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Abstract

Some further properties for analytic functions with respect ta @ihi@ts with varying argument
were discussed. The coefficient bounds, coefficient inequality, reajmm, distortion bounds,
extreme points and radius of close-to-convexity, starlikeness andxtynfar the functions
belonging to the claskU, S (a, 4, B) andTU, S;(a, A, B) were obtained.
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1. Introduction

Let 4 denote the class of functions of the form

f(2)=z+ ) az* (1.1)
; .

which are analytic in the unit dis€ = {z:|z| < 1}. Let S be a subclass ol consisting of
analytic and univalent functions. Also, noted tBafs) andK(B), (0 < f < 1) are the classes
of starlike function of ordef and convex function of ordefd which their geometric condition
satisfiesRe % > [ andRe (Z]]:,—(g) + 1) > [ in E respectively. It is known thaf*(f) c
$*(0) andK(B) c K(0) = K.

A function f(z) € A is said to be inJS(a, B), the class otx-uniformly starlike functions of
orderf(0 < B < 1) which geometric condition satisfies

R <Zf (Z)) > g zf'(2)

f(2) f(2)

and a functionf(z) € A is said to be IrUK (a, ), the classx-uniformly convex functions of
orderfB(0 < B < 1) which geometric condition satisfies

zf"(2) ) zf"(z)

R +1)|>a
( f'(2) f'(2)

—1/+8, a>0 (1.2)

+p, a=0 (1.3)

See details in [1,2].

For two functionsf andg, analytic inE, we say that the functiofiis subordinate tg in E, and
write

f(2) < g(2) (1.4)



If there exists a Schwarz functiow, which is analytic inE with w(0) = 0 and|w(z)| <1,
(z € E), such thatf(z) = g(w(2)), (z € E). Furthermore, if the functiog is univalent inE,
then

- f(2)<g(2), z€E) < f(0)=g(0)and f(E) < g(E) (1.5)
in [3].

Let f andg be analytic in the open unit disc We say thaf is majorized by in E see details
in [4-6] and write

f(z) K g(2), (z€E), (1.6)
if there exists a functiop(z) analytic inE such that
lp(2)| =1 and f(2) = ¢(2)g(2) (z € E). (1.7)

It may be noted here that (1.6) is closely related to the conteptasi-subordination between
analytic functions.

More so,T, (y € R) denoted the class of functiofi$z) € A of the form (1.1) for which all of

non-vanishing coefficients satisfy the condition
arg(apy) =n+ (1 —n)y, n=23,- (1.8)

Puttingy = 0, the clasd, of functions with negative coefficient were obtained.
Silverman [7] introduced clagswhich he defined as
T = UyerTy.

The clasg" of functions is called the class of functions with varying argument of cuefts.
Sakaguchi [8] introduced the clagsc S consisting of functions given by (1.1) satisfying

zf'(z)
Re {m} >0, z€E. (2.9)

These functions are called starlike function with respect to stmampoints. Ashwah and
Thomas [9] introduced another class of functions namely; the §lassnsist of functions with
respect to conjugate points which geometric condition satisfying

Re {ﬂ} >0, z€E (1.10)
f(@)+f(2)

and their results littered everywhere.

In terms of subordination, Goel and Mehrok [10] introduced a subclas§ ofnoted by
Ss(A,B).
Let S¢ (4, B) be the class of functions of the form (1.1) and satisfying the condition

f(ZZ)Zf']E?_Z) < 1 ig; ~1<B<A<1, z€E. (1.11)

Also, letS; (4, B) be the class of functions of the form (1.1) and satisfying the condition




2zf"(z) - 1+ Az
f@)+f@ 1+Bz

~1<B<A<1, z€E. (1.12)

Let C;(A, B) be the class of functions of the form (1.1) and satisfying the condition
2(zf"(2))’ 1+ Az

(@ -f(-2) " 1+Bz’

More so, letC.(A4, B) be the class of functions of the form (1.1) and satisfying the condition
2(Zf’(i)' - 1+ Az

F@+f@)y 1+Bz

The above classes of functions have been studied by many authodingcSelvaraj and

Vasaithi [11], Olatunji and Oladipo [12], Keerthi and Chinthamani [13], Janteng ancDddh
and so on. They obtained very interesting results.

—-1<B<A<1, z€E. (1.13)

—-1<B<A<1, z€ELE. (1.14)

For arbitrary fixed real numberd and (-1 <B <A < 1), let P(4,B) denote the class of
functions of the form

p() =1+ ) pet, (1.15)
k=1
which are analytic ik and satisfies the condition
1+ Az
: 1.16
P(@) <175 (Z€E) (1.16)

The classP(4,B) was studied and introduced by Janowski [15]. We note that a function
f(2) € P(A,B) if and only if
1—-AB A—B
|p(z) -

1— B? <1—Bz'

(-1<B<A<1, z€E)

1-4
\R{p(2)} > ——, (B=-1,z€E).
for details, see [4,6].

In this work, two classes of functiofi$/, S;(a, 4, B) andTU, S;(a, A, B) are defined by making
use of (1.9) and (1.10). The coefficient bounds , coefficient estintasésrtion bound, extreme
points and radii for thetwo classes of functions are obtained by gmgplShu-Hai et al.’s [4,6]
method.

For the purpose of our results, the following Lemma and definitions shall be necessary

Lemmall. Letf(z) € US;(a, A, B). Then

(1-A-a(1-B)
{f(Z)EUSS (m), —1<B<ASl,(Z(1—B)Sl—A,

£(2) € US:(a, 4, B) > { (2.17)

Itf(z) e Us: (%) B=-12a<1- A



Proof. Let f(z) € US;(a, A, B. Then, we obtain
{am{ﬂ}—a+ﬂ —1<B<A<1l,a(l1-B)<1-4;
[ 2O }>' f@a-f) " “T1-p =" = o (1.18)
@ =1 i 22'(2) L . 1a<1-4a .
Nyl etz B-lsioa
Or, equivalently,
(1-A—a(1-B)

, —1<B<A<1l,a(1-B)<1-4;
ER{ 22f'(2) }>! -~ B) (119)
f(2)—f(=2) (1-4)-2a '
lw B=—1,2a§1—A.

If —-1<B<A<1anda(l-B)<1-A4,thenwe have
(1-A)—a(l1-B)

< ) 1.2
O<—a-oa-p ! (1.20)
Also, if B = —1 and2a < 1 — A4, then we obtain
oA —2a (1.21)
- 21 -a) '

Thus, we prove Lemma 1.1.

Lemma 1.2. [16] Leta >0 and—1 < B < A < 1. If w(2) is an analytic functiom(0) = 1,

then we have
+ Az

1+ Bz

w—aw-1)< © w(l—ae ) +ae < , (8 €R). (1.22)

1+ Bz
Lemma1.3. [17] Letg(z) be analytic inJ satisfying|¢(z)| < 1forz € U. Then

1 _ 2
lp'(2)] < %I(Zzlzl’ (z € U). (1.23)

Definition 1. Let f(z) € TU,S;(a, A, B), then
2zf'(z) 2zf'(z)

Rt -ro o -rco
wherea >0,-1<B<A<1ly€eRand0 <f <1.

1| + B, (1.24)

2. Main Results
Theorem 2.1. Letf(z) € US;(a,A,B). Then

(_4-8  _ ~ L
lt-01-8)’ 1<B<A<la(l-B)<1-4;

a2l = (2.1)
L(HA) B=-12a<1-4
2(1—a)’ =—Leas )



(A8 1<B<A<la(l—B)<1-4;
la—o1-B) =1a =T

las| s{ (2.2)
L(l +4) B=-1,2a<1-A

2(0—a)’ s

and

_ _ _ _ 2
(4 B)(Zl(l_al()lz(lli)g)z(fl 5 ~-1<B<A<1l,a(l1-B)<1-4;
lay| < (2.3)
21+ A1 —a) + (1 + A)?
8(1 — a)? ’

B=-12a<1-A.

Proof. Suppose thgf(z) € US;(a, A, B). Then, by Lemma 1.1 we obtain

A-D-ed-B) | pcactal-B)<i-a4;
1-a)(1-B) o ) |

2zf'(2)
: {f(Z) - f(—Z)} g { (1-4)-2a (2.4)
e B=-12a<1-A

Let us define the functiop(z) by

! — — —
((1—0{) 2zf'(z) _ (1-A)-a(1-B)

| [&1Cn L 1<B<A<lLa(l1-B)<1-4;
p() = i (2.5)
1— 2zf'(2) (17A)72a
l\( e JCn 2 B=—12a<1-A4
2
Hencep(z) is analytic inU with p(0) = 1 andR p(z) > 0, (z € U). Let
p(z) =1+ c1z+ 2% + c323 + . (2.6)
So, we obtain
) 1 +(1_i)_ﬁ(clz+czzz +ez8+), —1<B<A<la(l-B)<(1-A4);
FO-F ") 144 (2.7)
+m(clz+czzz+c3z3+-~-), B=-12a<1-A.
Or equivalently
2zf'(2) — [f(2) — f(-2)]
(oa—p @ DNz +ar +ar +),
| —1<B<AS1,0{(1—B)S1—A; (28)
| a-B
A V@[ + 0+ +),

B=-12a<1-A

which gives



4a,z% + 4azz3 + 8a,z* + -
A—-B s . , ,
m@z +2a32°% + 2a5z° + ) (12 + 2% + c32% + ),
~-1<B<A<lLa(l-B)<1-4; (2.9)
A-B

O] 2z + 2a323 + 2a52° + ) (12 + 322 + 323 + ), B=—12a <1 — 4;

Comparing the coefficients in (2.9), we obtain

%. —1<B<A<1la(l1-B)<1-4;(13)
T a (2.10)

a+4a B 12a<14

4(1—(1)’ = , < ,

_@-Ba b sl —B)<1-4:(16)

Lo (2.11)
b = (17) _

(1+ A)c, B

1d1-a)’ B=-12a<1-4

and
((A—B)(c3 +azcy)
41-a)1-B) ’
ay = (2.12)
1+ A)(c3 + azcq) _
l 80 —a) B=-12a<1-A
This completeshe prove of Theorem 2.1

~1<B<A<la(l-B)<1-4;

Theorem 2.2. Letf(z) € US:(a,A,B). Then
- ~1<B<A<1la(1-B)<1-4;

1-a)(1-B)’
al=y (2.13)
Elta;' B=-12a<1-A,

((A=B)(1—a)(1—B)+2(A — B)? |
A= a1 By , -1<B<A<la(l-B)<1-4;

laz| < (2.14)
1+A)A—a)+(1+A4)?
2(1 — a)?

B=-12a<1-4

and

_ 4(4-B) 2(A-B)(1-a)(1-B)+4(4-B)?
(A B) (2 + (1-a)(1-B) + (1-a)%(1-B)? )

, —1<B<A<la(l-B)<1-4;
3(1-a)(1-B) a(1=5)

las| < (2.15)

l(l +4) (1+:LA+(1+A)(1—4:)+2(1+A)7)

-a 2(1-a)?

31—a)

B=-12a<1-A.

Proof. The proof follows from Theorem 2.1.

Theorem 2.3. Let the functionf € A and suppose thaf € TU,Si(a,A,B), 0 <a # 1. If
[2zf'(2)] is majorized by f (z) — f(—2z)] and|2zf"(2)| < |z[f (2) — f(—2)]'|, then
12z D]'| < |[f (2) = F(=D]'|, (Iz] <15), (2.16)



wherer, = 1,(«, A, B) is the smallest positive root of the equation

AZB A-B
[ll +|B|]r3— 1+2|B|r2—[|1 +|B|+2]r+1=0 (2.17)
(zev, 1<B<A<10<6<r0,[| +|B|]6<1)

Proof. Suppose that € TU, Ss(a, 4, B). Then by Lemma 1.2, we obtain

2zf'(2) (1 - ae-) < 1+ Az

(2.18)

f(2)—f(—2) 1+ Bz
Or, equivalently
A-aBe™t
2zf"(2) - 1+ ( 1-ae—i® ) (2.19)
f(2)—f(-2) 1+ Bz
which holds true for alt € U.
We find from (2.19) that
A-qBe™t
2f' () 1+ (T (@ (2.20)

f@-f(=2) 1+ Bw(z)
wherew(z) = ¢,z + ¢,z> + c3z3 + - € W, W denotes the usual class of the bounded analytic
functions inU and satisfies the conditions(0) = 0, |w(z)| < |z|, (z € U).

From (2.20), it is seen that
If(2) = f(=2)| < - (A 5

|1-a

+ 1B1z|
+1B[) Izl

|2zf"(2)]. (2.21)

Next, sincezf'(z) is majorized by(f(z) — f(—=z)) in U, from (1.7), we have

2zf'(z) = p(2)[f (2) — f(—2)] (2.22)
Differentiating (2.22) with respect toand multiplying byz, we get
[2zf"(2)] = ¢’ (D[f (2) = f(=2)] + (DIf (2) — f(—2)] (2.23)

Thus, by Lemma 1.3, (2.21) and (2.22), we obtain

qu(Z)I2 (1+ |Bllz])|z|
2zf' @D]'| < |lp@)| . z 2.24
I[2zf"(2)] @ 41 m_p [1_(|1a| |B| |z|] I[f (@) - f=2)I ( )
which upon settingz| = r and|@(z)| = p, (0 < p < 1) leads us to the inequality:
¥Y(p) ,
122 @) < 4 IIf(2) - f (=)' (2.25)
(1—r2)[1—( I+|B|)r]
where
W(p) =—-r(1+|B|r)p?+ (1 —1r3) [1 - (Il : 2l + IBI)r] p+7r(1+|B|r) (2.26)



takes its maximum value at= 1 withr, = ,(a, 4, B) is the smallest positive root of (2.17).
Furthermore, i0 < § < 1,(, 4, B), then the functiol’(p) defined by

Y(§) =—-8(1+|B|8)p? + (1 —8H)[1— (Il : i + |B|) 8lp + (1 + |B|6)S (2.27)
is an increasing function on intenvak p < 1, so that

Yp)<¥A) =(1-6% [1 —( — 4 |B|)5], (0<p<1 0<6<r,(aAB)) (2.28)

11— al

Hence, upon setting = 1 in (2.27), we conclude that (2.16) of Theorem 2.3 holds true for
|z| <1, =1,(a, A, B), which completes the proof of Theorem(3.

Theorem 2.4. Let the functiorf'(z) € A and suppose th#te TU, S¢(a,A,B), (0 < a # 1). If
[2zf'(2)] is majorized byif (z) + f(2)] and|2zf'(2)| < |z[f (z) + f(2)]'|, then
12zf' DI < If (@) + F@D]'l, (2] <70, (2.29)

wherer, = 1,(a, A, B) is the smallest positive root of the equation

A—B
[ll_a|+|B|]r3—[1+2|B|]r2—[ +|B|+2]r+1=0, (2.30)

11— af

A
<ZEU,—1SB<AS1, OSSS‘I"O, [m-l—lBl](SSl)

Proof.
The proof follows from Theorem 2.3.

Theorem 2.5. If f(z) € A satisfies
Z[ 2k —[1— (D1 + a + a|B]) + [2kB — [1 — (=1)¥]4|]|ax| < A — B (2.31)

k=2

forsomea =0, -1 < B <A <1, thenf € TU,S;(a, A, B).

Proof. Suppose that (2.31) is true f@r> 0, —1 < B < A < 1. For f(z) € A, let us define the
functionp(z) by

2zf'(z 2zf'(z
p(2) = f@) —a f@ -1 (2.32)
f(2) - f(—2) f(2) - f(—2)
It suffices to show that
PO e (2.33)
A — Bp(2) ’ ' '
It is noted that
p(2)—1| _ | 2zf'(2) - ae®|2zf'(z) — [f(2) — fF (-2l — [f(2) — f(-2)] | (2.34)
A-Bp(2)|~ |Alf(@ - f(-2)] - B[2zf'(z) — ae®|2zf'(2) — [f(2) — F210| '
=| [2zf'(2) — [f(2) — f(—2)]] — ae®|2zf"(2) — [f(2) — f (2] |
[(4=B)f(2) - f(=2)] - B[[2zf'(2) - [f(2) ﬁf(—Z)] —ae|2zf'(2) — [f (2) — f(-2)] I]]|
_ Yeol[2k — (1 — (—1)M)]agz*t — ae®|Tp,[ 2k — (1 — (=1)")]axz*1 | (2.35)
(A= B) - Z§L,[2kB — (1 — (—DM)A]a,z* " — aBe®|[2k — (1 — (—1)")]az*|| '




Tiea |2k = (1 = (“D)")llallz*7" + ale’| X, | 2k — (1 = (=1)F)[a||z|*~*

S 0o - [ oo —
(A—B) = ¥, 2kB — (1 = (“D)")Allai|lz|*"* — alBlle®| X7, | 2k — (1 — (=D))||a||z|*~*

o |2k — (1 = (=D)9)la| + a| 2z | 2k = (1 = (1)) |lax]

=@-5 —Z¥=212kB — (1 = (D)) Allax| — alBI E7-, | 2k — (1 — (=D))lax|

The last expression is bounded abovd by
D2k = = (0Pl +al Y 12k = (1= (D9l
k=2 k=2

<(U-B)= ) |2kB - (1= (~DMAlla] - alB| ) 12k = (1= (~1))llay]
k=2 k=2

(2.36)

(2.37)

which is equivalent to our condition (2.31). This completes the proof of the thecrem.

Theorem 2.6. If f(z) € A satisfies

Z[|2k “ 2|1+ a+ a|B]) + |2kB — 24|]|ax| < A — B
k=2
forsomea =0, -1 < B <A <1, thenf € TU,S;(a, A, B).

Proof. It follows from Theorem 2.5

Theorem 2.7. Let the functiorf (z) defined by (1.1) satisfy (1.8). We define

L@ =2z fi(2)
A-B

T2 T @+ a+alBDIZk - [L— (—DF]| + |2kB — [1 — (-D¥]A] eIz, (k=23,)

Then,f(z) € TU,S;(a, A, B) if and only if it can be expressed in the form
F&) =) L@
k=1
whered, > 0 and);_; 4, = 1.

Proof.
Suppose that

k=1
Y A-B N
=z—kzzllk (1+a+a|B|)|2k—[1_(_1)k]|+|2kB_[1_(_1)k]A|e 1=Ky 7k
Then
ST+ a+ alBDI2k — [1 — (DX + 248 — [1 — (D4}l
k=1

A-B
1+ a+a|B)|2k — [1 — (—1)¥]| + |2kB — [1 — (—1D)¥]A| ¢

=U-B)) %

—(-B)A =)
<A-B

X | Ak i(l—k)y|

(2.38)

(2.39)

(2.40)

(2.41)

(2.42)

(2.43)

(2.44)
(2.45)



Conversely, suppose thé(z) € TU, S;(a, A, B). Since
A-B

lax] < (1+a +a|B])|2k — [1 — (=1)¥]| + |2kB — [1 — (—=1)]4|’ (k =23, (2.46)
we may set
1+ a+a|BD|2k — [1 = (—D¥]| + |2kB — [1 — (—1)¥]4]
A = 4= B)[e 7| lagl, (k=23-) (2.47)
and
=1 4 (2.48)
k=2
Then,
F&) =) Wi (2.49)
k=1

Theorem 2.8. Let the functiorf'(z) defined by (1.1) satisfy (1.8). We define

(@) =z fi.(2) B (2.50)
= ¥ araBDik -1 = DA+ 2k [ = —nfal© 7 (e=23) '

then,f(z) € TU,S¢(a, A, B) if and only if it can be expressed in the form

f&) =) Mfu@ (2.51)
k=1

whered, > 0 and);_; 4, = 1.
Proof. The proof follows from Theorem 2.7.
Theorem 2.9. Let the functiorf(z) defined by (2) be in the cla%#/S; (a, 4, B). Then, we have

1. The functionf (z) is close-to-convex qi, (0 < u < 1) in|z| < r; where

{(1 —WIA +a+a|B)|2k - [1 - (=D]| + |2kB - [1 - (-D"]M]}ﬁ_ (2.52)

r; = inf k(A= B)

k=2

2. The functionf (2) is starlike ofp (0 <y < 1) in|z| < r,, where

(=P +a+alB)|2k = [1 = (=D¥]| + |2kB — [1 = (=D*]A[])
2= ;‘fég{ (k—¢)(A-B) } ' (2.53)

3. The functionf (z) is convex ok (0 < e < 1) in|z| < r; where

_ (A=A +a+alBDIZk = [1 = (~1)¥]| + [2kB — [1 - (-D)*]A]) 554
r3_;1<§£{ K- O(A-B) } , (2.54)

Proof.
1. We have to show thgf'(z) — 1| < 1 — u for |z| < r;. We have



F'@) =112 ) klaiz, (2.55)
k=2
Thus,|f'(z) - 1| <1—uif

T lag||z|*~t < 1. (2.56)
k=2 H
By Theorem 2.5, we have

[ee)

z [(1+ a+ a|B|)|2k — [1 = (=1)¥]| + |2kB — [1 — (—=1)¥]4]]
A—B

@] < 1. (2.57)

k=2

Hence, (2.57) will be true if
klz|™ A +a+alBDI2k —[1— (=D)"]| + 12kB — [1 — (-1)"]A[]

TS ) : (2.58)
Or, if
] S{(1—u)[(l+oz+oz|B|)|2k—]El(A—_(;)"]l+|2kB—[1—(—1)"]A|]}k-l_ =2 (2.59)
which follows from (2.52). Similarly, we can prove (2.53) and (2.54). The pobof
Theorem 2.9 is complete.
U

Theorem 2.10. Let the functionf(z) defined by (2) be in the clag®/S;(a, A, B). Then, we
have
1. The functiory (z) is close-to-convex gi, (0 < u < 1) in|z| < r; where
1

ry = inf{(l - w1+ a+a|B|)|2k — 2| + |2kB — 2A|]}k—1. (2.60)
k=2 k(A—-B)
2. The functionf (z) is starlike ofp (0 <Y < 1) in|z| < 1y, Where
1
ry = inf{(l —YP)[(1+a+ a|B|)|2k — 2| + |2kB — 2A|]}k—1' (2.61)
k=2 (k—y)(A-B)
3. The functionf (z) is convex ok (0 < e < 1) in|z| < r; where
1
b mf{(l —e)[(1+ a+ a|B|)|2k — 2| + |2kB — 2A|]}k—1' (2.62)
37 k22 k(k —e)(A—B)

Proof.The proof follows from Theorem 2.9!
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