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Abstract

In (2008)Gii neyintroduced and investigated the subcrE};%{g @),a.8,y,AB,A) consisting of analytic angtvalent functions

with negative coefficients using a differential oger D! = p?zP —Z(p+ k)" ap+kzp+k andderived the coefficient inequalities,
k=1
distortion theorem and extreme pointsTé@ @),a.8,y,AB,A) . The purpose of present work is to derive somerésting

properties other than those obtained byry for the subclass. In particular, we derive gttslamard product (quasi-
convolution) property, inclusion theorem, radiuslafse-to-convexity, star-likeness and convexitypearties for

T,@@).a.8..ABA).
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1.0 INTRODUCTION
A function f(z) merophorphic in a domai is said to be p-valent iD (or multivalent of orderp in D) if for eachw,

(infinity included) the equatiorf (z) = w, has at mostp roots in D (where the roots are counted in accordance wi th
multiplicity) and if there is somey, such that the equation(z) = w, has exactlyp roots in D [1].

The class of p-valent functions has been widelglisti In fact, Aouf [2] and Hossen [3] studied thibclasses of p-valent
functions of orden and typeB. In recent years, several interesting classesdasdbclasses) of p-valent analytic functions
have been introduced and investigated [4 5 6 7@ 91 12].

Let A(p) denote the class of functions defined by
f(z)=2zP +Zap+kzp+k, pOo0 @y
k=1

which are analytic and p-valent in the open urskdi = {Z [l C;|Z| <1} :

Let T;, denote the subclass Af(p) whose members have the form given by



f(z):zp—Zap+kzp+k . apak 2 0, pOL. @2
k=1

It is well known that the Hadamard Product (or Gaation) of two analytic functionsf (z) defined
by (1.1) and g(z) given by

g9(2)=2° +pr+kzp+k . by 20, pO0. L3)
k=1
is denoted bypOg)(z) and defined by
(pOg)(2) = 2P + Zap+kbp+kzp+k . pOO. 14
k=1

Similarly, the modified Hadamard product of thedtian f(z) defined by(12) and g(z)0T,' given by

a(z)=z° —pr+kzp+k . b =0, p00. (L5)
k=1
is denoted by denoted HpOg)(z) and defined by
(pOg)2) = 2° = apubpuz®™ , pOD. (L6)
k=1

This definition follows from the similar definitiony Mugur Acu [13].

In [12], Gui ney introduced the differential operatdr f (2) : D f(2) = D(Dﬂ_lf(z))_ o 2P —i(p+k)”a (2P
= = ot .

k=1
By making use of this differential operator, hedefl the clasgg(g @).a.8.y,AB, /l):
0 i 0.| 20" 1(2) - p0’g(2) |
T-0@).a.8,y,ABA)=<f0T;: . <y, zOU, @7
P P’|(A-B)(p-A)D"g(2) - Blz(D"  (2)) - pD"g(2)]|

for g(z)0T;, -1<B<A<1 -1<B<0,0<a<p,0<f<p and0<y<l.
For the clasipm(g @).a.8.y,AB, /l) , properties such as coefficient inequalities,adtn theorem and extreme points were
discussed. In the present work, we derive othepgnt@s of the cla§s§(g @)a.B.y.AB, /1)..

In the present work, we derive other propertiemefclasﬁf(g @a.B.y,AB, /1). which are modified Hadamard product
property, inclusion theorem, radius of close-toxadity, star-likeness and convexity properties.

2. PRELIMINARIES
Lemma 2.1[6]: Let the function g(z) be as defined by (1.2). Theg(z) OTy(a, 4) if and only

0

Z(p+k)"(p+k—a)bp+k <p*(p-a) (21
k=L

Now we prove the following Lemma which gives a giéint condition for functions
f(z) defined by (1.2) to be in the cla&gg @)a 8.y.AB, A)..
Lemma2.2: Let the functionf (z) defined by (1.2) be in the claBs(g ¢)a ,8.y.AB, A). Then

0

> 6180 + K2 108 - (A-8(p- AN LD < (-8 (p- ) @2

+k-a
k=1



Proof. Sincef O TD(g(z)p' B.v,AB )l) , there exists a functiog(z) DTpD(a,/l) such that

2D (2)) - pD?g(2)
(A-B)(p-BA)D"g(2) - B[zD" f (2)) - pD?g(2)]
Then, we have

(D1 (2)) - pDg(2)
(A-B)(p-B)D"g(2) - B[z(D" f (2)) - pD"g(2)]

<y, zOU.

[

D (ke = p(p+k) by

- k=1 k=1 <y
(A-B)(p-B)p'2P + > B(p+ k| apuz"* - ZBP p+ k) bpuz”™* = > (A= B)(p=B)(p + k) bpu2”*
k=1 k=1 k=1
SinceRe(z) <|4 0 z, we obtain
D (p+kfap. 2 Z p+K)'bpu 2Pt
R — k=1 k=1 — <y. (23)
(A-B)p-B)p'2" + > B(p+k) ZBp p+k)'bypuczP™ = (A-B)(p- B)p+K) bz
k=1 k=1
. . i(D”f(z)) .
We choose values of in the real axis so th D902 is real.
a(z

Then upon simplifying the denominator in (2.3) deiting z - 1~ through real values, we obtain

4] 00

D (oK apu =D plp+ k) by < (A= B)yp”(p—ﬁ)+i8y(p+k)1”ap+k —{i[ﬁp(mky +/A=-B)(p-B)p+ k) o,

e-i(l— B+ Kk apu +1(B-Lp+(A-B)p - AP+ k)Y by < (A= Bl (p - B) 24

But from Lemma 2.1]'pD(a,,B’) implies

[

A
D (p+k) by < ?(p-a) 25)

~ ptk-a

So that by (24) and (25) we have

0

3 0= 8)p + Ky +108-Dp+ (A-8(p- AL < (a- )y (p- ). 29)

~ p+tk-a

End of proof.

The result is sharp, the extremal function being
_(A-Blk(p-5)- 5" (B-1p-0)
- sB)p+ Kk} (p+k-a)

for k =1, with respect to
p)
— P _ p (p—a) p+k
M o Ploria)”

f(z)=2ZP p,k 00O 27

Corollary 2.3.  Let the function defined by1.2) be in the cIas‘EpD(g @a.B.y,AB, )l).. Then

. (A-B)wk(p-p)+ p™™(1-B)p-a)
(- 1B)(p+ k) (p+k-a)
Remark 2. (i) The result obtained iremma 2.2 correct the result obtained byii@ey (T heorem 2.20f [12]),

(ii) The result obtained oorollary 2.3 also correct the result obtained bijiligy (Corollary2.30f[12]).

Ap+k < for p,kO0O.



3.0 Main results

In this section we provide the main results.
Our next result is the Quasi-Hadamard (Modified &tadrd product) for the claﬁg(g @) ,B.y,AB, /l)..

31 M odified Hadamard Product
Let the functionsf;(2) (i = 12) be defined by

f.(2) = zP —Zamk,i P pom. 289
k=1
Following the definition (1.5), the modified Hadamgroduct of f,(z) and f,(z) is defined by

(fL0f)2) = 2P - Zap+k,lap+k,2 P,
k=1
Theorem 3.1. Let the functionsf,(z) (i = 12) defined by (2.8) be in the cIa‘Q?(g (z)p',,B,y,A,B,)l).. Then
(f,0f,))0 TpD(g @)0.8.y,AB, A)., where
(A-B)w’ (p-B) - (B-Dp'*?[a-B)(p+)™ @+ p-a)l[A-1B)(p+)™ @+ p-ay)]
5=~ A=B)(p+)(A-B)p’ (p-£) - (1B-Dp" " (p-a)[(A-B)w" (- ) - (1B-Dp* " (p-a,)]

(29)
B-D(p+D™*[(A-B)W (p-B) - (y-) P (p- apl(A-B)w’ (p- B) - (1B-D p™* (p-ay)]
- (B -1 p L 1B)(p+ ) @+ p-a)llA- B)(p+DH @+ p-ay)]
The result is sharp for the functionigz) (i =1,2) given by
t(2) =20 - ABR (P=B) - (B-Dp" (P-a) jpu1 pO0; =12, 210
@-B)(p+ ) @+ p-ay)
Proof. Letf ()0 Th{g@)a.B.y.AB A) (i=12), we need to find the largests such that
i @B+ prk=0)
~ (A-B)'k(p-B) -(B-Dp(p-0) T T
Sincef; ()0 Th{g@)a.B.y.AB A) (i=12), in view of (2.2) we have
© _ 1+A -
3 a Ays)(p+k) (p+k1+cj.) apnisl  (=12)
~(A-B)p’'k(p-B)-(B-Dp™(p-a)
Furthermore, by the Cauchy-Schwarz inequalitiesgete
- Y1 B)(p+ k) (p + k- ay][A- B)(p+ k)™ (p + k- ary]
\@p+k18p+k,2 SL

S J(A-Bypk(p-B) - (B-D) P (p-al(A-Byp'k(p-B) - (B-Dp (p-a)] *
Thus it is sufficient to show that

-+ (p+k-9)
(A-B)p’k(p-B) - (1B - p(p-0g) P TP

JIa-B)(p+K)H (p+ k-]l B)(p+ k) (p + k- arz]
< Japrkadpek2  (kOD),
V(A= B k(p-B) - (1B-D) p* (p-all(A- BYp k(p-B) - (B-Dpt A (p-a)] ©
Or equivalently,
v 8p+k,18p+k,2
. (A-Bp'k(p-A)-(B-Dp"(p-aIa- B)(P + KM (P +k - aullA- )P + KM (p k-] (koo)
@-B)(p+ K (p+k-3)y[(A-B)yp'k(p-B) - (1B-1)pH (p-ap)l[(A-B)p k(p - B) - (B -1) p* (p-ay)]
By noting that,
_ A _ _ _ 1+ A _ _ A _ _ _ 1+ A _

ot < JI(A-B)pk(p-B) - (B-1)p (p-a)ll( A-B)p k(p - B) - (1B-1) p* (p - )] koo)

[(W-1B)(p+ K™ @+ p-aDllL-B)(p+ k) @+ p-ay)]
Consequently, we need only to prove that



(A-B)p’k(p-5) - (1B -1) " (p- O/ 1A~ 1B)(p+ K (p +k - ay][(L- 1B)(p+ k)™ (p+ k - 5]

(- 1B)(p+ K (p+k - )y [(A-B)pk(p - B) - (1B-1) p* (p - a)I[(A- B)p’k(p- B) - (1B -1 pt* (p- )]

< (A-B)p'k(p-B)-(B-1)p"" (p-9)
@-B)(p+K* (p+k-9)
which is equivalent to
(- 1B)p+kf* (p+k=3)(A-B)'k(p-B)- (1B-1)p™ (p-a)ll(A- B k(p- B)- (1B-1)p™ (p-a)]
< (A-B)p'k(p-B)- (1B -1)p™* (p-o)a-B)p+ k[ (p+k - a )i~ B)(p+ k) (p+ k-ay)]

(koo),

Such that

3{(1- B)w’k(p+ k) [(A-B)p k(p - 8)- (1B -1)p™**(p - eIl (A- By k(p - B)- (1B -1)p™** (p-a,)]
- (- 1B)p (- B)(p+ k) (p +k - Il yB) p + k) (p + k - aa )1}

< (A-B)w'k(p- )~ (1B-1)p"*?[(1~ B)p+ k) (p+ k- an)li(L- 1B)(p + K] (p +k - ap)]

—(1-B)(p+ k) *’1(A-B)w k(p - B) - (18 -1)p™* (p - a I (A-B)w'k(p - B)- (1B-1)p" " (p-ay)]

l.e.
(A-B)p'k(p-B) - (B -1 p"*2[A- B)(p+ k) (k+ p—ay)[A- B)(p+ K™ (k + p-ay)]
_--®)(p+)"*[(A-B)p’k(p- ) - (1B-1)p* (p-a)I(A-B)w'k(p- ) - (1B -1 p*(p-ay)] _ EK)
0B -1(p+K™* [(A-B)p'k(p-B) - (- p™* (p-a)I(A- B)p’ (p- B) - (1B -1 p* (p-ay)]
- (1B-)p™ A= B)(p+ k) (k+ p-a)lL-B)(p + k) (k+ p-ay)]
Since E(k) is an increasing function @f (k00), letting k =1, we obtain
(A=B)p* (P ) - (B-Dp" - B)(p+ D™ @+ p-a)lA-B)(p+1™ 1+ p-a2)]
_— - B)(p+)[(A-B)p’ (p-B) - 1B-1) p" " (p-al(A-B)w* (P~ B) - (1B-1) p" ! (p-ay)]
0B -D(p+)™[(A-B)p! (p- B) - (v =) P (p-a)I(A- B (P~ B) - (1B-D P (p-ay)]

- (B -1 p (- B)(p+ ) @+ p-ay)llL- B)(p+DH @+ p-ay)]
which is (2.9) that is required.

Corollary 3.2. For f,(2) (i=12) as in Theorem 3.1, we have

(o)
- +k
h(z) = zP - E \J@p+ka@pk,2 2
k=1

belongs to the clagg(g @)a.B.y.AB, /l) (i =1 2). The result is sharp with the function given byl(®.
Proof. The result follows from the Cauchy-Schwarz Inegyali

3.2 INCLUSION PROPERTIES

Theorem 3.2. Let the functionsf,(2) (i=12) defined by (2.8) be in the clags(g 2)a.8.y.AB, 1) (i=12).

Then the function

00

F(h)=zP —Z(a§+k‘1+a%+k)zp+k belongs (g 2)3.8.v.AB, 1) (i =12), where
k=1
_@a- B)(p+1)%(p+1-a)’[(A-B)p(p-a)+ L-B)p"*]1-2(p+1)[(A-B)(p-a)p+ p™** @0-)B)(p-a))?
P (L= 1B)* L+ p-a)? ~2(A-B)p(p-a) + p* (L= B)(p- )
The result is sharp for the functiof(z) (i =12) defined by (2.10).
Proof. By virtue of Lemma 2.2, we obtain

Y + 2 Y + 2
3 - B)(p+K)™ (p+k-a) S -+ (prk-a) |,

—B)(p-aypk- pHAB-D(p-a)| " | & (A-B)(p-a)pk- pHA(B-D(p-a) " T
= [ (A-B)(p-a)pk - P (1B-D)(p-a) & (A-B)(p-a)pk - p* (1B-D)(p-a)

and

N @-B)(p+K"* (p+k-a) i S @-B)(p+K*"* (p+k-a) i
Z{ 1+ 1 } a€)+k,2S Z 'y ap+k,2 <1l
= ((A=B)(p-a)pk-p ™" (B-D(p-a) = (A=B)(p-a)pk-p ™" (B-1(p-a)

It follows from (2.12) and (2.13) that

(koD)

(1)

212

(13



ig{ @-B)(p+k)* (p+k-a)

2
2 2
+ + <1l
2 (A_B)(p_a)l'pk—le(yB—l)(p—a)} (8p+k,1 * Apek,2) <

k=1
Therefore, we need to find the largestsuch that

- B)(p+ K" (p+k-0) Sg{ A=)+ (p+k-a) F, o1 214
(A-B)(p-a)pk- p* (1B-1(p-3) 2 |(A-B)(p-a)wk-p*(B-1(p-a)

A simple computation yields that
5< L=B)P+K)*(p+k-a)’[(A-B)ypk(p-a)+ L= B)p™™] - 2(p+ K(A-B)(p-a)ypk + p* (L= )B)(p - a)]’
P - B)*(p+ k) (p+k-a)? ~2(A-B)(p-a)pk+ p™** 1~ B)(p-a)®

=G(k), kOO
Since G(k) , is an increasing function dfik >1) for the parameters involve angddO. letting k =1, we have
5= L=B)(p+D*(p+1-a)’[(A-B)p(p-a)+ 1= )B)p'"]-2(p+D[(A- B)(p-a)p+ p" (1= B)(p-a)]

p*4 @~ B)* @+ p-a)> - 2A(A-B)p(p-a) + p* @~ B)(p - a))?
which completes the proof of the theorem.

33 RADII OF CLOSE-TO-CONVEX, STARLIKENESS AND CONVEXITY
Theorem 3.3. Let the functionf (z) defined by (1.2) be in the claﬂrg(g @).a.8.y,AB, )l) (i =1 2).
Then f(2) is Pvalently close-to-convex of ordep(0< p < p) in |4 <r; where

1
o (P-9)2-B)(p+K)* (p+k-a) k
1 |nf _ _ T+ 1 _ _ :
ko L(PTRI(A=-B)pk(p-B)+p" 1-)B)(p-a)]
The result is sharp with the extremal function gitg (2.10).

Proof. It suffices to show that

fp(_zl -p<p-p |4<n .Indeedwe have

z

(2 N :

1P > (p+Kapul7 (215
k=1

Hence (2.15) is true if

9]

> (p+KlapulZ <p-p or

k=1
S (P+K) k
apulgd" <1 (216)
i (p-p) "
By the Theorem, (2.15) is true if
(|0-65)|z|kS (p-3)a-B)(p+ K™ (p+k-a) ’ K>1 217)
p-p' (p+K)[(A-B)ypk(p-B)+ p (- B)(p-a)]

Solving (2.17) for|4, we get the desired result. That is,
1
{ (p-0)-B)(p+ WM (p+k-a) }k.
(p+K)(A-B)ypk(p-B) + p™** - B)(p-0)]

w=inf
kO
Theorem 3.4. Let the functionf (z) defined by (1.2) be in the claﬂrg(g @).a.8.y,AB, )l) (i =1 2).

Then f () is Pvalently starlike of orderp(0< p < p) in |7 <r, where
1
2 =inf { (b= 3)1- B)(p+ )" (p+~0) }k |
ko [(PHk=p)(A=-B)pk(p-pB)+p " (1-)B)(p-0a)]
The result is sharp with the extremal function gibg (2.10).
6




Theorem 3.5. Let the functionf (z) defined by (1.2) be in the claﬂrg(g @).a.8.y,AB, /1) (i =1 2).

Then f(2) is Pvalently convex of ordero(0< p < p) in |7 <r; where
1
r3=inf{ p(p - )L B)(p+ K (p+k~a) }k.
ko L(PHK)(p+k=p)(A-B)pk(p-pB)+ 4 - 1B)(p-a)]
The result is sharp with the extremal functionegivy (2.10).
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