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Abstract.

In this paper, three different methods of construction of Lyapunov functions for Duffing-type equation
were adopted and compared. Under appropriate consideration, similar results were obtained using
different techniques for the hard spring system.
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1.0Introduction

The Lyapunov theorem on stability and asymptotic stability has been employed by many authors to
study existence of a continuously differentiable Lyapunov function for non-linear differential equations
of various types. Massera [1], Nijimeijer and Berghius [2], Macklin [3] andKrasovskii [4] gave necessary
and sufficient conditions for the existence of a continuously differentiable Lyapunov function in some
neighborhood of asymptotically stable unperturbed trajectory. [5 - 7] used Lyapunov theorem to show
the existence of a suitable Lyapunov function for non-linear differential equations. The Duffing equation
(oscillator):

X +cx +a(x)+bx>=h(t) (1.1)

where ag,b,c are real constants and h is continuous, has been widely used in physics, economics,
engineering, and many other physical phenomena. Given its characteristic of oscillation and chaotic
nature, many scientists are inspired by this nonlinear differential equation given its nature to replicate
similar dynamics in our natural world. This equation together with Van der Pol’s equation have become
one of the most common examples of nonlinear oscillation in textbooks and research articles. See for
instance [8 - 10] and the references therein. Due to the importance of the Duffing equation in real world
problems, the study of convergence of solution of the equation using Lyapunov function has continued



to attract the attention of many researchers. [11 - 14] have proposed independently the convergence of
solution of Duffing equation of the general form:

X+ f(x)x +g(x)=p(t) (1.2)

wherep is continuous and 2m-periodic in t € R, f(x) is the stiffness term and

g(x) is the nonlinear term

Motivated by the above results and ongoing research in this direction the
purpose of this paper is to consider the construction of Lyapunov functions using

different methods for the Duffing equation of the form:

¥+ cx + ax +bx?+2x3= h(t) (1.3)

where a,b,c are real constant and h : [0,2rt] > R"is continuous. In equation (1.3), a is the stiffness
constant, c is the coefficient of viscous damping and bx? +2x3 represents the nonlinearity in the
restoring force acting like a hard spring
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2.0 Preliminaries

Definition 2.1. (Properties of Lyapunov Function)The Lyapunov function has the following properties

(i) Continuity:V (¢t, X)is continuous and single valued under the condtianT and|x;| < H and
V(t,0)=0

(ii) V (t, X) is positive definite

gy OV . v . v . v
(m)V—a—xlx1+—2x2 +---+mxn+—

" P representing the total derivative with respect to t is negati

definite.
Definition 2.2.(A Complete Lyapunov function)A Lyapunov function V defined/ag x R" — Ris said to
be COMPLETE iffoX € R",
@D V(Et,X)=0
@)V, X)=0if and only if X = 0 and

(iiDV (t, X) < —c|X| where c is any positive constant and |X|given by



1X| = (i(x?))E - o0

It is INCOMPLETE if (iii) is not satisfied.

Definition 2.3.(Stability)Let B(x, €) denote the open ball centeredcaif radiuse, that is the sefx € R™: ||

x —x 1< &}; B(x,¢) will denote a closed ball or the dete R™: || x — x I< €};

B(x,¢) and S[x, €] denote the sphere or the ete R":|| x — x = £}.An equilibrium pointx, of a
nonlinear system is said to be stable if forcaht 0, there exists & > 0 such that

X € B(x.,8) = ¢(t,0,x) € B(x.,€) forallt = 0.The Lyapunov stability of, assumes a “simultaneous
continuity”, more precisely the equicontinuityxatof all the functions in thép.: x - ¢(¢t,0,%) fort >0
Definition 2.4.(Asymptotic Stability)The equilibrium point, is said to be asymptotically stable, if for all
€ > 0, the exists @ > 0 such that,

(i) ¢(t;0,x) € B(x,,¢) forallt =0

(i) lim;, @(t; 0, %) = x,

Definition 2.5. (Lyapunov Functions)A continuously differentiable functlorR™ — R is called positive
definite if V(0) = 0 and there exists an open bRl B(0, €) such that

(D) V(x) >0forx €B.

(ii)The function V is positive if there existBasuch that V(0) = 0and V(x) = 0 for allx € B
(iii)Analogously V is called negative definite or negative semi-definite if

1.V(0) = 0and respectively

2.V(x) <O0forallx e B,x #0 oV (x) <0 forallx € B.

Theorem 2.6Consider the autonomous differential equation

x = f(x) (2.1)

Suppose there exists a functibnR™ — R which is continuously differentiable and satisfies the following

conditions



(i) V(x) is positive definite i.el|x|| < V(x)
(i) The time derivativé’ of V(x) along the solution path of equation (2.1) is negative semi-definite i.e.
V < 0. Then the trivial solutiow = 0 of equation (2.1) is locally stable (stable in the sense of Lyapunov)
Proof. Sincel/ (x) is positive definite thei (0) = 0 andV(x) > 0 = V(x) ll= V(x) and

Ix 1< V(x) (2.2)

V (x)is continuously differentiable implids(x) is continuous and so continuous at the origin. So that given

anye > 0 there exists § > 0s.t |l xo — 0 I< § implies || V(xy) —V(0) lI< € that is
I xo I< & implies |l V(xp) lI< € (2.3)

Let x(t)be any solution of equation (2.1) b.k, < 8. SinceV is negative semi-definite i.& < 0 then V

IS non-increasing. This means that i& x, then
V(x) < V(xg) (2.4)

Combining equation (2.2), (2.3) and (2.4) we have lthat < simplies|l x IS V(x) < V(xy) <e=lx |l
< §. Thus giver > 0 there exists § > 0s.t |l x, lI< & implies|l x(t) lI< €. This shows that the trivial

solution of x = 0 of equation (2.1) is stable.

3.0Results.

1. Krasovskii's Method: This approach assumes the Lyapunov function to be a Hermitian faquadratic
form. We would like to point out here that in [15], such assumption of idamform or quadratic form is
unnecessarily restrictive simply because a Hermitian form quadratic form may not exist for a given
system.We adapt the method used in [16] and extend it to Duffing equation of the form

¥+ cx +ax + bx? + 2x3 = p(t) (3.1)

The equivalent systems of equation (3.1) is



J'Cl = xz
Xy = —CXy —ax; — h(xy) (3.2)
Whereh(x;) = bx? + 2x3 andp(t) = 0.The Lyapunov function associated with this method is given by

V(x) = f(x)TPf(x) whereP = I is a symmetric matrix for Krasovskii’'s theorem gi@) = [x; x,]7

f(x) 1
The Jacobian matric A [ ] is given by A= [ a— h(x1) —c]

For asymptotic stabilityATP + PA = —Q < 0V x € N neighborhood of equilibrium point.

arpapa= [0 S@HRE|[L Op oy o)

=[0 @D Sy o

B [ 0 1-(a+ h(x1))]
1= (a+h(x) —2c
_ 0 -1+ (a + h(xy))
=~ Lv @ e e ]SO0

Equation (3.3) shows that the equilibrium point is asymptotically stable.

Moreover,V(x) = f(x)T f(x)

X2
=[x, —(cxz +ax; + h(xy))] [_(sz +ax, + h(xl))]
= x5 + (cx, + ax; + h(x;))? (3.4)

In equation (3.4 (x) is positive definitesinc&(x) = 0. x = 0is globally asymptotically stable because
V(x) — o ad|x|| - o
2. Variable Gradient Method:This approach assume that the gradient of the Lyapunov furi¢tionis

known up to some parameter.To investigate the stability criteria for Lyapunovumbiost, we must obtain



a scalar function V and the time derivati¥en which state variables are Implicit Functions of time. Using

the equivalent systems of equation (3.1)where0,b > 0 andc > 0

The gradient is in the fo¥ (x) = [VV; . . .V ]T
where?V; = ¥, hjx;,i=1, . . . nandVV = LA g(x)
ox
hy1xy + h12x2]
VI(x) = [ 3.5
) ha1x1 + haox; (3:5)
o - : .. 92 . vy
Simplifying the coefficient;; i,j =1, . . . n using the curl conditiop—— = 2¥i — 277
Xi x] 6xj axi
v, ah11 dh1y A dhyq dhyy
we havbax2 = + X2 5~ +h12andzx = X1 + X2 5> +h12
Since 24 = 2% e have
axz ax1
xl aahll + xZ aa’;lzz = x1 6(3’;211 + xz aa}zCZlZ (36)
Obtaining/ (x) such tha = 0,i #j,k=1,2,... andh; constantj =1,2, .. .we have
]
6x2 *1 dx, anC? = X2 0x4

X ]
—cx, —ax; — h(x;)

. v’
V(x) = [a] f(x) = [h11x1  hyoxy] [
= hy1x1X; — hyp(cx2 + axyx, + h(x1)xy) (3.7)

Integratindg’ (x) and choosing;; i,j=1, . . .nsothat/(x) is positive definite anf (x) is negative

definite gives

X1 X2
V(x) = f VVl (Sl y O)dsl + f VVZ (xl ISZ)dSZ
0 0

Sincex, = 0 the first term in equation (3.7) vanishes and we have



cxs N ax,xs  h(xy)x?
3 2 2

V(x) = —hy,

ForV (x) to be positive definite we lét,, = —1 so that
V(x) = %[ZCxS’ + 3ax,x3 + 3h(x)x%] > 0 (3.8)

V(x) = _[hzz(cx% + axle + h(xl)xz) - hllxlxz] < O (39)
Hence (3.8) and (3.9) shows that the equilibrium point is asymptotically stable

3. Cartwright Method: We adapt the method of construction of Lyapunov function used in [17] antlexte
it to the second order non-linear differential equation of the Dutiyjpg of the form (3.1)In the sequel,
Ezeilo and Ogbu [18] asserted that Lyapunov functions are vital inndeteg stability, instability,

boundedness and periodicity of ordinary differential.
Writing the equivalent systems of equation (3.1) in compact form, we have

X = Ax (3.10)

Whered = | __ _Oh(x) _10] x=[}) (3.11)

The method discussed here is based on the fact that the madekined in equation (3.11) has all its
eigenvalues as negative real parts. Then from the general thieioty ®rresponds to any positive quadratic

form U(x), there exists another positive definite quadratic f@i() such that
V=-U (3.12)

Choosing the most general quadratic form of order two and pickingp#fécient in the quadratic form to

satisfy equation (3.12) along the solution paths of equation (3.2) we assume

V to be defined by2V = Ax? + By? + 2Kxy (3.13)



V = Axx + Byy + K(xy + yx)
= Axy + B(—cy — ax — h(x)) + Ky? + Kx(—cy — ax — h(x))
= Axy — Bcy? — Byax — Byh(x) + Ky? — Kcxy — Kax? — Kxh(x)
Simplifying the coefficients we have
V = (A —Ba—-Kc)xy + (K — Bc)y? — (Ka)x? — (Kx + By)h(x) (3.14)

Table 1.1: A table showing terms and coefficients of equation (3.14)

Terms Coefficient
Xy A—Ba—Kc
y? K — Bc
x? —Ka

h(x) —(Kx + By)

To makeV negative definite, we equate the coefficient of mixed variableto and the coefficients of

andy? to any positive constant (sayi.e.
A—Ba—Kc=0 0]
K—Bc=9§6 (i)
—Ka =246 (ii)
—(Kx+By) =0 (iv)

From equation (iii) above



—Ka=6

K=-2 (3.15)

Then substituting the value &finto equation (ii) we obtain

)
———Bc=9§
a
)
—Bc=6+—
a
_ 6(a+1)
B=—-— (3.16)
Substituting forK andB in (i) we have
A =Ba+ Kc
_ 6(a+1) . ﬁ
= (3.17)
which by further simplification gives that
A=-Z[(a+Da+c? (3.18)

Substituting for the values of the constanB, K in equation (3.13) gives
2V = —%[(a + 1a + c?]x? —%[a + 1]y? — ngy

V= —% [((@+ Da+c?)x? + (a+ Dy? + 2cxy]

By choosing;ia =-1

V(x) = %[((a +Da+c?)x?+ (a+ 1)y? + 2cxy| > 0 (3.19)

Using equation (3.19) and the fact that 0, the equilibrium point is asymptotically stable
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