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Abstract 

Some further properties for analytic functions with respect to other points with varying argument 
were discussed. The coefficient bounds, coefficient inequality, majorization, distortion bounds, 
extreme points and radius of close-to-convexity, starlikeness and convexity for the functions 
belonging to the class �����∗(�, 
, �) and ����
∗(�, 
, �) were obtained.  
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1. Introduction 

Let � denote the class of functions of the form  

 �(�) = � +����
��� �� (1.1) 

which are analytic in the unit disc � = {�: |�| < 1}. Let � be a subclass of 
 consisting of 
analytic and univalent functions. Also, noted that �∗( ) and !( ), (0 ≤  < 1) are the classes 
of starlike function of order   and convex function of order   which their geometric condition 

satisfies $%  '()(')((') >   and $% +'())(')()(') + 1, >   in � respectively. It is known that �∗( ) ⊂�∗(0) and !( ) ⊂ !(0) = !. 
 
A function �(�) ∈ 
 is said to be in ��(�,  ), the class of �-uniformly starlike functions of 
order  (0 ≤  < 1) which geometric condition satisfies  

 $ /��0(�)�(�) 1 > � 2��0(�)�(�) − 12 +  ,   � > 0 (1.2) 

and a function �(�) ∈ 
 is said to be in �!(�,  ), the class �-uniformly convex functions of 
order  (0 ≤  < 1) which geometric condition satisfies  

 $ /��00(�)�0(�) + 11 > � 2��00(�)�0(�) 2 +  ,   � ≥ 0 (1.3) 

See details in [1,2].  
 
For two functions � and 5, analytic in �, we say that the function � is subordinate to 5 in �, and 
write  
 �(�) ≺ 5(�) (1.4) 



 
If there exists a Schwarz function, 7, which is analytic in � with 7(0) = 0 and |7(�)| < 1, (� ∈ �), such that �(�) = 5(7(�)),  (� ∈ �). Furthermore, if the function 5 is univalent in �, 
then  
 �(�) ≺ 5(�),   (� ∈ �)  ⟺  �(0) = 5(0)  and  �(�) ⊂ 5(�) (1.5) 
in [3].  
 
Let � and 5 be analytic in the open unit disc �. We say that � is majorized by 5 in � see details 
in [4-6] and write  
 �(�) ≪ 5(�),    (� ∈ �), (1.6) 
if there exists a function >(�) analytic in � such that  
 |>(�)| ≤ 1   and   �(�) = >(�)5(�)   (� ∈ �). (1.7) 
 
It may be noted here that (1.6) is closely related to the concept of quasi-subordination between 
analytic functions.  
 
More so, ��(@ ∈ $) denoted the class of functions �(�) ∈ 
 of the form (1.1) for which all of 
non-vanishing coefficients satisfy the condition  
 arg( �C) = D + (1 − E)@,    E = 2,3,⋯ (1.8) 
 
 
Putting @ = 0, the class �I of functions with negative coefficient were obtained.  
Silverman [7] introduced class � which he defined as  � = ��∈J��. 
 
The class � of functions is called the class of functions with varying argument of coefficients.  
Sakaguchi [8] introduced the class ��∗ ⊂ � consisting of functions given by (1.1) satisfying  

 $%  K ��0(�)�(�) − �(−�)L > 0,   � ∈ �. (1.9) 

 
These functions are called starlike function with respect to symmetric points. Ashwah and 
Thomas [9] introduced another class of functions namely; the class �
∗ consist of functions with 
respect to conjugate points which geometric condition satisfying  

 $%  M ��0(�)�(�) + �(�̄)O > 0,   � ∈ � (1.10) 

and their results littered everywhere.  
 
In terms of subordination, Goel and Mehrok [10] introduced a subclass of ��∗ denoted by ��∗(
, �).  
Let ��∗(
, �) be the class of functions of the form (1.1) and satisfying the condition  

 
2��0(�)�(�) − �(−�) ≺ 1 + 
�1 + �� ,    −1 ≤ � < 
 ≤ 1,   � ∈ �. (1.11) 

 
Also, let �
∗(
, �) be the class of functions of the form (1.1) and satisfying the condition  



 
2��0(�)�(�) + �(�̄) ≺ 1 + 
�1 + �� ,    −1 ≤ � < 
 ≤ 1,   � ∈ �. (1.12) 

 
Let P�(
, �) be the class of functions of the form (1.1) and satisfying the condition  

 
2(��0(�))0(�(�) − �(−�))0 ≺ 1 + 
�1 + �� ,    −1 ≤ � < 
 ≤ 1,    � ∈ �. (1.13) 

 
More so, let P
(
, �) be the class of functions of the form (1.1) and satisfying the condition  

 
2(��0(�))0(�(�) + �(�̄))0 ≺ 1 + 
�1 + �� ,    −1 ≤ � < 
 ≤ 1,    � ∈ �. (1.14) 

 
The above classes of functions have been studied by many authors including Selvaraj and 
Vasaithi [11], Olatunji and Oladipo [12], Keerthi and Chinthamani [13], Janteng and Dahhar [14] 
and so on. They obtained very interesting results.  
 
For arbitrary fixed real numbers 
 and (−1 ≤ � < 
 ≤ 1), let Q(
, �) denote the class of 
functions of the form  

 R(�) = 1 +�R��
��S ��, (1.15) 

which are analytic in � and satisfies the condition  

 R(�) ≺ 1 + 
�1 + �� ,    (� ∈ �). (1.16) 

 
The class Q(
, �) was studied and introduced by Janowski [15]. We note that a function �(�) ∈ Q(
, �) if and only if  

TUV
UWXR(�) − 1 − 
�1 − �� X < 
 − �1 − �� , (−1 ≤ � < 
 ≤ 1,   � ∈ �)
${R(�)} > 1 − 
2 , (� = −1, � ∈ �).

Y 
for details, see [4,6].  
 
In this work, two classes of functions �����∗(�, 
, �) and ����
∗(�, 
, �) are defined by making 
use of (1.9) and (1.10). The coefficient bounds , coefficient estimates, distortion bound, extreme 
points and radii for thetwo classes of functions are obtained by employing Shu-Hai et al.’s [4,6] 
method.  
 
For the purpose of our results, the following Lemma and definitions shall be necessary.  
 
Lemma 1.1.  Let �(�) ∈ ���∗(�, 
, �). Then  

 �(�) ∈ ���∗(�, 
, �) ⇒
TUV
UW�(�) ∈ ���∗ [1 − 
 − �(1 − �)(1 − �)(1 − �) \ , −1 < � < 
 ≤ 1, �(1 − �) ≤ 1 − 
,
�(�) ∈ ���∗ [(1 − 
) − 2�2(1 − �) \ , � = −1, 2� ≤ 1 − 
.

Y (1.17) 

 



 
 
Proof. Let �(�) ∈ ���∗(�, 
, �. Then, we obtain  

 ℜ  K 2��0(�)�(�) − �(−�)L > TUV
UW�ℜ K 2��0(�)�(�) − �(−�)L − � + 1 − 
1 − � , −1 < � < 
 ≤ 1, �(1 − �) ≤ 1 − 
;
�ℜ K 2��0(�)�(�) − �(−�)L − � + 1 − 
2 , � = −1,2� ≤ 1 − 
.

Y (1.18) 

Or, equivalently,  

 ℜ  M 2��0(�)�(�) − �(−�)O > TUV
UW1 − 
 − �(1 − �)(1 − �)(1 − �) , −1 < � < 
 ≤ 1, �(1 − �) ≤ 1 − 
;
(1 − 
) − 2�2(1 − �) , � = −1, 2� ≤ 1 − 
.

Y (1.19) 

 
If −1 < � < 
 ≤ 1 and �(1 − �) ≤ 1 − 
, then we have  

 0 ≤ (1 − 
) − �(1 − �)(1 − �)(1 − �) < 1. (1.20) 

Also, if � = −1 and 2� ≤ 1 − 
, then we obtain  

 0 ≤ (1 − 
) − 2�2(1 − �) < 1. (1.21) 

 
Thus, we prove Lemma 1.1. 
 
Lemma 1.2.  [16] Let � ≥ 0 and −1 ≤ � < 
 ≤ 1. If 7(�) is an analytic function 7(0) = 1, 
then we have  

 7 − �(7 − 1) ≺ 1 + 
�1 + ��  ⟺  7(1 − �%_`a) + �%_`a ≺ 1 + 
�1 + �� ,   (b ∈ $). (1.22) 

 
Lemma 1.3.  [17] Let >(�) be analytic in � satisfying |>(�)| ≤ 1 for � ∈ �. Then  

 |>0(�)| ≤ 1 − |>(�)|�1 − |�|� ,   (� ∈ �). (1.23) 

 
Definition 1. Let �(�) ∈ �����∗(�, 
, �), then  

 $%  2��0(�)�(�) − �(−�) > �| 2��0(�)�(�) − �(−�) − 1| +  , (1.24) 

where � ≥ 0, −1 ≤ � < 
 ≤ 1, @ ∈ $ and 0 ≤  < 1.  
 
 

2. Main Results 

Theorem 2.1.  Let �(�) ∈ ���∗(�, 
, �). Then  

 |��| ≤
TUV
UW 
 − �(1 − �)(1 − �) , −1 < � < 
 ≤ 1, �(1 − �) ≤ 1 − 
;
(1 + 
)2(1 − �) , � = −1, 2� ≤ 1 − 
,

Y (2.1) 



 

 |�c| ≤
TUV
UW 
 − �(1 − �)(1 − �) , −1 < � < 
 ≤ 1, �(1 − �) ≤ 1 − 
;
(1 + 
)2(1 − �) , � = −1, 2� ≤ 1 − 


Y (2.2) 

and  

 |�d| ≤
TUV
UW(
 − �)(1 − �)(1 − �) + (
 − �)�2(1 − �)�(1 − �)� , −1 < � < 
 ≤ 1, �(1 − �) ≤ 1 − 
;
2(1 + 
)(1 − �) + (1 + 
)�8(1 − �)� , � = −1, 2� ≤ 1 − 
.

Y (2.3) 

 
Proof. Suppose that �(�) ∈ ���∗(�, 
, �). Then, by Lemma 1.1 we obtain  

 $ M 2��0(�)�(�) − �(−�)O > TUV
UW(1 − 
) − �(1 − �)(1 − �)(1 − �) , −1 < � < 
 ≤ 1, �(1 − �) ≤ 1 − 
;
(1 − 
) − 2�2(1 − �) , � = −1, 2� ≤ 1 − 
.

Y (2.4) 

 
Let us define the function R(�) by  

 R(�) =
TUU
V
UUW
(1 − �) �'()(')((')_((_')− (S_f)_g(S_h)S_hf_hS_h

, −1 < � < 
 ≤ 1, �(1 − �) ≤ 1 − 
;
(1 − �) �'()(')((')_((_')− (S_f)_�g�Sif�

, � = −1, 2� ≤ 1 − 
.
Y             (2.5) 

 
Hence, R(�) is analytic in � with R(0) = 1 and $ R(�) > 0,  (� ∈ �). Let  
 R(�) = 1 + jS� + j��� + jc�c +⋯. (2.6) 
 
So, we obtain  

 
2��0(�)�(�) − �(−�) = TUV

UW1 + 
 − �(1 − �)(1 − �) (jS� + j��� + jc�c +⋯), −1 < � < 
 ≤ 1, �(1 − �) ≤ (1 − 
);
1 + 1 + 
2(1 − �) (jS� + j��� + jc�c +⋯), � = −1, 2� ≤ 1 − 
.

Y (2.7) 

 
Or equivalently  

 

2��0(�) − [�(�) − �(−�)]

=
TUU
V
UUW


 − �(1 − �)(1 − �) [�(�) − �(−�)](jS� + j��� + jc�c +⋯),
−1 < � < 
 ≤ 1, �(1 − �) ≤ 1 − 
;


 − �2(1 − �) [�(�) − �(−�)](jS� + j��� + jc�c +⋯),
� = −1,2� ≤ 1 − 
.

Y (2.8) 

 
which gives  



 

4���� + 4�c�c + 8�d�d +⋯
=
TUU
V
UUW


 − �(1 − �)(1 − �) (2� + 2�c�c + 2�n�n +⋯)(jS� + j��� + jc�c +⋯),
            −1 < � < 
 ≤ 1, �(1 − �) ≤ 1 − 
;

 − �2(1 − �) (2� + 2�c�c + 2�n�n +⋯)(jS� + j��� + jc�c +⋯),   � = −1,2� ≤ 1 − 
;

Y (2.9) 

 
Comparing the coefficients in (2.9), we obtain  

 �� =
TUV
UW (
 − �)jS2(1 − �)(1 − �) , −1 < � < 
 ≤ 1, �(1 − �) ≤ 1 − 
; (13)

(14)(1 + 
)jS4(1 − �) , � = −1,2� ≤ 1 − 
,
Y (2.10) 

 

 

�c =
TUV
UW (
 − �)j�2(1 − �)(1 − �) , −1 < � < 
 ≤ 1, �(1 − �) ≤ 1 − 
; (16)

(17)(1 + 
)j�4(1 − �) , � = −1,2� ≤ 1 − 

Y (2.11) 

and  

 �d =
TUV
UW(
 − �)(jc + �cjS)4(1 − �)(1 − �) , −1 < � < 
 ≤ 1, �(1 − �) ≤ 1 − 
;
(1 + 
)(jc + �cjS)8(1 − �) , � = −1,2� ≤ 1 − 
.

Y (2.12) 

This completes the prove of Theorem 2.1.  � 
 
 
Theorem 2.2.  Let �(�) ∈ ��
∗(�, 
, �). Then  

 |��| ≤
TUV
UW (
 − �(1 − �)(1 − �) , −1 < � < 
 ≤ 1, �(1 − �) ≤ 1 − 
;
(1 + 
)(1 − �) , � = −1,2� ≤ 1 − 
,

Y (2.13) 

 
 
 
 
 

 

|�c| ≤
TUV
UW(
 − �)(1 − �)(1 − �) + 2(
 − �)�(1 − �)�(1 − �)� , −1 < � < 
 ≤ 1, �(1 − �) ≤ 1 − 
;
(1 + 
)(1 − �) + (1 + 
)�2(1 − �)� , � = −1,2� ≤ 1 − 


Y (2.14) 

and  

 |�d| ≤
TUU
V
UUW(
 − �) +2 + d(f_h)(S_g)(S_h) + �(f_h)(S_g)(S_h)id(f_h)r(S_g)r(S_h)r ,3(1 − �)(1 − �) , −1 < � < 
 ≤ 1, �(1 − �) ≤ 1 − 
;
(1 + 
) +1 + SifS_g + (Sif)(S_g)i�(Sif)r�(S_g)r ,3(1 − �) , � = −1,2� ≤ 1 − 
.

Y (2.15) 

 
Proof. The proof follows from Theorem 2.1.  � 
 
Theorem 2.3.  Let the function � ∈ 
 and suppose that � ∈ �����∗(�, 
, �), 0 ≤ � ≠ 1. If [2��0(�)] is majorized by [�(�) − �(−�)] and |2��0(�)| ≤ |�[�(�) − �(−�)]0|, then  
 |[2��0(�)]0| ≤ |[�(�) − �(−�)]0|,    (|�| ≤ tu), (2.16) 



where tu = tu(�, 
, �) is the smallest positive root of the equation  

 v 
 − �|1 − �| + |�|w tc − [1 + 2|�|]t� − v 
 − �|1 − �| + |�| + 2w t + 1 = 0 (2.17) 

+� ∈ �,−1 ≤ � < 
 ≤ 1,0 ≤ x ≤ tu , [ f_h|S_g|+ |�|]x ≤ 1,.  
 
Proof. Suppose that � ∈ �����∗(�, 
, �). Then by Lemma 1.2, we obtain  

 
2��0(�)�(�) − �(−�) (1 − �%_`a) ≺ 1 + 
�1 + ��. (2.18) 

 
Or, equivalently  

 2��0(�)�(�) − �(−�) ≺ 1 + +f_ghyz{|S_gyz{| , �1 + ��  (2.19) 

which holds true for all � ∈ �.  
 
We find from (2.19) that  

 2��0(�)�(�) − �(−�) = 1 + +f_ghyz{|S_gyz{| ,7(�)1 + �7(�)  (2.20) 

where 7(�) = jS� + j��� + jc�c +⋯  ∈ }, } denotes the usual class of the bounded analytic 
functions in � and satisfies the conditions: 7(0) = 0,   |7(�)| ≤ |�|,   (� ∈ �).  
 
From (2.20), it is seen that  

 |�(�) − �(−�)| ≤ 1 + |�||�|1 − + f_h|S_g| + |�|, |�| |2��0(�)|. (2.21) 

 
Next, since 2��0(�) is majorized by (�(�) − �(−�)) in �, from (1.7), we have  
 2��0(�) = >(�)[�(�) − �(−�)] (2.22) 
 
Differentiating (2.22) with respect to � and multiplying by �, we get  
 [2��0(�)]0 = >0(�)[�(�) − �(−�)] + >(�)[�(�) − �(−�)]0 (2.23) 
 
Thus, by Lemma 1.3, (2.21) and (2.22), we obtain  

 |[2��0(�)]0| ≤ ~|>(�)| + 1 − |>(�)|�1 − |�|� . (1 + |�||�|)|�|�1 − + f_h|S_g|+ |�|, |�|�� |[�(�) − �(−�)]0|	 (2.24) 

 
which upon setting |�| = t and |>(�)| = �,   (0 ≤ � ≤ 1) leads us to the inequality:  

 |[2��0(�)]0| 		≤ ~ �(�)(1 − t�) �1 − + f_h|S_g|+ |�|, t�� |[�(�) − �(−�)]0| (2.25) 

 
where  

 Ψ(�) = −t(1 + |�|t)�� + (1 − t�) v1 − [ 
 − �|1 − �| + |�|\ tw � + t(1 + |�|t) (2.26) 



takes its maximum value at � = 1 with tu = tu(�, 
, �) is the smallest positive root of (2.17).  
Furthermore, if 0 ≤ x ≤ tu(�, 
, �), then the function Ψ(�) defined by  

 Ψ(x) = −x(1 + |�|x)�� + (1 − x�)[1 − [ 
 − �|1 − �| + |�|\ x]� + (1 + |�|x)x (2.27) 

is an increasing function on interval 0 ≤ � ≤ 1, so that  

 Ψ(�) ≤ Ψ(1) = (1 − x�) v1 − [ 
 − �|1 − �| + |�|\ xw ,    (0 ≤ � ≤ 1,   0 ≤ x ≤ tu(�, 
, �)) (2.28) 

 
Hence, upon setting � = 1 in (2.27), we conclude that (2.16) of Theorem 2.3 holds true for |�| ≤ tu = tu(�, 
, �), which completes the proof of Theorem 3.  � 
 
Theorem 2.4.  Let the function �(�) ∈ 
 and suppose that � ∈ ����
∗(�, 
, �),   (0 ≤ � ≠ 1). If [2��0(�)] is majorized by [�(�) + �(�̄)] and |2��0(�)| ≤ |�[�(�) + �(�̄)]0|, then  
 |[2��0(�)]0| ≤ |[�(�) + �(�̄)]0|,    (|�| ≤ tu), (2.29) 
 
where tu = tu(�, 
, �) is the smallest positive root of the equation  

 v 
 − �|1 − �| + |�|w tc − [1 + 2|�|]t� − v 
 − �|1 − �| + |�| + 2w t + 1 = 0, (2.30) 

 [� ∈ �,−1 ≤ � < 
 ≤ 1,   0 ≤ x ≤ tu ,  v 
 − �|1 − �| + |�|w x ≤ 1\. 
 
Proof. 
The proof follows from Theorem 2.3.  � 
 
Theorem 2.5.  If �(�) ∈ 
 satisfies  

 �[�
��� |2� − [1 − (−1)�]|(1 + � + �|�|) + |2�� − [1 − (−1)�]
|]|��| ≤ 
 − � (2.31) 

for some � ≥ 0,  −1 ≤ � < 
 ≤ 1, then � ∈ �����∗(�, 
, �).  
 
Proof. Suppose that (2.31) is true for � ≥ 0,  −1 ≤ � < 
 ≤ 1. For �(�) ∈ 
, let us define the 
function R(�) by  

 R(�) = 2��0(�)�(�) − �(−�) − � 2 2��0(�)�(�) − �(−�) − 12. (2.32) 

 
It suffices to show that  

 2 R(�) − 1
 − �R(�)2 < 1,    (� ∈ �). (2.33) 

 
It is noted that  

 2 R(�) − 1
 − �R(�)2 = 2 2��0(�) − �%`a|2��0(�) − [�(�) − �(−�)]| − [�(�) − �(−�)]
[�(�) − �(−�)] − �[2��0(�) − �%`a|2��0(�) − [�(�) − �(−�)]|]2 (2.34) 

= 2 �2��0(�) − [�(�) − �(−�)]� − �%`a|2��0(�) − [�(�) − �(−�)]|(
 − �)[�(�) − �(−�)] − ��[2��0(�) − [�(�) − �(−�)] − �%`a|2��0(�) − [�(�) − �(−�)]|]�2 
 = 2 ∑ [���� 2� − (1 − (−1)�)]����_S − �%`a�∑ [���� 2� − (1 − (−1)�)]����_S�(
 − �) − ∑ [���� 2�� − (1 − (−1)�)
]����_S − ��%`a|[2� − (1 − (−1)�)]����_S|2 (2.35) 



 ≤ ∑ |���� 2� − (1 − (−1)�)||��||�|�_S + �|%`a| ∑ |���� 2� − (1 − (−1)�)||��||�|�_S(
 − �) − ∑ |���� 2�� − (1 − (−1)�)
||��||�|�_S − �|�||%`a| ∑ |���� 2� − (1 − (−1)�)||��||�|�_S  

 ≤ ∑ |���� 2� − (1 − (−1)�)||��| + �|∑ |���� 2� − (1 − (−1)�)||��|(
 − �) − ∑ |���� 2�� − (1 − (−1)�)
||��| − �|�|∑ |���� 2� − (1 − (−1)�)||��|. (2.36) 

 
The last expression is bounded above by 1, if  

 
�|�
��� 2� − (1 − (−1)�)||��| + �|� |�

��� 2� − (1 − (−1)�)||��|
≤ (
 − �) −� |�

��� 2�� − (1 − (−1)�)
||��| − �|�|� |�
��� 2� − (1 − (−1)�)||��| (2.37) 

which is equivalent to our condition (2.31). This completes the proof of the theorem.  � 
 
Theorem 2.6.  If �(�) ∈ 
 satisfies  

 �[�
��� |2� − 2|(1 + � + �|�|) + |2�� − 2
|]|��| ≤ 
 − � (2.38) 

for some � ≥ 0,  −1 ≤ � < 
 ≤ 1, then � ∈ ����
∗(�, 
, �).  
 
Proof. It follows from Theorem 2.5.  � 
 
Theorem 2.7.  Let the function �(�) defined by (1.1) satisfy (1.8). We define  

 
�S(�) = �,   ��(�)= � − 
 − �(1 + � + �|�|)|2� − [1 − (−1)�]| + |2�� − [1 − (−1)�]
| %`(S_�)��� ,    (� = 2,3,⋯ ) (2.39) 

 
Then, �(�) ∈ �����∗(�, 
, �) if and only if it can be expressed in the form  

 �(�) = ����
��S ��(�) (2.40) 

where �� > 0 and ∑ �����S = 1.  
 
Proof. 
Suppose that  

 
�(�) = ����

��S ��(�)
= � −����

��S

 − �(1 + � + �|�|)|2� − [1 − (−1)�]| + |2�� − [1 − (−1)�]
| %`(S_�)��� . 

(2.41) 

 
 
Then  

�[�
��S (1 + � + �|�|)|2� − [1 − (−1)�]| + |2�� − [1 − (−1)�]
|] 

 × |�� 
 − �(1 + � + �|�|)|2� − [1 − (−1)�]| + |2�� − [1 − (−1)�]
| %`(S_�)�| (2.42) 

 = (
 − �)����
���  (2.43) 

 = (
 − �)(1 − �S) (2.44) 
 < 
 − � (2.45) 



 
Conversely, suppose that �(�) ∈ �����∗(�, 
, �). Since  

 |��| ≤ 
 − �(1 + � + �|�|)|2� − [1 − (−1)�]| + |2�� − [1 − (−1)�]
| ,    (� = 2,3,⋯ ), (2.46) 

we may set  

 �� = (1 + � + �|�|)|2� − [1 − (−1)�]| + |2�� − [1 − (−1)�]
|(
 − �)|%`(S_�)�| |��|,    (� = 2,3,⋯ ) (2.47) 

and  

 �S = 1 −����
��� . (2.48) 

Then,  

 �(�) = ����
��S ��(�). (2.49) 

 
Theorem 2.8.  Let the function �(�) defined by (1.1) satisfy (1.8). We define  

 
�S(�) = �,   ��(�)= � − 
 − �(1 + � + �|�|)|2� − [1 − (−1)�]| + |2�� − [1 − (−1)�]
| %`(S_�)��� ,    (� = 2,3,⋯ ) (2.50) 

 
then, �(�) ∈ ����
∗(�, 
, �) if and only if it can be expressed in the form  

 �(�) = ����
��S ��(�) (2.51) 

where �� > 0 and ∑ �����S = 1.  
 
Proof. The proof follows from Theorem 2.7.  � 
 
Theorem 2.9.  Let the function �(�) defined by (2) be in the class ����∗(�, 
, �). Then, we have  
 

1. The function �(�) is close-to-convex of �,   (0 ≤ � < 1) in |�| < tS where  

 tS = inf��� M(1 − �)[(1 + � + �|�|)|2� − [1 − (−1)�]| + |2�� − [1 − (−1)�]
|]�(
 − �) O ��z�. (2.52) 

   
2. The function �(�) is starlike of �  (0 ≤ � < 1) in |�| < t�, where  

 t� = inf��� M(1 − �)[(1 + � + �|�|)|2� − [1 − (−1)�]| + |2�� − [1 − (−1)�]
|](� − �)(
 − �) O ��z�. (2.53) 

 
3. The function �(�) is convex of �  (0 ≤ � < 1) in |�| < tc where  

 tc = inf��� M(1 − �)[(1 + � + �|�|)|2� − [1 − (−1)�]| + |2�� − [1 − (−1)�]
|]�(� − �)(
 − �) O ��z�. (2.54) 

 
 
 
 
 
Proof. 

1. We have to show that |�0(�) − 1| < 1 − � for |�| < tS. We have  



 |�0(�) − 1| ≤ ���
��� |��||�|�_S. (2.55) 

Thus, |�0(�) − 1| < 1 − � if  

 � �1 − �
�
��� |��||�|�_S ≤ 1. (2.56) 

By Theorem 2.5, we have  

 �[(1 + � + �|�|)|2� − [1 − (−1)�]| + |2�� − [1 − (−1)�]
|]
 − �
�
��� |��| ≤ 1. (2.57) 

 
Hence, (2.57) will be true if  

 
�|�|�_S1 − � ≤ [(1 + � + �|�|)|2� − [1 − (−1)�]| + |2�� − [1 − (−1)�]
|]
 − � . (2.58) 

Or, if  

 |�| ≤ M(1 − �)[(1 + � + �|�|)|2� − [1 − (−1)�]| + |2�� − [1 − (−1)�]
|]�(
 − �) O ��z� ,   (� ≥ 2) (2.59) 

which follows from (2.52). Similarly, we can prove (2.53) and (2.54). The proof of 
Theorem 2.9 is complete.  

� 
Theorem 2.10.  Let the function �(�) defined by (2) be in the class ���
∗(�, 
, �). Then, we 
have  

1. The function �(�) is close-to-convex of �,   (0 ≤ � < 1) in |�| < tS where  

 tS = inf��� K(1 − �)[(1 + � + �|�|)|2� − 2| + |2�� − 2
|]�(
 − �) L ��z�. (2.60) 

 
2. The function �(�) is starlike of �  (0 ≤ � < 1) in |�| < t�, where  

 t� = inf��� K(1 − �)[(1 + � + �|�|)|2� − 2| + |2�� − 2
|](� − �)(
 − �) L ��z�. (2.61) 

 
3. The function �(�) is convex of �  (0 ≤ � < 1) in |�| < tc where  

 tc = inf��� K(1 − �)[(1 + � + �|�|)|2� − 2| + |2�� − 2
|]�(� − �)(
 − �) L ��z�. (2.62) 

 
Proof.The proof follows from Theorem 2.9.  � 
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