) 0.0227 -58472 1186.00 1188.70 0.09907
Lindley 0.0225 586.2747 1174.55 1177.22 0.09396

The parameters of each distribution can be estanastng Table 4 while the log-likelihood is estietht
using Table 3. The AIC and BIC are computed re$pagt using the following:

AIC = -2(Log-likelihood) + 2k

BIC = -2(Log-likelihood) + 2log(n)
where k is the number of parameters in the modelmais the sample size. AIC and BIC are measures of
goodness of fit of a model where the model withimiom AIC or BIC value is usually preferred among
competing models.
The Kolmogorov-Smirnov (K-S) goodness of fit tesisraccepted at 5% level of significance, for thiegh

models where K-S test statis D,, is defined by:

F,(x)= F, (x)

D, =sup
Such tha,F" (x) is the cumulative distribution (CDF) alF" (x) is an empirical CDF [15].
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Figure 5: (a) Estimated density histogram of the real dewd fitted density functions of the Exponential,
Gamma(2,0)
0)

and Lindley. (b) The empirical CDF (thick line) atitkoretical CDF of the Exponential,

Gamma(z,/ and Lindley.
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Fig 6: (a) Probability (P-P) plot of the estimated Exputred, Gamma(;‘,g) and Lindley. (b) Quantile (Q-
Q) plot of the Exponential, Gamma 0) and Lindley.
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Figure 7: Estimated hazard functions for the Exponential@tmmtal line), Gamma( ‘?)(smooth line) and
Lindley(broken line)
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4.0 Interpretations of Results
The AIC and BIC suggests that the exponential hasbiest fit of the three models while the K-S test
Statistic for Lindley distribution has the smallgatue of the test. The estimated densities of3amma(2,

9) and Lindley are indistinguishable from each othed both appears to fit the densities more than th
Exponential distribution. The P-P plot, Q-Q plotidmazard function for the Gamme,@) and Lindley also

12



follow similar shape.

On the overall assessment, the Lindley distributiemains the best choice in terms of K-S test Siesi
More importantly, the Exponential distribution cahrbe used to explain the sample data as it does no
suggest an improvement or deterioration in theesysn terms of the hazard rate function. This wees t
case displayed in Figure 7, where the Hazard fandor the Exponential distribution is a constaalue

represented by the horizontal line while the Ganir,e][ and Lindley Hazard functions are monotone
increasing.

5.0 Conclusion
In this paper, we have studied some propertieb@fLindley distribution and its associated disttidnos;

the Exponential and Gamma‘g) distributions. We found that the Lindley has méexibility than the
other two distributions in terms of the coefficiesft variation, coefficient of skewness and coeéfiti of
kurtosis. We also used a real lifetime data tdhiise three distributions to make comparison antibese
models. Some measure of goodness of fit test ssitheaAIC, BIC, K-S test, P-P plot and Q-Q plot wéhe
used. Our findings was that the Exponential distidm has the minimum AIC and BIC but could not
compete with the Lindley distribution in terms dfet K-S test Statistics, the P-P plot and Q-Q plot.
However, the Lindley distribution is the best cleoaf the three models in terms of the K-S testiSiat P-

P plot, Q-Q plot and the estimated Hazard function.
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