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Abstract

In this paper, we aim at the dynamic buckling load a typical imperfect model elastic
structure struck by a step load that is superposeda pre-static load. We made use of
regular perturbation and expanded the variables amytotically in powers of a small
parameter that signifies the amplitude of the imfieetion. We also made use of Phase
Plane analysis and compared the results. The resuwhow that, in general, pre-
loading lowers the dynamic buckling load. With thegesults we can relate the
dynamic buckling load with the corresponding statixickling load such that if one is
given the other can be determined without repeatthg entire process of evaluation.
e —
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1.0 Introduction

The stability of elastic structures has become wse&af great concern in recent day because ofadsitrg occurrence of
collapse structures such as buildings, bridges,sdand other such life supporting structures. A majmcern of most
Structural Engineers as well as Applied Mathematisiis the elastic stability of loaded structurdggery Engineering
structures buckle when they are loaded beyondtti®lisy limit and the initial imperfection of theystem is also of a great
consequence. Our study is concerned with the detation of the various buckling loads involve irpee-statically loaded
elastic structure which is suddenly trapped byglitly time dependent load. Consequently, we@do simple quadratic
model structure, from which we are able to deteentire classical as well as the static buckling daafda designed structure
with a small imperfection amplitude

As mentioned earlier a lot of interest has beeregerd in recent times on the study of both dynanit static buckling of
engineering structure because of its importance:

Ette [1] determined analytically the dynamic bungliof a finite imperfect simply supported column mixed quadratic-
cubic nonlinear foundations under step loading. Tyaamic buckling load was determined nontrivially means of
multiple timing perturbations. The work justifidset claim that it is as important to worry about tbad level at which an
elastic structure buckles dynamically as well ag ipertinent to worry about the load level at white same structure
buckles statically. Other related investigationsidBnsky and Hutchinson [2,3] have provided critesind estimates in
dynamic stability of elastic structures. Daniel§éhanalysed the dynamic buckling loads of impeiifatsensitive structure
using perturbation procedures, while Simitses [®l8o studied the effect of static preloading omadyic stability of
structures and the instability of dynamically lodd#ructures as well as the dynamic stability afdenly loaded structures.
Other recent works include McShane et al [8] wheestigated the dynamic buckling of inclined struesy while Artem and
Aydin [9] worked on exact solution and dynamic bliredg analysis of a beam-column loading. Jeong [hOstigated the
lateral deflection of rail road track under qudsitis loading, while Chukwuchekwa and Ette [11]lgsad asymptotically an
improved quadratic model structure subjected tticstaading. Similarly, Ette and Osuji [12] invegdited the dynamic
stability of a viscous damped model structure mathd by a periodic load.
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2.0  Formulation

Budiansky and Hutchinson [1] are known to be th& fio investigate the dynamic stability of elastiodel structures which
include the elastic quadratic model structure. gnsicant improvement on this model was made by iBlaon [4] by
incorporating additional mass M on a spring (Figvlith a spring constant K. We adopt this moded isimplistic form as in
Ette and Osuji [12] and proceed as follows:

2.1 Derivation of Simple Quadratic Model Structure
We now consider a simple quadratic model strucasra (Fig.1) below:

F(T) — 0

»
L

Lx

o K
KL(x — ax?) M
Fig.1: Simple Quadratic- Elastic Model Structure
Let Q be the tension on each arm of the structndeletd be the angle between the horizontal and each athetructure.
Let the magnitude of the force applied®@") and the restoring force per unit length on théngpbe KL(x — ax?), where
K,L anda are constants.

Let X be the initial deflection of the structure fromethorizontal and let be the additional distance from equilibrium
position on the application of the horizontal foRe@).

Then forg small, we have

0="+7 (2.1)

For equilibrium of forces on the horizontal positive have

Qcosf = F(T) (2.2)

For equilibrium on the vertical direction, we have

mx" = 2Qsinf — KL(x — ax?), (2.3)

where ( )'= ;—T( ).

If 6 is small, we can afford to neglect the nonlineant, so that

cosO =1, sin=0 (2.4)
Thusifrom equation (2.2), we get
Q =F(T) (2.5)

and from equation (2.3), we get
mx" = 2F(T) (% + %) — KL(x — ax?).
This implies that

" 2F(T 2% =
mx”+ KL (1= 222) x — akLx? = ZF(T) (2.6)
We shall let

_* Fg_X . _ oKL — 2F© O - i
f—L,f—L,t—T\/:, A—KLz,f(t)—ﬁ(O),a—aL,F(O)th

Rewriting equation (2.6) using the non-dimensiqratameters, we have

E+(1-2f(D)¢ —ag® = 28f (1) 2.7)

where (1) =2()

Now, equation (2.7) is an important equation thatracterizes all quadratic structures.

Here,¢ is the displacemenf,(t) is the time dependent loatljs the non-dimensional load parameters a constant, whilé

is the imperfection amplitude deemed small relativanity, i.e.0 < £ < 1.
We can solve (2.7) for different forms 6€t) and different initial conditions.

Journal of the Nigerian Association of Mathematic&hysics Volume 35, (May, 2016), 461 — 472
462



Analysis of the Dynamic... Udo-Akpan and Ette J of NAMP

In our study, we shall be interested in determirilmg dynamic buckling load, of the structure if the structure is preloaded
statically and thereafter, trapped by a step load.

2.2 Classical Buckling LoadA,
This is defined as the buckling load of the peraicture if we neglect the non-linear terms aeglect the inertial terré.
It is obtained from the conditions
- da
¢ = O’d_fzo’azo‘f(t) =1
Thus, from equation (2.7) we have
1-1D¢E=0 (2.8)
Here, we assume that is continuous function df. Hence differentiating (2.8) byand using z—’; =0, we get

Ac=1 (2.9)

Therefore, the classical buckling load takes the value 1.

In most loading histories, the Classical bucklingd is the greatest load parameter. Thus, the moengionalized load
parameten is always less than 1; i.e.

A< lord< A
Ac

2.3 Static Buckling Load, A¢ of the Model Structure

This is the load that the structure would requirbuckle statically.

Here we shall use two methods, namely: (i) the pipdene (exact solution) method and (ii) the pértion method. The aim
is to show that the two methods yield the simiésuit.

(a): Static Buckling Load,Ag by phase plane (exact solution) method:

Here, we se = 0, f(t) = 1. Thus, from (2.7), we get

(1—-2A)¢&—a?=1¢ (2.11)

For buckling, we require thé;g = 0, such that Eqn. (2.11) becomes

da
1_/’{S_d_ff_2afs = 0
where &g is the value of at buckling andi is the buckling load. Hence, we have
f=5-(1—1) (2.13)

If we determine (2.11) at buckling, we get

(1—25)¢s — a&s” = A€ _

Which yield, from egn. (2.13), the expression foe static buckling load in terms &f

We, note from (2.14) that if the structure weref@etrthen = 0 and Ag = 1.

Generally, As <2, ie 2<1.

The result (2.14) was first obtalned by Budianskg alutchinson [2] using phase plane analysis.
(b) Static Buckling Load,Ag Using Perturbation and Asymptotic Procedure

To solve equation (2.11) analytically by findingyamtotic value ofé, we let

&= ZE(‘) 0<f<1

De 4 g05 1 (08 4. (2.15)
We substitute (2.15) into (2.11) and get
A= D(EVE+E78 + 678 + )

—a(§VE+ P + 608 + ) =28 (2.16)

Equating the coefficients of powers&fwe have

0(86): 1-1)edP = (2.17a)
0(82): (1 - D& = agi? (2.17b)

0(8): 1-ngY = Zas‘él)fé” (2.17¢)

and so on. Thus we have:-
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L _ 4 _
From (2.17a), 0o =15 = B (2.18)
@ _ a§(1)2 _ ﬁ
From (2.17b), 0 = —1"_(/1) ;)1_1 (2.19)
(3) _ 2a§y &> 24283
From (2.17c), o ——1"_10 = (2.20)

and so on. Thus we can write

E=NE+ePE+eP8 + -
aB 2a2%B3

2
— g Y 2 3
=BS+ ¢+ A &+ (2.21)
aB? 2a?B3
Let B = 1,15 = C2 a2 = G and so on. Then, we get

E:L‘lg‘l' sz_z+C3f_3+"' (222)

Since the displacement is unbounded after buckliveg,as in Amazigo and Ette [13], have to revehgederies in (2.22).
Thus, we have

§=di§ +dy85 +dsés + (2.23)

For us to determiné,, d,, ds, ... we substitute fof from (2.22) in (2.23) and get

E=dy (i€ + 82 + 8+ )+ dy(r€ + 08 + ;8 + )]

+d3(c1€ + 8% + 383 + )3 + - (2.24)
We now equate the coefficient §ffori=1, 2, 3, ... Thus, for
i=1 1=dyc,>d, =Cl (2.25a)
1
i=2 0=dic,+dye?>dy="52="2 (2.25b)
1 1

dicz — 2¢cyc,d
i=3: 0:d163+2C162d2+d3613=>d3Z%
1

-1 2¢,%-
= 5@ —20%) = —626156163 (2.25c)

We, now apply the condition for buckling % = 0 to eqgn. (2.23), noting that = d;(1), i = 1,2,3, ... This implies that

df _ dd; da ddy 2 e
- maTht gt 2ddst =0 (2.26)

=}d1 + 2d2 s = 0
where ¢ is the value of at static buckling. Hence
1

o=, -
S —\5 5 TN
2d3 71 5 —2(01—23
2
ie. & = ;172 (2.27)
If we determine (2.23) at buckling, we get

§=di&s+dp&é +dy83 + , ,
_ |1 )\ [cy
st = o - (5) 3

ie. f==2 (2.28)

4c;y
On substitution for; andc, in (2.28), we get

4 qB? 4aB
_ 1 - AS _ (1 - /’15)2
B As\ 4al
_ 4a (1—15) s
ie. (1= )2 = 4afi; (2.29)

We observe that equation (2.29) is the same ad)(2dence, the result (2.29) re-affirms the reg2li4) which we got by
phase plane analysis. This method confirms theeatittity of the perturbation method which we shahceforth use to
solve the remaining problems in this report, begimmind that the remaining problems cannot beesblsing phase plane
analysis.

2.4 Dynamic Buckling Of A Pre-Statically Loaded Elastic Structure Trpped By A Step Load

In this case the structure is first of all loadéatisally, i.e. no inertial effect for some timadathereatter, it is trapped by a
time dependent step load,
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ie. £©) = {3 i;% (2.30)

Here, two loadings are called to play, i.e. sthtérd and dynamic step load. The step load is sogerpon the static load and
our aim is to determine the dynamic buckling loddhe structure in this case. Consequently, twoianst are initiated.
These are the displacemépt due to the static load and the displacendgiit) due to the strictly dynamic load. We pose
that at the superposition of the step load on thevhile static load the combined displaceme(t) is
z(t) = & + & () (2.31)
Thus, turning to (2.11), it is apparent that befive superposition of the step load, the equatiisfeed at the strictly static
loading is
(1= D& — a&y’® = 4§ (2.32)
At the superposition of the step load, whgfe) = 1, ¢ > 0, the equation equivalent to (2.7), in this case i

7+ (1 —MNDz—az?=2A¢

z(0) =0, 2(0)=0 (2.33)
Substituting forz(t) from (2.31) we have
Em + (1= Do+ (1 = D — alo’+2808m + &m ) = 244 (2:34)

Therefore, the motion satisfied by the step loadalis (2.34)-(2.32), which gives
S+ (1= Dém = a(2808m + &n”) = Af} (2.35)

En(0) =0, &, =0
Equation (2.35) gives the required equation of orotiue to the step load after the imposition oftthe loads.

2.4.1 Exact Solution of Associated Strictly Step Loading Problem
Now, from eqgn. (2.7) witlf (t) = 1, we obtain the equations satisfied by the stradtfisubjected to a step load only as
o - R
E+-ME-ag?=2¢ (2.36)

£(0) =0, £(0) =0 ,
To determine the dynamic buckling load of the gt if loaded by a step load alone, we first npljti(2.36) byé and
obtain

£+ (1 - )¢ — ag?é = A8 (2.37)
By simple integration with respect to t, we obtain

24— (1-§ 28 = 28 (2.:39)
Since at maximum displacemeét= 0, equation (2.39) becomes
S(1- D& —26° = 48, (2.40)

where &, is the maximum displacement.
Thus, we have
(- ¢, — 567 =228 (2.41)
Using the condition for dynamic buckling, i.%‘% = 0, we have
(1= Ap) = Séap = 0 (2.42)
whereé,, is the maximum displacement at buckling. Thergfame have
fap = (1= 1p) (2.43)
Thus, if we determine (2.41) at dynamic bucklingngg2.43), we get
Eanl(1 = Ap) =22 Eap] = 245 (2.443)
ie. Z (A=A =) =221 = 2p)] = 245 (2.44b)
and simplifying, we obtain
(1= 1p)? = 2 1p¢ (2.45)
Dividing the corresponding sides of (2.45) by (3, have
1-Ap 2 _4(Ap
() =) (2.46)
We observe that:
0] Equation (2.46) relates the dynamic bucklihgto its static equivaledt. Thus if we are giveld, we can
determinels and vice versa. Moreover, this equation providesasy means of solving equation (2.36).
(i) So far, the method of determining equations (2a4t) (2.14) are exact as no approximation was mihtieeugh.
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We shall in the next session use an approximatiethod that is asymptotic, to determine the two Itesin this case the
resultant asymptotic results turn out to be asytgally exact.

2.4.2 The Governing Equation and Solution of (2.35):
In order that our results might equally analyse dtiestly step loading situation and the situatiginereby the pre-statically
loaded structure is struck by a step load, we plylthe term (2aé,&,,) in egn. (2.35) by a constant a congtatd obtain
Em + (1= D& — a(2Béosm + ") = 4 (2.47a)
where B=0 or 1, so that whe=0, we get the equation
E+(1-§—ag? =28
which characterises the strictly step loading ¢&set = &,,,), but, wherp=1, we get
ém + (1 - A)fm - a(zfofm + fmz) = Af
which characterises the equation of motion forpteestatically loaded structure. We now solve (2)48ubject to
&n(0) =0, §,(0)=0 (2.47b)

(a) Phase Plane Solution of Equation (2.47a,b):
We first multiply eqn. (2.47a) by,,, and get

émém + (1 - A)fmém - a(zfoémém.g + fmzém) = lg{m (248)
This implies

S AN ED - a{26 55 (@D + 3o ED] = AL ) (2.49)
On integrating (2.49), we get

2Em)? 3 =D& - aleBed + 363} = A, (2.50)

At buckling, &, = 0, therefore, from (2.50), we get
1 1 -
S (= Dg2, - alBesh, + 568 = A6,

ie. (1= Dép, - 2a {ﬁfofmc + gg,,%} = 24§ (2.51)
where, &, is the value o, at maximum displacement.
At buckling, we require

d;i =0 (2.52)
(1= 1p) = 2a{Béo + 2 & } = 0

ie. Em, = —[(1 = Ap) — 2ap&] (2.53)

We now substitute (2.53) in (2.51) and get

Eme |(1 = 20) = 20 (B&o +38m, )| = 240€ (2.54)

This finally yields

__16aipé

[(1 = Ap) — 2aB§]? = == (2.55)
Also, using equations (2.55) and (2.29) we have
(1-Ap)-2aB&]* _ 4 Ap
[ =13 (2.56)
(b) Solution of Equation (2.47a,b) Using Perturbation Mthod:
Let
1 — —
E=1-Dz(1+ w &+ &2+ - )t (2.57)
where,u; are constants to be determined. Then
. 1 = _ '
fn =S8 = (1= (14 i + 4 ) (2.582)
And
. 2 m — — 2 42 m
b= T = A=D1+ + %+ ) S (2.58h)
Substituting (2.58b) into (2.47a), using (2.16), yed
- - d*&
2
A =D+ m&+ %+ ) dfgn + (1= Dém

—a(2BSoém +&m”) = 2§ (2.59)
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e, (Itmi+mf+-)tnyg,
— 2B (8 + EP 2 + P + ) + &) = BE (2.60)
where
B = ﬁ : (2.61)
For solution, we let
&n = Z?"_lf(r;) & (2.62)

We substitute (2.62 ) into (2.60) and get

2
(1 +u1€ + 1+ ) S (EVEHEDE+EDE+ )

dt?

( (1)E+ E(Z)EZ + 6(3)63 + ) _ [ZB( (1)5 + 5(2)52 + 6(3)63 + )
(EPE+e08 + 608 +- )+(€“)e +£28 +) | =BE (2.63)
0<é«1.
We now equate coefficient of equations of orders tf get

. dZ{( ) (1)

0(§): dtz +ém (2.64a)

- dzf 2 d2 fm
0(8%): dfz( )+€,51) —2u, = (J; (Zﬁf(l()s;“) +ED° )( ) (2.64b)

3 1 1 1

_ d? , 47 d?

o) T = - T
dt? di? di? di?
1 2 2 1 1

+-[28(60857 + 255,353 )) +2607%0] (2.64c)
etc.
The corresponding initial conditions are:

. @ _ g ()
0(%): =0, i =0 . (2.65a)
1

0@)  fP=0 O, Em0_, (2.65b)

=37, £ ) (0) df(“m) g () _
0(&%): . (0) = Ly Iy = = 0 (2.65c¢)
The solution of (2.64a) is
,511) = A;cost+ B;sint+B (2.66a)

where A;andB, arearbitrary constants.
Using equations (2.65a) on (2.66a), we get

“&) = B(1 — cos ) (2.66b)
We now substitute in equation (3.58) f@ﬁ) as well as forfél) to get
dze® 2faB?(1 — cost)
() _

dtz +&n —2u;Bcost + 1=
+%(——2cost+ -cos Zt) (2.67)
To ensure a umformly valid asymptotic solutiorfjnve equate to zero in (2.67) the coefficientosft to get

2
—2,B — Za‘jf 2 =0 (2.68a)
This gives
_ ( afpB 4 aB )

S |
= _Bal
where
@=L +:2) @)
Substituting foru; anda; in eqgn. (2.67), we have
dzf(z @ _ 2 3aB? aB?cos2{

— T ém =2aB°B + 2an T 20 (2.69)

The solution of (2.69) together with (2.65b) is
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(2) =A,cost+ B,sint +a ( B_BZ + z(i]i)) - a]Z;C_o;)ZE (2.70)
Using the initial conditions (2.65b), we get
s 2BB%a N 3aB? N aB?
27 \1-2 20-2) 6(1-2)
4aB? 2pBZa\ _ 2
- (3(1—/1) t ) =—Ba, (6.71a)
where
= (2 2Ba
w=(o5+ ) (2.71b)
i.e. Az = _Bzaz, Bz = O (2.72)
Thus, we may rewrite equation (2.70) as
,Sf) =A,cost+ az; —azcos2t (2.73a)
where
__ 2BB2a 3aB?
=" Tan (2.73b)
aB?
X =i (2.73c)

In the next substitution into (2.64c), we shall shéfee following simplifications:
aB3 R
E(l) 2) _ =11 —— (1 — cost)
5(2)5(1) B(A,cost + a; — aycos2t)
W@ — B — cost)[A,cost + az — a,cos2t]
. , 4 .
= B[A,cost + a3 — a,cos2t — 72 (1 + cos2t)
PR ¢4 A 2
—azcost — 74 (cos3t + cost)]
A, ay
= B[(a3 - 7) + (A2 — a3 — 7) cost

A

+(a +—2) COSZf—ﬂCOSSf]
) 2

Thus, substituting these equations in (2.64c), ete g

FIs] ©) 4 £B) — 24, Beost — py2Beost — 2p, (—Aycost + a,cos28)
-2 aB°(1 — cosD) | pa,cost + 2t
1_/1[ -7 (Aycost + a3 — aucos2t)
A Ay n
+2B {(a3 - 7) (A2 - 7) cost
- (a4 + A?Z) cos2t — fcost}] (2.74)
To ensure a uniformly valid solution inwe equate to zero (in equation (2.74)) the coieffit of cost and obtain
2a [(—aB3
—2[123 - lllzB + 2[11142 + m [(m + AZB> ﬁ
+2B (A2 - —)] =0 (2.75)
This gives
1 2 B3
Hy = |24, — 2B + 22 {B (4B — = +2B{4; — s - 2} )] (2.76)

If we substitute forA, in equation (2.76) from equation (2.72), we get
Hy = —|~2mB%a; — 2B + 22 (- (B3a; +° ) —2B (B?a, + a5 + %)} Thatis

ty = [~2pBay — "+ (:5) (-8 (B2az + jj) — (B?ay + a5 + 2)}] (2.73)
We can now rewrite (2.74) as
d;i(;) + &% = ag + ageos2t + aycos3t (2.75a)
where
s =2 [B (Bay + 22 + 2B (a3 - 2)] (2.75b)
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g [26{4;11 + 2020 @( a, + AZ—Z)] (2.75¢)
a5 = =2 (2.75d)

We now solve equations (2.75a) using (2.65c) artdiob

,(,f) = Ascost + Bgsint + as — scos2l _ —a7C;S3E (2.76a) A; = % —as +
(X7, B3 = 0 (276b)
So far, we have
bn =6 §+ERENH EDE 4o (2.77)
Next, we determine the maximum displacemérdf ¢,,, and the condition for this is
da = da
Zem= (L)L + o+ )8 =0 (2.78a)
ie. SEE e+ 5(3)53 +o0=0 (2.78b)
It easily foIIows from performlng (2.78a,b) that
sint, =0 (2.79)

where £, is the value of at maximum displacement.
From equation (2.79) we have

t,=nm, n=04+1,42,43.. (2.80)
Since we need the least non trivial valuetgf, we setn = +1, so that
tp=m (2.81)

The maximum displacemeg, | of &, is obtained by substituting into equation (2.76y aimplifying thereafter. Thus, we
get

Emg = Emsl + Epad 2 + G + - (2.82)

Now, we simplify the terms and obtain the following

&) =28 (2.83)

2 _
me = Azt az—ay

 Ba 4 ZaBB2 3aB? aB?

iR ey R Te R

3 2( 4a 3Ba ) 2B%Ba N 3aB? aB?
-7 3 -2 1-1 2(1-2) 6(1-2)
__ 4apB? | 8aB?

= tsan (2.84)

3 493
‘r(n: =—A3+(15—?+a7

a

=—?6+a5—a7+a5—

a 2aB?3 A,
=2 [m{ﬂ (Ba2 + 1 _/1> + 2B <a3 —7)}
1 3aBﬁa4 2aB <a4 A2>}]

s ) et Tl =
+3{“4"1+ 1-2 T \%t5

5 26B° + 2aB3 3aB3 25 (2682 3aB?
-2l {3<B -1 3(1—/1)>+ (B 13

B( 4a 1( —aB® a 2aBB [ aB?
i) {3(1 D Zﬁ})}+§{6(1 ) (erB) +m<6(1 —/1)>

2aB ( aB? B2
+E{6(1—A) 2 (3(1 /1)+ Zﬁ)}}] (2.85a)
Hence, we can write
(3) _ 4aagB®
Ma = (1-2)2
Where

% = [{ﬁ (43 * 4(17i /1)) * 3(11—61/1)}%{;_; * % (@=-Q- /1))}

e
- ta
3 7

473
=2(as — ?)

(2.85b)
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+{p(spa -0 +2) + 2] (2.85¢)
To determine the dynamic buckling loagl, we follows the same process as equations (202(2.80). Thus, from (2.77), we
let

S(_ = elfmg_ + ezfrzna + 333(73;1(1 + (2.86)
1
ne =y, (2.87a)
@)
e, = ( (’"1))2 , (2.87b)
2( 7(3))2_{1(3 @
€3 = T (2.87¢)
Now, we may limit (2.86) to the first two terms the right hand side. Thus, we have
_ Eri
{==t (2.88)
_ 2B _ 3B(1-4p)
= ToaB? _4app?| = [ 3B
4[38(1521) 411_?5 ] A=1p 1632[1+ 2 D]
31— Ap)?
=———55
16a4, 1+ ]
where B=-"2.
~1-4
0 16aéA 3
(1= 2p)% = 2222 (1 4+ (2.89)

We notice that whefi = 0, the result (2.89) reduces to (2.45) as expected.
If we divide equivalent sides of (2.89) and (2.4, get

(= =32+ e

Hence, it is possible to determing from the knowledge ofg, and vice versa, without the labour of repeatimg whole
process, once one of them is known.

3.0  Analysis of Results and Discussion

In our investigation, we have analyse the dynamitkbng of a model structure with quadratic nondrigy struck by a step
load superposed on a quasi-static load, usingferiurbation and non-perturbation procedures. €kalts for both methods
of solution give similar results and in some cagith insignificant difference.

The use of the perturbation method is possible isxaf the existence of small mathematically nanestisional parameters
which allow the adoption of asymptotic series exgiams of the variable in the mathematical formoladi.

With the results obtained, we are also able toydisally relate the dynamic buckling load with gsatic buckling load
equivalent such that if either of them is given dlieer can be determined without the labour of atipg the process all over.
Following the approach adopted in this investigatiwe now present the analysis of the results petaand the derived
relationship between the dynamic buckling loads twedcorresponding static buckling load equival&vith these, we have
also established the effect of the pre- staticilgpdn dynamic buckling of the model structurelds ts achieved by setting
the constanf =0 which characterises the strictly step loadiagecan@ =1 when we have superposed loading. This effect is
also depicted in graphically as shown below.

The dynamic buckling load}, of the quadratic model structure, obtained fromyybation process is

16a¥1 3
(1-1,)% =222 (14 %) (3.1)
whereas, the equivalent static buckling logadis obtained as
(1—2)?% = 4aéi (3.2)
From the two results above, we get
1-2p\? _ 4 (p 38
() =3 0+%) (3.3)

The following graphs illustrate the effect the pwad on the dynamic buckling lodg,, of the simple quadratic model
structure, using the perturbation meth@&0 characterises the strictly step loading casefafidvhen we have a superposed
loading.
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Fig.2: The dynamic buckling loadl, vs & , with  Fig.3: The dynamic buckling loatt, vs &,
B=0 andp=1, for simple quadratic model 0 < Ap < 1with =0 andB=1, for the
Structure using perturbation method model structure using perturbati@thod (eqn. 3.1)

REMARK

Fig. (2, 3) show the plot of, agains€. We note the parabolic nature of the curves @ihp=1 andp=0. We equally note
that ford, > 1, the values of, for B=1 are higher than the corresponding value$#d, while for0 < 1, < 1, the values
of 1, for B=1 are less than those f6x0. Mathematically Fig.(2) is valid, but on phyaliconsideration, we may ignore (Fig.
2) and adopt (Fig. 3) because we have by non-dimeaiszation, admitted thdt < 1 < 1, which implies0 < 1, < 1. We
may regard the values #f, in the interval0 < A, < 1 as the lower bounds of the two possible casestheecases where
0<Ap<landi,>1.

The phase plane solution (exact solution) of thedgatic model structure superposed on a pre-load is

afi

[(1 - 2p) — 2aBg)? = =522 (3.4)
while, the equivalent result without a pre-load is

(1 - 2p)? = 242 (3.5)
Using (3.4) and (3.2), we get, in case of pre-load

(1-Ap)-2aB&]* _ 4 (p

[ =1 () (3.6)
In the case of no pre-load, using (3.5) and (3v2)have

1-Ap\? _ 4 (Ap

(1—/15) ) (/15)' ~ 3.7)
In particular, we observe from (3.4) that if theusture were perfect, i.&& = 0, we get
Ap = (1 —2aB¢) (3.8)

This means that the dynamic buckling load of tmacstire (in the case where the structure is pgrieud in the pre-loaded
case is lower or higher than that of non-pre-loatksk according as to whether the imperfectionitbétysparameterga, is
positive or negative for the perfect structure. ihgave observe the effect of the pre-static loackha the sense that while
the usual dynamic buckling load for the perfectictiire ist, = 1, we now observe the case where the dynamic gkli
loadA, of the perfect structure can be lower than 1.

The following graphs show the dynamic buckling Idadagains€ when we use the perturbation method (Fig.4) &ed t
phase plane analysis (Fig.5).
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Fig.4:The dynamic buckling load, vs £, Fig.5: The dynamic buckling load, vs ¢, Fig.6: Dynamic buckling load,, of
of a simple quadratic structure using of a simple quadratic structure using the simple quadratic structure for both
Perturbation and asymptotic procedure sPipane (exact) solution method perturbation and Phase plane (exact)
(eqn. 3.1) (eqn. 3.4) methods.
REMARK:

We observed that without a pre-load (i.e8 i 0) the two solution methods give exactly the sansaltdout with a pre-load,
the solution for equation (2.47a) using the phdaaeanalysis is as in equation (2.55), thougliffiei from equation (2.89)
which is obtained from the perturbation method. \Wewever, note that (2.89) is asymptotic and ifs small, then the
disparity is insignificantly very small.

4.0 Conclusion

With these results we have able to establish apaliyt the static buckling load of a model struetuwith quadratic
nonlinearity and the dynamic buckling load indugdten the pre-static structure is struck by a steg superposed on it.
We then derived a very useful formula which enalsle¢o determine the dynamic buckling load from khewledge of the
static buckling load and vice versa. The resukie agree with some empirical estimates and is tixpin the graph above.
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