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Abstract 

This work is concerned with the analytical solutions of a two dimensional general rate model 

simulating liquid chromatographic process in a cylindrical column considering dirichlet 

boundary condition at the column inlet and outlet. A single-solute model is considered using 

linear isotherm and pulse injection of finite width at the column inlet. The finite Hankel and 

Laplace transformations are used simultaneously to solve the model equations. Since the 

analytical Laplace inversion in the actual time domain is not possible, the numerical inversion 

is applied. To further analyze the effect of different kinetic parameters on the elution profiles, 

the first four temporal moments are derived analytically from the solutions in the Laplace 

domain. These moments can be used to analyze the retention times, band broadenings, front 

asymmetries and flattening of the elution profiles. The derived solutions will be useful to 

optimize the process and analyze the effect of involved mass transfer processes.  
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1  Introduction 

  Liquid chromatography is a separation technique that is used to separate mixture 

molecules using partitioning characteristics of molecule to remain in a stationary phase in 

contrast with a mobile phase. Once a molecule is separated from the mixture, it can be 

isolated and quantified. Such techniques are used in pharmaceutical and chemical engineering 

industries in a great deal for purification and subsequent analysis. The main ingredients of the 

liquid chromatography are the mobile and stationary phases. The mobile phase is the solvent 

entering (eluent) and leaving (eluate) the column, while the stationary phase stays fixed in a 

place inside the column. The separation is based on the partitioning between the stationary 

and mobile phases. Different mathematical models exist in the literature describing the 

chromatographic process. The most notable amongst them are the general rate model (GRM), 

the equilibrium dispersive model (EDM), and the lumped kinetic model (LKM) [1–3]. All 

these models need important input information regarding the thermodynamic equilibrium of 

the distribution of the components between the mobile and stationary phases. They differ 

essentially regarding the consideration of unavoidable mass transfer processes, which cause 

undesired band broadening.  

The analytical solutions of the two-dimensional advection-dispersion equations (ADE’s) in 

cylindrical coordinates are particularly useful for analyzing problems of the two-dimensional 

solute transport in a porous medium system with steady uniform flow [4–9].  

 Analytical solutions and moment analysis of the one-dimensional EDM, LKM and 

GRM have been derived for linear isotherms using the Laplace transformation [10]. Recently, 

the analytical solutions and temporal moments of the 2D linear EDM were derived in [11].  

In this work, further progress shall be made in this field by solving the 2D linear GRM with 

several case studies carried out to illustrate the effect of the axial and radial dispersion 



 

coefficients on the effluent concentration profiles.

2  The Model 

The chromatographic model is derived from the conservation of massprinciple which 

states that the net rate of change of solute masswithin a chromatogram is equal to the 

difference between solute fluxentering and leaving a chromatographic column.

deals with the movement of solute in a 2D column ofchromatography in radial geome

shown in figure 1. The solute injected drifts in the z

advection, while it transmits in the 

with the rate of flowchanges and keep the interstitial velocity u 

assume further that the isotherm of adsorption is 

andintensify the reaction of possible rate constraints of the transportof mass in the radial 

direction, the subsequent particular injectionconditions are made up. W

parameter ρ~  andthe whole representation of the column is partitioned so as to havean inside 

spherical core and an exterior circular ring (see 

such that it generallyallows for injection either via an inside core, an exterior ring orvia the 

entire representation. If ρ~  is set to be thecolumn's radius which is connoted by R, then we 

have the injectionthrough the w

considers several contributions of the mass transfer processes that lead to band broadening. 

Figure 1: Diagram showing the concentration injection and flow direction in the 
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on the effluent concentration profiles. 

The chromatographic model is derived from the conservation of massprinciple which 

states that the net rate of change of solute masswithin a chromatogram is equal to the 

difference between solute fluxentering and leaving a chromatographic column.

deals with the movement of solute in a 2D column ofchromatography in radial geome

The solute injected drifts in the z-direction via axialdispersion and 

while it transmits in the ρ-directionvia radial dispersion. We unconcern ourselves 

with the rate of flowchanges and keep the interstitial velocity u as constant in thisstudy. We 

isotherm of adsorption is linear with a Henry constant 

andintensify the reaction of possible rate constraints of the transportof mass in the radial 

ent particular injectionconditions are made up. We introduce a 

andthe whole representation of the column is partitioned so as to havean inside 

spherical core and an exterior circular ring (see figure 1). The injection profile is composed 

such that it generallyallows for injection either via an inside core, an exterior ring orvia the 

is set to be thecolumn's radius which is connoted by R, then we 

have the injectionthrough the whole cross-section.In liquid chromatography, the GRM 

considers several contributions of the mass transfer processes that lead to band broadening. 

Diagram showing the concentration injection and flow direction in the 
column of a cylindrical geometry 

The chromatographic model is derived from the conservation of massprinciple which 

states that the net rate of change of solute masswithin a chromatogram is equal to the 

difference between solute fluxentering and leaving a chromatographic column. This paper 

deals with the movement of solute in a 2D column ofchromatography in radial geometry as 
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  In two-dimensional flow, the mass balance equation for a single solute component 

percolating through a cylindrical column of radius ρ~  filled with spherical particles of radius 

pR , for cNi 1,2,...,=  is given as:  
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 In the above equation, c  is the concentration of a solute in the bulk phase of the fluid and pc  

is the concentration of the same solute in the particle pores. u  is the interstitial velocity and 

zD  is the axial dispersion coefficient. F  is the phase ratio and is defined as bbF εε )/(1= − , 

where bε  is the external porosity. More so, ρD  represents the radial dispersion coefficient, 

xtke  is the external mass transfer coefficient, cN  denotes the number of components while t  

and z  denote time and axial coordinates of the column respectively. Lastly, r  is the radial 

coordinate of spherical particles of radius pR  and ρ  is the cylindrical coordinate of the 

column of radius ρ~ .  

  The mass balance equation in the stationary phase for cNi 1,2,...,=  :  
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 Where *
pq  is the local concentration of the solute in stationary phase, pD  is the pore 

diffusivity, pε  is the internal porosity and sD  is the surface diffusivity. The frequently 

applied convex nonlinear Langmuir isotherm can be defined as [12]:  

 c
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 But for this case, jb  which is the coefficient of nonlinearity is 0, thus we have the linear 

isotherm as: ipiip caq ,
*

, = ,  cNi 1,2,...,= . 
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In order to reduce the number of variables in the PDE system, the variables are 

replaced with the following dimensionless parameters:  
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 Eqs. (1) - (3) is thus transformed by using the dimensionless variables into:  
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The following initial and boundary conditions are used for the model: 

At 0=τ , the initial conditions are 0=),(0,= ψxCC ii , 0=),,(0,= ,, ψRxCC ipip . 

The above Eqs. (5) and (6), are also subjected to the following corresponding 

assumed boundary conditions at 0=ψ  and 1=ψ  
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 The first and second boundary conditions conforms with the symmetry of the radial profile 

and the impermeability of the column wall respectively.  
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 Now, at the outlet and the inlet of the column, the following Dirichlet BC is examined:  

 Finite width concentration pulse injection for Dirichlet inlet boundary 



6 

 

conditions: The boundary condition for inner annular region injection is:  
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 For outer annular zone injection:  
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 Injecting over the entire cross-section inlet of the column, either 1=~ψ  in (9) or 0=~ψ  in 

(10).  

 Hypothetically of infinite length ( ∞=x ), the following outflow Neumann boundary 

condition is considered at the outlet of the column:  
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The equations of the model, together with the associated initial and boundary 

condition are solved analytically by first applying the finite Hankel transform and then the 

Laplace transform. Thus, the Hankel transformation of Eq. (5) with respect to ψ  gives  
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Now using the Laplace transform on Eq.(13) with respect to τ , gives:  
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 After rephrasing Eq. (6), we obtain:  
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 Furthermore, applying the Laplace transformation on Eq. (15) gives:  
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 The general solution of the above equation is given as:  
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 Using the Hankel transform on Eq. (21) with respect to ψ  gives:  
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 Introducing Eq. (23) in Eq. (14), we get the following ordinary differential equation:  
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 and 0A  and 0B  are constants to be determined from the given BCs. The positive sign (upper 

case) in Eq. (27) is selected for calculating 1m  and the negative sign is used for calculating 

2m . 

For this to be done, we again consider the following BC at the outlet and inlet of the 

column: The Hankel-transform of Eqs. (9) [or (10)] and (12) are:  
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 For inner cylindrical core injection, )( nF λ  is:  
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 and for outer annular ring injection, we have it as:  
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 Using the Laplace-transform on the BCs in (28) and (29) gives:  
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 where 2m  is given by (27) for the minus sign.  

The Laplace transformation can be used to obtain analytical expressions for the moments 

because it is a moment generating function. Temporal moments are obtained analytically here 

as functions of radial coordinate ψ  at the exterior of the column ( 1=x ) considering 0=initc  

. The subsequent feature of Laplace-transform was utilized to ascertain the moments 

analytically from the Hankel and Laplace transformed concentration HC  in (34)  
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 In this paper, the first four moments related to pulse injected rectangular concentration 

profiles (finite feed volumes) are calculated. It is well known that the first moment 1µ  

corresponds to the retention time Rt . The value of the equilibrium constant a  can be 

estimated from the slopes of a straight line, Rt=1µ  over u1/  for constant column length and 

porosity. The effects of longitudinal diffusion are not significant with respect to retention 
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time or first moment. The second moment 2µ , i.e. the variance of the elution profile, 

provides information about the rates of the mass transfer processes in the column. The third 

moment 3µ  quantifies the front asymmetries. Lastly, the fourth moment 4µ  measures the 

kurtosis. Kurtosis determines the peakedness which describes the shape of a probability 

distribution.  

Finite width concentration pulse injection for Dirichlet inlet boundary conditions 

((28) and (29)).  

Zeroth moment: This is derived for 0=i , by defining:  
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 Where )( nF λ  is expressed by (30) for inner annular region injection and by (31) for outer 

circular region injection.  

First moment: This is obtained for 1=i  as:  
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Second moment: The Second temporal moment is derived for 2=i :  
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Third moment: For 3=i , we get the third temporal moment as:  



11 

 

 
( ) ( ) ( )













 ++++++
ζη
ζτ

τ
µ

w

Fa

w

Fa

w

Fa
nj

nj
H 5

5

2

131

4
=

2*

2

2*
2
i

*3
i

3,  

 
( )

22

2*

3

2*

105

7
2
35

4
13

ηζ

ζζ
τ

w

Fa

wPe

Fa
inj

z








 ++
+






++  

 
( ) ( )( )

ζη
ζ

3

*2*

52

3*

5

514112

wPe

FaFa

wPe

Fa

zz

+++++  

 
( ) ( )( ) ( )

.
1

5
51216

0,3

3*

2

*2*

4

3*

H
z w

Fa

w

FaFa

wPe

Fa µ
ζη

ζ




+++++++  (40) 

Fourth moment: For 4=i , the fourth temporal moment is given as:  
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3  Results and Discussion 

3.1  Linear Isotherms Concentration Profiles 

  The radius of the inner spherical core ρ~  has been chosen so as to allow for same 

area between the inner and outer annular zones. This implies that, for a column of radius 

0.2=R , the inside annular region radius becomes 0.1414=~ρ .  

 Figure 2 shows the result considered for 1=x  for which the sample was injected 

from the inner region at 0=x . Furthermore, the transport coefficients were chosen to be 

0.5=ρPe  and 20=zPe .  

 The radial transport in this case is relatively fast and as such, there is no obvious 

radial concentration dependence over the whole cross section. The next Figure 3 shows the 

results for average concentration profile for inner and outer annular zones injection. The 

profiles are identical at 1=x  because of the fast expulsion of radial concentration gradients.It 

is noticeable that Figures 2 and 3 are identical,this is as a result of the fast radial transport.  

 Figure 4 shows the result for injection through the inner zone, the transport 

coefficients are given as: 600=zPe  and 15=ρPe . Figure 5 shows the result for injection 

through the outer zone for the same transport coefficients as in Figure 4. Both results show 

significant difference as this implies that the transport coefficients affects the profile if 

injected through the inner or outer zone. Figure 6 shows that the average concentration 

profiles for the inner and outer zones injection correspond. Significant difference is also 

noticed between the local and average concentration profiles due to the slower radial 

transport ( 15=ρPe ).  

 Figures 7(a–d) shows the effects of mass transfer coefficients (Biot number and η ) 

on the concentration profiles. Also, the results of radial dispersion coefficient on the 

concentration profiles at the center of the column (that is 0.5=x ) for 1=τ  are given for both 
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inner and outer zones injection by Figures 8(a and b). Different values of 








z
atio Pe

Pe
Pe ρ

r  were 

assumed by fixing 20=zPe  and varying ρPe  with the values in the interval [0.5,5,50]. The 

result shows that for greater values of the radial transport coefficients, the step profiles 

disintegrates very fast. Both cases shows either conservation or expulsion of the injection 

profiles.  

3.2Discussion on the Moments Solution Profiles 

 The plots of the moments are given in this section, they were plotted to show the 

effects of the radial and axial coefficients of dispersion on the concentration profile. Figure 

9(a) shows that there are no effect of the axial dispersion coefficient on the first moment 

(which corresponds tothe retention time) as expected. The effects are clearly seen on the 

second 9(b), as well as on the third 9(c) and fourth 9(d) moments for inner zone injection. 

Lastly, this section ends with Figures 10 which shows the moments plotted against ρ . 

Different values of 








z
atio Pe

Pe
Pe ρ

r  were assumed also by fixing 20=zPe  and varying ρPe  

with the values in the interval 5][150,15,1. . The effects of the dispersion coeeficient ρPe  can 

clearly be seen on the profiles. 

Table  1: Parameters used for the computer simulation. 

 Figure 

number  

 Dimensionless parameters  

 
pε  bε  zPe  ρPe  a  η  Bi  b  0C  ξ  

1,2, 6   0.333   0.4   20   0.5   4   2   50   0   0.1   450  

3-6  0.333   0.4   600   15   4   2   50   0   0.1   450  

 Also, z
z

atio PePe
D

D

L

R
Pe /==

2

2

r ρ
ρ

.   
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Figure 2: inner zone injection concentration profile for 

0.5=ρPe  and 20=zPe  

Figure 3: average concentration profile (inner and outer 

zones injection) for 0.5=ρPe  and 20=zPe  

Figure 5: outer zone injection concentration profile for 

15=ρPe  and 600=zPe  

 

Figure 4: inner zone injection concentration profile for 

15=ρPe  and 600=zPe  

Figure 6: average concentration profile for 15=ρPe  and 

600=zPe  
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Figures 7: effects of mass transfer coefficients on the concentration profiles 

Figures 8: effects of the radial dispersion coefficient on the concentration profile at the centre of the column 
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Figures 9: effects of the axial dispersion coefficient on the describing moments 
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4Conclusion 

 This study was concerned with the analytical solutions of a two-dimensional GRM 

for linear isotherms. The Dirichlet boundary condition and pulse injection of finite width was 

considered. The Hankel and Laplace transformations were applied together to obtain the 

solutions in the Laplace domain. Afterwards, numerical Laplace inversion was used to get the 

concentration profiles in the actual time domain. The Laplace domain solutions were used to 

derive expressions for the first four temporal moments analytically. These moment 

expression are very useful to describe the effects of different mass transfer processes and to 

estimate kinetic parameters from the experimental data. The derived solutions could be useful 

to optimize the separation process. 

 

 

 

 

 

Figures 10: effects of the radial dispersion coefficient on the describing moments 
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 LIST OF NOTATIONS 
 
a   Henry’s constant (Linear adsorption constant) [-]  
Bi   Biot number [-]  

0C   maximum concentration of a solute, [lg/ ] 

c   liquid phase concentration, [lg/ ] 
C   dimensionless liquid phase concentration, [lg/ ] 

pc   concentration in the particle pores, [lg/ ] 

pC   dimensionless concentration in the particle pores, [ lg/ ] 

c   Laplace transformed concentration, [lg/ ] 

avc   averaged concentration, [lg/ ] 

Hc   Hankel transformed concentration, [lg/ ] 

nitci   initial concentration, [ lg/ ] 

njci   injected concentration, [lg/ ] 

ρD   radial dispersion coefficient [ mincm /2 ] 

pD   pore diffusivity [ mincm /2 ] 

sD   surface diffusivity [ mincm /2 ] 

ffDe   effective diffusion coefficient [ mincm /2 ] 

zD   axial dispersion coefficient [ mincm /2 ] 

xtke   external transfer coefficient, [min1/ ] 

ρPe   radial Peclet number, [-] 

zPe   axial Peclet number, [-] 
ρ   radial coordinate of spherical particle of radius pR , [ cm ] 
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