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Abstract

In this paper, formation of payoff matrix of games and evaluation of saddle points of games is
obtained. In addition, determination of strategies used by players in a game as well as the
expected payoff of a player is obtained.
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1. Introduction

A game is a competitive situation in which each of a number oégdayg pursuing his objective

in direct conflict with the other players [1]. This paper isit@t to games played by two players,
usually denoted bR andC. It is assumed that, playBrhasm possible moves and that, player
hasn moves. Anm X n matrix is formed by labeling it rows, from top to bottom, with the moves
of R, and labeling it columns, from left to right, with the moveg of

An agent playing a game is called a player [2]. Imar n matrix, the entry;; in row i and
columnj, which indicates the amount (money or some other valuable itemyaeday R if
playerR makes histh move and playe€ make higth move is called a payoff [3]. A table that
shows the payoff for every possible action by each player is called & petai.

Games of strategy are games which require skills on the pé#re gdlayers, the outcomes and
winnings are determined by the skills of the players [4].nkplas are chess, checkers, bridge,
nim and poker. A strategy for a player is a decision for choosingdngs. If the payoff matrix
of a matrix game contains an entry;, which is at the same time the minimum of roand the
maximum of columrs, thena, is called a saddle point or the value of the game [5].



2. Formation of payoff matrix of games

Consider a two person, constant-sum game withnthen payoff matrix A = (a;;), so that
playerR hasm moves and playef hasn moves. If playeR plays hisith move, he is assured of
winning at least the smallest entry in tlté row of A, no matter what' does. Thusk’sbest
course of action is to choose that move which will maximize tgarad winnings in spite of
C’'sbest counter move. Play& will get his largest payoff by maximizing his small@gtin.
PlayerC’sgoals are in direct conflict with those of playerhe is trying to kee®’s winning to a
minimum. If C plays hisjth move, he is assured of losing no more than the largest entry in the
jth column ofA, no matter whaR does. Thug’s best course of action is to choose that move
which will minimize his assured losses in spiteRé$ best counter move. Playérwill do his

best by minimizing his largest loss.

Example 2.1: Consider the game of matching pennies, consisting of two pja§eaad C,

each of whom has a penny in his hand. Each player shows ond gdecoin without knowing

his opponent’s choice. If both players are showing the same side obithethe® wins N1

from C, otherwiseC wins A1 from R. In this two-person, zero-sum game, each player has two
possible moves, he can show a tail or he can show a head. The payoff matrix is given as

C

H T
Hirl -1
R (G 1)
From example 2.1 abovH, andT represent the head and tail respectively of the penny or coin.

Example 2.2: There are two supplies, firnsandC, of a new specialized type of tire that has
100,000 customers. Each company can advertise its product on TV or in theapers. A
Marketing firm determines that if both firms advertise on Tén firmR gets 40,000 customers
and firmC gets 60,000 customers. If they both use newspapers, then each gets 50000€rsust
If R uses newspapers afduses TV, therR gets 60,000 customers. R uses TV and’ uses
newspapers, they each get 50,000 customers. We can consider this sisi@igame between
firms R andC, with payoff matrix as

Firm C
TV Newspapers
: TV 40,000 50,000
Firm R Newspapers (60,000 50,000)'



From example 2.2 above, the entries in the matrix indicate the nuhbestomers secured by
firm R.

Example 2.3: Firms A4 andB, both handling specialized sporting equipment, are planning to
locate in either Chito or Z/Biam. If they both locate in the saowen, each will capture 50
percent of the trade. IfA locates in Chito an@® locates in Z/Biam, thed will capture 60
percent of the business (aBdwill keep 40 percent); il locates in Z/Biam an@ locates in
Chito, then4 will hold on to 25 percent of the business (& tb 75 percent). The payoff matrix
for the game is

Firm B
Chito Z/Biam

Firm A Chito (50 60).

Z/Biam\25 50

3. Evaluation of saddle points of games

If the payoff of a matrix game contains an entyy, which is at the same time the minimum of
row r and the maximum of columsy thena,, is called a saddle point. Alsa, is called the
value of the game. If the value of a zero-sum game is zero, the game is saidrto be fa

If a, is a saddle point for a matrix game, then playevill be assured of winning at least; by
playing hisrth move and playe€ will be guaranteed that he will lose no more tlhap by
playing hissth move. This is the best that each player can do.

Example 3.1: Consider a game with payoff matrix

C

0 -3 -1 3
R{3 2 2 4
1 4 0 6

To determine whether this game has a saddle point, we writeitiiaum of each row to the
right of the row and the maximum of each column at the bottomabf @@umn. Thus, we have
as follows:

CRow minima
0 -3 -1 3\ -3
R 3 2 2 4 2
1 4 0 6 0

Column maxima 4 26



Entry a,; = 2 is both the least entry in the second row and the largestieritrg third column.
Hence, it is a saddle point for the game, which is then algtietermined game. The value of
the game is 2 and playBrhas an advantage. The best course of actioR feto play his second
move, he will win at least 2 units fro@h no matter whaf does. The best course of action dor
is to play his third move, he will limit his loss to not more than 2 units, no matterRadags.

Example 3.2: Consider the advertizing game of example 2.2 (section 2). The payoff matrix is:

Firm C
TV Newspapers Row minima
Firm R TV (40,000 50,000) 40,000
Newspapers \60,000 50,000/50,000°

Column maxima 60,000 50,000

Thus entrya,, = 50,000 is a saddle point. The best course of action for both firms is to
advertise in newspapers. The game is strictly determined with the value 50,000.

A game may have more than one saddle point. However, it can be proved tha saddle
points must have the same value as can be seen in the example below.

Example 3.3: Find all saddle points for the following matrix game.

5 2 4 2
0 -1 2 O
3 2 3 2
1 0 -1-1

Consider the game as been played by two plageandC respectively. We can as usual write
the minimum of each row to the right of the row and the maximueac column at the bottom
of each column, so as to determine the saddle points.

C Row minima
52 42 2
10 -1-1/ —1
Column maxima 5 2 4 2

Entries a,,, a14, a3, andas, are all saddle points and have the same value, 2. They appear
shaded in the payoff matrix. The value of the game is also 2.

It is important to note that, there are many games that are not strictiyohete.



Example 3.4: Consider the game with payoff matrix

C Row minima

Columnmaxima 4 6 4
It is clear that there is no saddle point hence, the game is not strictly chetrmi

In the penny-matching game of example 2.1 in section 2, it is ttlaathis game is not strictly
determined, because it has no saddle point.

4. Determination of strategies used by playersin a game and the expected
payoff

A strategy for a player is a decision for choosing his moves.i@ansow the penny-matching
game in example 2.1 section 2. Suppose that, in the repeated playgaintle, playeR always
chooses the first row (he chooses to show heads), in the hope thaf pajeways choose the
first column (play heads), thereby ensuring a wig dffor himself. However, as playérbegins

to notice that playeR always chooses his first row, then playemwill chooses his second
column, resulting in a loss &1 for R. Similarly, if R always chooses the second row, tiden
will choose the first column, resulting in a lossff for R. We can thus conclude that each
player must somehow keep the other player from anticipating his choice of moves.

Suppose that we have a matrix game withhmar n payoff matrixA. Letp;, 1 < i < m, be the
probability thatR chooses théth row of A (that is, chooses hish move). Letg;, 1 < j <n, be
the probability thatC chooses th¢th column ofA. The vecto® = (p; p2 -+ Pm) is called
a strategy for playeR. The strategy for playet is given by the vector
41
o=%
an

Of course, the probabilitigg andg; in this definition satisfy

P1+pt o tpn=1

G tqz++qp=1



If a matrix game is strictly determined, then optimaltstyees forR andC are strategies having
1 as one component and zero for all other components. Such strategialeal pure strategies.
A strategy that is not pure is called a mixed strategy.

Example 4.1: Consider a game with payoff matrix

C

0 -3 -1 3
R ({3 2 2 4.
1 4 0 6

We can find the pure strategy for playeand the pure strategy for playgas follows
C Row minima
0 -3 -1 3\ -3
R (3 2 2 4) 2.
1 4 0 6 0
Column maximes 4 2 6

The saddle point of the game is the entyy = 2 and the game is strictly determined. The pure
strategy for playeR isP = (0 1 0) and the pure strategy for play@is

S
I
oroo

Now consider a matrix game with payoff matrix
_ (A1 Q12
A= (a21 azz)'
Suppose thaP = (P1  P2) andQ = (gi) are strategies foR and C, respectively. Then iR

plays his first row with probability; andC plays his first column with probability, thenR’s
expected payoff ip;q,a,1. Similarly, the remaining three possibilities is shown intdide 4.0
below. The expected payofi(P,Q) of the game to playeR is then the sum of the four
quantities in the right most column. We obtalB(P, Q) = p1q1a11 + P192a12 + P2q1a21 +
P2q2a,2, Which can be written in matrix form &P, Q) = PAQ.



Moves

PlayerR PlayerC Probability Payoff to Player Expected payoff
R to Playerr
Row 1 Column 1 P11 aqq P191a11
Row 1 Column2 19> ay P192a1>
Row 2 Column 1 P29 azq P291421
Row 2 Column 2 24> ayo P292022

Table 4.0: Table showing the payoff and expected payoff to Player R.

The same analysis applies to a matrix game with rark n matrix4d. Thus, if
q1
q>

P=({: p; = Pm)andQ = are strategies for play& andC, respectively, then the

an
expected payoff to playdt is given byE (P, Q) = PAQ.

Example 4.2: Consider a matrix game with payoff matrix

Az(i _02 —33)

1/3\
if p=(/, 3/,)andQ = 1/3/ are strategies faR andC, respectively, then the expected

1/3

payoff toR is

2 2 3 1/3
—(1 3 - 1 -3/ -1
E(P;Q)_(/AL /4)(4_ 0 _3) /3 - /6_ /2'
1
3
Therefore, the expected payoffRds 1/2.
1 /3
If P = (3/4 1/4) andQ = 2/3 are strategies fa® andC, respectively, then using the same
0

payoff matrix in example 4.2 above, we find that the expected payBRffa0 1/6.

Thus in the first cas&® gainsl/z from C whereas in the second caRdosesl/6 toC.



5. Conclusion

In as much as games are represented by game trees, maei@so used to represent games,
which is the basis of this research paper. Matrices enablefingl tine saddle points of a game
and as well, the expected payoff of a player.
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