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Abstract
This research work considers the optimal state and control of the two
dimensional wave equation with energy effect using the Finite Element
Technique (FET). The findings in the one dimensional case hold. In addition,
the two and three element discretization depict only positive states with

negative controls. Other levels of discretization were also considered.
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I. Introduction
The research work is an extension of the work o&8#l], applicable to the
two dimensional optimal control of wave equationthwienergy effect

incorporated with the optimization of a quadratiodtional

Min J(z,w) = [ [ [[Z2(x,y,¢) + U2(x,y, t)]dxdydt.

Subject to



0%z(x,y,t) N 0z(x,y,t) _0%z(x,y,t) N 0%z(x,y,t)
dt ot B dx? dy?

The applications of optimization methods to equaian mathematical

+ u(x, y,t)

physics have been considered [2]. They applied ékiended conjugate
gradient method to the control problems of diffusidluid dynamics and

wave propagation. In this work, the finite elem@thnique is used to solve
the optimal controlproblem of wave equation withergy effects in two

dimensional case.

The finite element technique can be concisely negefi as an
approximation method of solving complex problemseweh the solution
region is taken as an assemblage of many smatkercomnected sub—regions
called finite elements.

[.Wave Equation With Energy Effects in Two Dimension
Using the procedural steps in[3] the two — dimemaioptimal control
problem is considered.

The two dimensional wave equations with energyctiegiven as

( 1 ) 0%2z(x,y,t) (1) 0z(x,y,t) _ 0%z(x,y,t) N 0%z(x,y,t) 21
c? at2 d at  Ox? 9y?2 21

The optimization problem under consideration isgiby

Min J[Z,U] = [ [ [[Z2(x,y,t) + u?(x, y, t)]dxdydt (2.2)
Subject to
0%z(x,y,t) 0z(x,y,t) 0%z(x,y,t) 0%z(x,y,t)
ot T ot axz T ayz Tyt
With boundary and initial conditions
Z(0,y,t) =Z(1,y,t), 0<x<1 (2.3)

Z(x,0,t) =Z(x,1,¢t), 0<y<1
Z(x,y,0) =Z(x,y,1), 0<t<1
Following Singh and Titli[4],the Hamiltonian for @and(2.3) is given as



H=Z2%(x,y,t) + U%(x,y,t) +

)I'T[ZXX(x'yl t) +Zyy(x;J’: t) + U(x;y; t)] (24)
WhereAT=1T(t)

Setting
f(z,u) = Zyx(x,y,t) + Z,,(x,y,t) + U(x, y, t)
g(z,u) = Z%(x,y,t) + U%(x,y,t)
The first order necessary conditions for optimalty
Ze(x,y,t) = Hy(x, y, )

= Zyx(x,y,t) + Zyy(x,y, t)+U(x,y,t)

=f(Z(x,y,1), U(x,y, t)) (2.5)

/1t = _HZ = [fZ]T/1 —8z= —ZZ(X, Y t) (26)
H, =0

or[f,] AT+g,=0 (2.7)

Where H =g(z,u) + AT(t)f(z, u)
Equation(2.7) givesA + 2u =0 oA = — 2u
Equationg2.6) and(2.7) give

A = 2u(x, y,t) = —2z(x,y,t)
Hence,

Z(x,y,t) = =U:(x,y,t) (2.8)
Assuming(2.8)as a Fourier solution proposed byjubiga [5] and Duchateau
and Zachmann[6]

©o

Z(x,y,t) = Z a; (t) sinmix sin iy (2.9)

i=1



U(x,y,t)

[0 0]
= z u; (t) sin i x sin iy
i=1

Thisgives the new solution as:

Z(x,y,t) = Z U;; sin i x sin mtiy

i=1

It then follows that

a;(t) = Uy (t)
and

Zi(x,y,t) = Z U;s (t) sin i x sin iy

=1

Zie(x,y,t) = Ujs (t) sin i x sin miy

=1

e}

Zo(x,y,t) = Z i2(m?)Ujye (t) sin i X sin Ttiy
i=1

[00]

Zyy(x,y,t) = z i2(—m?)U; (t) sin i x sin iy

i=1

Z(x,y,0) = Z U;; (0) sin i x sin iy

=1

The constrained equation gives
Ztt(xi Y t) + Zt(xi Y t) = Zxx(xry: t) + Zyy(xtyi t) + U(X, Y t)
Hence

o [o'e)
z Uittt (t) sin i x sin miy + z Ujs¢ (t) sin i x sin iy =
i=1 i=1

(2.10)

(2.11)



Z —i%m2U;, (t) sin Tt X sin iy + Z —i%m2U;; (t) sin i x sin Ttiy
i=1 i=1
This implies that

Useer () + Uy () = —i%m%u;, () =122, () + u;(2)
Useee () + U () = —20°m%u;, (2) + u; (2)

Useer (£) — U (8) = —20%m% ;. (t) + u;(2)

and the problem can be written in the form

Min [ [uf + 3 + o et wp2ldt + [ U2 + ud + - o wy2)dt

The corresponding unconstrained problem is given by

Uitee () — Uqge — Zﬂzlzuit + U

Uzere (t) = —Uppr — 22 2%Uye + Uy
Uneee (8) = —Upee — 20°n% Uy, + uy (2.13)
[11.Idealisation

System (2.13)is now solved using the finite elemeakhnique by discretizing
the domain|[t = 0 to 1]with elements of equal length.Let the nodes be
denoted by andj and the nodal values of the field variatiy u;andu;and
nodal conditions

U(t)=Uatt =t;

U(t) = Ujatt = ¢; (3.1)

After further steps and re-arrangement of termsgiv

YOEINGIAL (32)
WhereN;(¢) = t; — t/L,



N =t -ty

andU®© = (3‘) that is vector of nodal unknowns of element e.
]

V. Element Characteristic Matricesand Vectors

Since the sequence of equati@l3)only differ by constant multiplicants,it
suffices to solve just one of the n-third orderaeuns.Choosing

Ung,(t) = —Ung — 27%n?Un,; + Un

an equivalent variational problem is given as atmnapation problem

e . _l 1_82un aUn 2.2 _ 2
Mlnlmlzel—zfﬂ[ 52| + |52 t] + 4m?n2U, — Un?|dt (4.1)

The element characteristic matrices and vectorsbeandentified by
expressing the functional | in matrix form. Evalogtthe integral in | over

the length of element e, gives

1© = [ [62"“ [a”"] + 4m?n2U, — Un]dt (4.2)

at2

Expressing the functional | as a sum of E elemaqiahtitied(©® gives:

E
_ z (@
e=I

Where

. 2 2
1©® = %ftt_f [— [%] + [%] + 4m2n?U, — Unz] dt (4.3)

By substituting (3.2) into (4.3) gives



© <1170 B [ 0 [

4mn2[NU, @ — U, @ [N]T[N]U,~ @] dt (4.4)

For the stationeries of I, we use the necessarglitons

ol  —9I®

0, (4.5)

U, , 0U, -

e=

Where E is the number of elements and M is the murobnodal degrees of

freedom. Equation (4.5) can also be expressed as

e=1
l.e
l.e
E E
Z [k©]U,~® = Zl—s(e) (4.6)
e=I e=I

WhereK(® = element characteristic matrix

(4.7)

P® = element characteristic vector



= f tj2n2 n?[N]Tdt (4.8)

i

V. Assemblage of Element Characteristic Matrices and Vectors.

The element characteristic matrices and vectorsiare assembled to obtain

the overall equations as:

[K|U,” = P~ (5.1)

CaseE=2

1122 25 0 7[Un] 2201
P 25 —44 25 [|Un,| = 2

0 25 221U, 1
Case E=3
—5255 0 0 If 1| L,
1]55-104 55 0 I |=7Tn2
18| 0 55 —104 55 3 |2
0 55 —52 1
Case E=4
U -
-9497 0 0 O U”l 1
1197 -188 97 0 0 n2 ”Z"ZH
—| 0 97 —-188 97 0 |{Un,|= 2
240 0 97 -18897 |ly, | 4 IlZJI
lo 0 0 97 —94JU 1
LY N
Case E =5



—148151 0 0 0 0 —z“
151 —296151 0 0 O "2
1| 0 151-296151 0 0 |[|Un
300 0 0 151 -296151 0 ||U,,
0 0 0 151-296151 ||y
0O 0 0 0 151—148-U5
L~ N
"Case E =6
Uy 1
—214217 0 0 0 0 0 9|y
217 —428217 0 0 0 O N2
1| 0 217-428217 0 0 O Un, -
3% 0 0 217-428 0 0 0 [{Un]=
0 0 0 217 217 217 0 ||u,,
0 0 0 0 —428-428217 ||y
0 0 0 0 217 217 —2141y,,°
LU, |
Case E =7
Uy 1
(—292295 0 0 0 0 0 0 |y,
295 -584295 0 0 0O O O UZ
0 295-584295 0 0 0 O n3
11 0 o0 205-584295 0 0 0 |[Un|_
42 0 0 0 295-584295 0 0 |[{Up,
0 0 0 0 295-584295 0 (ly,
0 0 0 0 0 295-584295 |,
o 0 O 0 0 o0 295—292-U”7
L~ N

[ee}
L

[aN
|

[«)]
L

R NNNNN P

R INNNNNN 2

b:—\NNNNb—:\




Case E =8

_Unl_
—382385 0 0 0 0 0 0 0 qly,
385-764385 0 0 0 0 0 0 [l °
0 385,-76438 0 0 0 0 O n3
0 0 385-76438 0 0 0 0 ||Un
=| 0 0 0 385-764385 0 0 0 [fUn,
0 0 0 0 385-764385 0 0 ||U,
0 0 0 0 0 385-764385 0 ||y
0 0 O O 0 0 385-7642385]| ™
o 0 0 o0 o0 o o0 385-—382Ung
[ Ung.
Case E =9
_U‘rL1
—484 487 0 0 0 0 0 0 0 0 Un2
487 -968487 0 0 0 0 0 0 0 |lu,
0 487-968487 0 0 0 0 0 0 [[,°
0 0 487 —968 487 0 0 0 0 0 4
11 0 o0 o0 487-968487 0 0 0 0 || Uns
54 0 0 0 0 487 —968 487 0 0 0 Un6
0 0 0 0 0 487 —968 487 0 0 U,
0 0 0 0 0 0 487-968487 0 ||,
0 0 O O O 0 0 487 —968 487||"Yns
0 0 0 0 0 0 0 0 487 —484- Un9
Uy, ]
Case E =10
_Un
r—598 601 0 0 0 0 0 0 0 0 0 17 Unz
601 —1196 601 0 0 0 0 0 0 0 0 Un3
0 601 —1196 601 0 0 0 0 0 0 0 U,
0 0 601 —1196 601 0 0 0 0 0 0 U 4
1 0 0 0 601 —1196 601 0 0 0 0 0 ns
zol 0 o 0 0 601 —1196 601 0 0 0 0 || Une
0 0 0 0 0 601 —1196 601 0 0 0 Un7
0 0 0 0 0 0 601 —1196 601 0 0 U
0 0 0 0 0 0 0 601 —1196 601 0 g
0 0 0 0 0 0 0 0 601 —1196 601 Un9
0 0 0 0 0 0 0 0 0 601 —5981|Uy,,
Uy
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V1. Computational Results.
The computational results for the two dimensionavevequation with energy

effects after incorporating the boundary conditiangiven as

CaseE=2
Un, | =|—-0.2727273n2n2||Z,, | = 454546n2n2
] | o [l "
CaseE=3
Un1 0 an
Un, | _ [-0.2448987%n? |[Zn, | _ 0734694 2
Un, —0. 244898n2n2 Zn |~
lw,,] Lo 1Z,,, | 0
CaseE=4
n1 an 0
Un, [ 0.2069466m2n ]an [0827786471 ]
Un,|= | —0.27738m2%n |Zn3 | 0.2817376m2n |
Up, - 02069466n2n2 | Zn, l—0.2817376n2n2
_Un5_ Zns- 0
CaseE=5
Unl_ -0 - an_ 0 _
Un,| |-01765495m2n2||%n:| |0.8827475m2n?
Uns| _|—0.2666137m2n?|[Zns | _ | 0.4503217%n>
Un, | |-0.26661371%n2||Z,, 0
Un,| [-01765495n%n)(z, | [-0.450321r°n?
_Un6_ ) 0 ) -Zn6- 0
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CaseE=6

3QQ1

5=

w

=

i

=

wu

=

(o)}

=

CaseE=7

=

wu

=

(o)}

=

~

=

[e¢}
L

O
QD
(%)
o)
m
I
o0

S
N (o)} vl » w N =

o]

- 0
—0.15315371%n?
—0.24677321%n?
—0.278271%n?
—0.24677321%n?
—0.15315377%n?

0

- 0

—0.13492931%n?
—0.2264363m%n?
—0.27265997%n?
—0.27265997%n?
—0.22643631%n?
—0.13492931%n?

SSSﬁqﬁqﬁqﬁqﬁqq

o)
1

0

0
—0.1204426m%n?
—0.207839471%n?
—0.2608282m%n?
—0.27858341%n?
—0.2608282m%n?

—0.2077839412n?
—0.1204426m%n?
0

'NNNBNNNN&]

3N

N
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S
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S
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[aN
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3N

ul

3N
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:l\l

N

:l\l

(o]

:l\l

o)
1

12

=
o

0
0.91892227*n?
0.5617177%n?
0.18898087*n?
—0.1889808m%n?
—0.561717m2n?

0

0 -
0.944505m%n?
0.6405497%n?

0.32356527%n?
0

—0.32356521%n?
—0.64054972n?
0

— 0 -
0.965408m%n?
0.69917441*n?
0.42391047*n?
0.14204167*n?
—0.14204167%n?
—0.42391047%n?
—0.6991744m%n?

0




CaseE=9

Un, " Zn,
Unz 0 2 2— an 0
U, —0.10869461°*n z, 0.9782514m*n?
U 3 —0.19140941*n? e 3 0.74443321*n?
ny —0.24712531%n? || “na 0.5014431m%n?
Uns | _|—0.275155972n2 || Zns | _ | 0.2522754m2n2
Un, | |—0.275155972n?|| Z,, | 0
Un, —0.24712531?*n? Zn, —0.25227541%n?
U, —0.19140941%n? z, —0.50144311%n?
U ® —0.10869461%n? 7 8 —0.74443321%n?
Ng 0 Ng 0
—Un10— Zn10
Case E=10
Un, T Zn, 7
Un, 0 1| Zn, 0
U, —9.899617E — 021%n? 7, 0.98996171%n?
U 3 —0.17703731%n? 7 3 0.7804113m%n?
4 —0.23334421%n? 4 0.563069m2n?
Un, —0.26735481%n? Zng 0.34010612n?
Un, |=| —0.27872951%n? Zn, | =] 0.1137471%n?
Un, —0.26735481%n? Z,, —0.1137471%n?
Uy, —0.2333442m*n? Zy, —0.340106m%n?
U —0.17703731%n? 7 —0.5630691%n?
U”9 —9.899617E — 0212n? an —0.780411372n?
Nio 0 i Nio 0
—Un11 —Zn11

13




VI1I. Conclusion

Expressions for the optimal staté(x,y)and the optimal control
U(x,y)for the two dimensional wave equation with enerffea was

derived.Two and three elements discretization depity positive state
with negative control.As the number of elementgaases,the controls
get smaller and the states shrink at the second.fbi$ research will
enhance further computational processes using HE téwards the
derivation of the optimal controls for states atimas spatial planes by

researchers.
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