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Abstract
This work is concerned with the analytical solutions of a timeedsional general rate model
simulating liquid chromatographic process in a cylindrical col@wonsidering dirichlet
boundary condition at the column inlet and outlet. A single-sohatéel is considered using
linear isotherm and pulse injection of finite width at theuowi inlet. The finite Hankel and
Laplace transformations are used simultaneously to solvedtelmquations. Since the
analytical Laplace inversion in the actual time domain tgnssible, the numerical inversion
is applied. To further analyze the effect of different kmparameters on the elution profiles,
the first four temporal moments are derived analytically ftbensolutions in the Laplace
domain. These moments can be used to analyze the retemtgsn band broadenings, front
asymmetries and flattening of the elution profiles. Thevddrsolutions will be useful to

optimize the process and analyze the effect of involved treassfer processes.
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1 Introduction

Liquid chromatography is a separation technique that is used toatsepaxture
molecules using partitioning characteristics of molecule to irefnaa stationary phase in
contrast with a mobile phase. Once a molecule is separatedttfi@mixture, it can be
isolated and quantified. Such techniques are used in pharmaceanticgtiemical engineering
industries in a great deal for purification and subsequent analygamain ingredients of the
liquid chromatography are the mobile and stationary phases. The mbéasge is the solvent
entering (eluent) and leaving (eluate) the column, while thstay phase stays fixed in a
place inside the column. The separation is based on the partitiosivwgen the stationary
and mobile phases. Different mathematical models exist init#w@ature describing the
chromatographic process. The most notable amongst them arenéralgate model (GRM),
the equilibrium dispersive model (EDM), and the lumped kinetic m@deM) [1-3]. All
these models need important input information regarding the thernmaayeguilibrium of
the distribution of the components between the mobile and stationasgsphBhey differ
essentially regarding the consideration of unavoidable massfdrgorocesses, which cause
undesired band broadening.
The analytical solutions of the two-dimensional advection-disperequations (ADE’S) in
cylindrical coordinates are particularly useful for analyzingbfgms of the two-dimensional
solute transport in a porous medium system with steady unifom{4-9].

Analytical solutions and moment analysis of the one-dimension8, BEIKM and
GRM have been derived for linear isotherms using the teglansformation [10]. Recently,
the analytical solutions and temporal moments of the 2D IEBBM were derived in [11].
In this work, further progress shall be made in this field byirsglthe 2D linear GRM with

several case studies carried out to illustrate the etie¢he axial and radial dispersion



coefficientson the effluent concentration profil
2 TheModel

The chromatographic model is derived from the cora®n of massprinciple whic

Injected concentration
L

states that the net rate of change of solute m#sswa chromatogram is equal to 1

Figure 1: Diagram showing the concentration injection and flow direction in the
column of a cylindrical geometry

difference between solute fluxentering and leawanghromatographic colunr This paper
deals with the movement of solute in a 2D columchodmatography in radial geotry as
shown in figure 1.The solute injected drifts in the-direction via axialdispersion ai
advectionwhile it transmits in the-directionvia radial dispersion. We unconcern owss
with the rate of flowchanges and keep the inteéatitelocity uas constant in thisstudy. V
assume further that thsotherm of adsorption ilinear with a Henry constara. To cause
andintensify the reaction of possible rate constsabf the transportof mass in the rai
direction, the subseeut particular injectionconditions are made upe introduce ¢
parameterp andthe whole representation of the column is pamtid so as to havean insi
spherical core and an exterior circular ring (figure 1). The injection prof is compose
such that it generallyallows for injection eithéa an inside core, an exterior ring orvia

entire representation. [p is set to be thecolumn's radius which is connote®pthen we
have the injectionthrough the hole cross-sectiom liquid chromatography, the GR

considers several contributions of the mass trapsteesses that lead to band broader



In two-dimensional flow, the mass balance equation fonglesisolute component

percolating through a cylindrical column of radigsfilled with spherical particles of radius
R,, fori=1,2,...N_ is given as:
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In the above equatiore, is the concentration of a solute in the bulk phrefsée fluid andc,

is the concentration of the same solute in theghanpores.u is the interstitial velocity and

D, is the axial dispersion coefficient is the phase ratio and is definedfas (1-¢,)/¢,,
where g, is the external porosity. More s®, represents the radial dispersion coefficient,
k.. is the external mass transfer coefficieN, denotes the number of components while
and z denote time and axial coordinates of the colunapeetively. Lastly,r is the radial

coordinate of spherical particles of radi& and p is the cylindrical coordinate of the

column of radiusp .

The mass balance equation in the stationary ghase-1,2,... N, :
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Where q; is the local concentration of the solute in staiy phase,D, is the pore

diffusivity, &, is the internal porosity and, is the surface diffusivity. The frequently

applied convex nonlinear Langmuir isotherm can défendd as [12]:

i=1,2,...N, 3)

pi -
1+> b,
=

*o_ aiC'p,i
N

But for this casep; which is the coefficient of nonlinearity is O, tiwe have the linear

isotherm asg,; =ac,;, i =1,2,...N,.



In order to reduce the number of variables in ti¥E Fsystem, the variables are

replaced with the following dimensionless paranseter

C. .
Ci: G ,pri: P ,R:L,X:E,PQZ:E,Peﬂ: ,OU,
Cinj i Cpinj,i RP L Dzi Dpi L
k. R D, L ut
wzngi = ext p;’]i = Effvz 1<(i =3Z|,7|F’T:_ (4)
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Egs. (1) - (3) is thus transformed by using threetisionless variables into:
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The following initial and boundary conditions arged for the model:
At 7 =0, the initial conditions ar€, =C (0,x ¢, )=0C,; =C,;(0,x,R¢)=0.
The above Egs. (5) and (6), are also subjectechéofollowing corresponding

assumed boundary conditionsgat=0 andy =1

0C(y =1,x1) _ 0
oY '

oC(y =0,x,71) 0

o (7)

The first and second boundary conditions confowith the symmetry of the radial profile
and the impermeability of the column wall respedgive

9C,(R=04 =0,x7) _ 0C,(R=1y =1x7) _
5 =0, o =¢lc-c, o) (8)

Now, at the outlet and the inlet of the columm thllowing Dirichlet BC is examined:

Finite width concentration pulse injection for Dirichlet inlet boundary



conditions: The boundary condition for inner annular regigedtion is:

_ _ [ if0s¢<sgandosr<T,,
C(QZI,X—O,T)—{O’ if g <@<lorr>r,,. 9)
For outer annular zone injection:
B L if@g<yg<landosT<t,,
C(l//,X—O,Z')—{O’ if 0<y <@orr>1,,. (10)
and
¢ =pR.. (11)

Injecting over the entire cross-section inlet foé tolumn, eithery =1 in (9) or ¢ =0 in
(10).

Hypothetically of infinite length X =), the following outflow Neumann boundary
condition is considered at the outlet of the column

oc
OX |yeer

=0. (12)
The equations of the model, together with the aasmt initial and boundary
condition are solved analytically by first applyitite finite Hankel transform and then the

Laplace transform. Thus, the Hankel transformatibiq. (5) with respect t¢ gives

0C, ,0C, _ 1 9°C, _
ar ox Pe, ox?

/]2

Pe,

gt(CH - (Cp)H |R:1)_

C,. (13)

Now using the Laplace transform on Eq.(13) witlpees to7, gives:

1 0°C, _oC,
Pe, ax>  0x

_E(EH _ZCP)H |R=l)_[S+ Ijj JEH =0. (14)

0

After rephrasing Eq. (6), we obtain:



. 0 9’
a —(RC,)-n—|(RC_) =0, 15
o (Re,)-n— (Re,) (15)
with the corresponding boundary conditions:

oC oC
6_F\’p |R=O =0, 6_F\’p |R=1: Z(C _Cp |R=1)' (16)

Furthermore, applying the Laplace transformatioreq. (15) gives:

d?(RC,) _
dep - a(S) ch =0. (17)
The general solution of the above equation isrgas

C,= l(AemR + Be‘WR), (18)
R

a’s . .
where, a(s) =——. Here, A and B are the constants to be determined using the laoynd
n

conditions given in Eqg. (16) which gives:

_ {CI2sinh(/a(s)) (19)
(¢ 1) +Ja(s) cothy/a(s))’
and
B {CI2sinh( /a(s)) | 20)
(¢ ~1)+Ja(s) coth(y/a(s))
Thus, the solution in Eq. (18) &=1, takes the form
(_:p ks = Cf (s), (21)
where
f(s)= ¢ : (22)
(¢ -1)+Ja(s) coth(/a(s))
Using the Hankel transform on Eq. (21) with respeq gives:
(C,), ka=Cuf (5). (23)

Introducing Eq. (23) in Eq. (14), we get the fellng ordinary differential equation:

7



d®C, dcC, —
-Pe, —H -Pegs, A JC, =0, 24
dxz Z dX zd n) H ( )

where

2

A
A,)=s+-2n
s h,)=s+ 2

0

+&(1- 1 (9)). (25)

The solution of this equation is given as

C. (A, x7)= A™ +Be™, (26)

_Pe, +/ 49(s, A,)
ml,2—7[1- 1+ Pe, J (27)

and A, and B, are constants to be determined from the given B@s.positive sign (upper

where

case) in Eq. (27) is selected for calculatimg and the negative sign is used for calculating

m,.
For this to be done, we again consider the follgnBC at the outlet and inlet of the

column: The Hankel-transform of Eqgs. (9) [or (18)d (12) are:

F(4,), ifosr<r,

— - inj »
CH(/‘n’X_O’T)_{O’ itr>7,, (28)
0C, (A, x7)|  _ 0 (29)
0X oo
For inner cylindrical core injectiorf (A, i:
772
v it A =0,
FO=18 (30)
T J(AF), ifAz0

n

and for outer annular ring injection, we havesit a



772
(1—‘/’—} if A =0,
FO)=4\2 2 (31)
—AﬂJl(AnJ/), if 1, #0.
Using the Laplace-transform on the BCs in (28) &%] gives:
Cy(4,,x=0,9)= M(1— e ) %Cul g (32)
S ox | .,
And using Eq. (32) in Eq. (26) gives:
_e—srim
A =0, B=t——IF(). (33)
Therefore, the solution in Eg. (26) becomes:
— _e—Sij m,x
C,(A,,x,9)= < F(A,)e %, (34)

wherem, is given by (27) for the minus sign.
The Laplace transformation can be used to obtaalyacal expressions for the moments
because it is a moment generating function. Tenhpooaents are obtained analytically here

as functions of radial coordinate at the exterior of the columrx(=1) consideringc,,, =0

. The subsequent feature of Laplace-transform widized to ascertain the moments

analytically from the Hankel and Laplace transfadngencentratiorC,, in (34)

L = (—1)i lsltn M, i=0,1,2;- (35)

0 ds'
In this paper, the first four moments related tdse injected rectangular concentration
profiles (finite feed volumes) are calculated. dtwell known that the first moment,
corresponds to the retention tintg. The value of the equilibrium consta@at can be
estimated from the slopes of a straight lipe=t; over1/u for constant column length and

porosity. The effects of longitudinal diffusion anet significant with respect to retention



time or first moment. The second momeas, i.e. the variance of the elution profile,
provides information about the rates of the maassfier processes in the column. The third
moment 4, quantifies the front asymmetries. Lastly, the foumomenty, measures the

kurtosis. Kurtosis determines the peakednegsch describes the shape of a probability
distribution.

Finite width concentration pulseinjection for Dirichlet inlet boundary conditions
((28) and (29)).

Zeroth moment: This is derived foi =0, by defining:

2
w= [1+ 4/]" , (36)
PeZPep
then we have
(5
Hon = TinjF(An)e . (37)

Where F (4, ) is expressed by (30) for inner annular regiondtge and by (31) for outer
circular region injection.

First moment: This is obtained for =1 as:

L, 1+ aF
Hoy = [7] + W },Uo,H . (38)

Second moment: The Second temporal moment is derivedifer2:

2 * * 2 * 2
i :{%+ (1+V6; F)ij . (1+V6;2F) . 2(1;83;)

(39)

,2a F({+5)
15wn¢ OH "

Third moment: Fori =3, we get the third temporal moment as:

10
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Fourth moment: Fori =4, the fourth temporal moment is given as:
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3 Resultsand Discussion
3.1 Linear Isotherms Concentration Profiles
The radius of the inner spherical cgpe has been chosen so as to allow for same
area between the inner and outer annular zones. ifitplies that, for a column of radius
R=0.2, the inside annular region radius beconpes 0.1414.
Figure 2 shows the result considered for1 for which the sample was injected
from the inner region ak =0. Furthermore, the transport coefficients were eho® be

Pe, = 0.5 and Pe, =20.

The radial transport in this case is relativelgtfand as such, there is no obvious
radial concentration dependence over the wholescsestion. The next Figure 3 shows the
results for average concentration profile for inaed outer annular zones injection. The
profiles are identical ak =1 because of the fast expulsion of radial conceptrajradients. |t
is noticeable that Figures 2 and 3 are identidalithas a result of the fast radial transport.

Figure 4 shows the result for injection througre tmner zone, the transport
coefficients are given as?e, =600 and Pe, =15. Figure 5 shows the result for injection
through the outer zone for the same transport iwoefts as in Figure 4. Both results show
significant difference as this implies that thensjport coefficients affects the profile if
injected through the inner or outer zone. Figureh®ws that the average concentration
profiles for the inner and outer zones injectionrespond. Significant difference is also
noticed between the local and average concentrgirofiles due to the slower radial
transport Pe, =15).

Figures 7(a—d) shows the effects of mass tramsfefficients (Biot number ang)
on the concentration profiles. Also, the results raflial dispersion coefficient on the

concentration profiles at the center of the colythat is x=0.5) for 7 =1 are given for both

12



Pe
inner and outer zones injection by Figures 8(al@ndifferent values oiPeram(P—pJ were

assumed by fixingPe, =20 and varyingPe, with the values in the interv#0.5,5,50]. The

result shows that for greater values of the rati@hsport coefficients, the step profiles
disintegrates very fast. Both cases shows eitheserwation or expulsion of the injection
profiles.

3.2Discussion on the Moments Solution Profiles

The plots of the moments are given in this sectibry were plotted to show the
effects of the radial and axial coefficients ofpdission on the concentration profile. Figure
9(a) shows that there are no effect of the axigpelision coefficient on the first moment
(which corresponds tothe retention time) as expeciée effects are clearly seen on the
second 9(b), as well as on the third 9(c) and fo@fd) moments for inner zone injection.

Lastly, this section ends with Figures 10 whichvgtdhe moments plotted againgt.

Pe
Different values ofPe,aﬁo(P—pj were assumed also by fixinge, =20 and varyingPe,
e

pA

with the values in the interv@l 50,15,15]. The effects of the dispersion coeeficiétg, can

clearly be seen on the profiles.

Table 1: Parameters used for the computer simulation.

Figure Dimensionless parameters

number

12,6 0.333 0.4 20| 05| 4 2 50 0 0.1 450

3-6 0.333 04 | 600 15 | 4 2 50 0 0.1 450

2
Also, Pe ;. = % BZ = Pe,/Pe,.

13
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Figures 7: effects of mass transfer coefficients on the concentration profiles
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Figures 10: effects of the radial dispersion coefficient on the describing moments

4Conclusion
This study was concerned with the analytical soh# of a two-dimensional GRM

for linear isotherms. The Dirichlet boundary comatitand pulse injection of finite width was
considered. The Hankel and Laplace transformatiwvese applied together to obtain the
solutions in the Laplace domain. Afterwards, nucedrLaplace inversion was used to get the
concentration profiles in the actual time domaihe Laplace domain solutions were used to
derive expressions for the first four temporal matse analytically. These moment
expression are very useful to describe the effectfifferent mass transfer processes and to
estimate kinetic parameters from the experimerdtd.dThe derived solutions could be useful

to optimize the separation process.
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LIST OF NOTATIONS

a Henry’'s constant (Linear adsorption consta-]
Bi Biot number [-]

C, maximum concentration of a solutey|[]

c liquid phase concentrationgf ]

C dimensionless liquid phase concentratiagi| |
C, concentration in the particle poresyI[]

C, dimensionless concentration in the particle pdrg4,]
c Laplace transformed concentrationyI[]

C, averaged concentrationy/] |

C, Hankel transformed concentratiomy[ ]

Cini initial concentration, §/1 |

Cy injected concentrationgf ]

D, radial dispersion coefficientin’/min]

D, pore diffusivity [cm*’/min]

D, surface diffusivity pm*/min]

Dy effective diffusion coefficientdm?/min]

D, axial dispersion coefficientn’/min]

Koo external transfer coefficientlfmin]

Pe, radial Peclet number, [-]

Pe, axial Peclet number, [-]

J7)

radial coordinate of spherical particle of radRys, [cm]

18
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