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Abstract

This study is essentially on the theory of ocean waveinduceditogne in deep water. Both
frequency, group and phase velocity dispersion curves were analydetisplayed. Using non-
dimensional wave parameters, it is deduced mathematicallyhthatducing ocean current and
the interacting sea wave must be in opposition with regards taréispiective phase speed. This
result is in agreement with observation. The wave number at thegidiolocking is calculated
and deduced to be a function of the current speed.

A one—dimensional ray equations governing the evolution of wave packeictirigrwith ocean
current in addition wasanalyzed. The solution confirms the existdribe focusing point earlier
mentioned. The distance for which the monochromatic wave packepesatrate into the
current before being halted by opposing ocean current is also defwelde blocking zone
(caustic), it is proved in this study that, not only is the wave itundgl very large, the wave-
length which is then proportional to the square of current velociiynitagy large. This is more
pronounced in the event of strong ocean current.
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1 Introduction

Observation of rogue wave events in some areas of intense oceamt cufairly regular. The
most notable sea areas with such occurrences are those of AgulBauth Africa and Gulf
stream [1-7]. Lavrenov [1,2] observed an area in South Africa Agulhasntwhere current
energy concentratessufficient enough to induce rogue wave event.

This study will regard this energy focusing area as a blgckione. It has been generally
considered, therefore, that wave/current interaction is an eHectiechanism capable of
initiating rogue wave event. A number of ocean going vesselsardiers and onshore marine
structures had suffered the destructive effects in thesarsaa arising from the activities of
these giant sea monsters called rogue waves.

A number of theoretical papers in this consideration had been publishdte evolution of
rogue wave events. Kharif and Pelinovsky [8], gave an extensiwewf the mathematical



development in this consideration. In an attempt to establish thereasof extreme crest in
wave profile, the distance between two adjacent orthogonal waslewetsi However, the theory
applies to shallow water waves. It does not apply to unidirectiorg dater sea waves in the
current study in whichthe wave orthogonal are parallel.

There are some other theoretical papers on rogue wave events.dbdime more recent
publications related to this study are those of [9-13].

The chapter seven in Introduction to Ocean Waves [14] seems oqugtdimg. It introduces the
topic of rogue wave event in a systemic fashion and quite completeever, it is assumed that
the speed of the current opposing the wave motion is in opposition to ttie¢ afave phase
velocity. The constant of proportionality in this case is not asdign its physical significance,
so the derivations cannot be evaluated numerical.

Further, in the process of establishing the existence of excddaoga amplitude form of wave
crest, the law for the conservation of wave action was invoked. Howleom the kinematic
equation for evolution of wave action, what is conserved turns to be theeagton flux. That
is, wave action multiplied by the absolute velocity [14-16].

In addition, during the process of wave\current interaction, the same analgsizely provides
the optimum distance the wave packet is likely to penetrate into iogpogrent. However, of
greater interest is the analysis of wave parameters wherelispersive blow-up (caustic or
energy blocking zone) occurs.

The essence of this investigation is therefore to provide solutionghése mentioned
lapses.Further, moredetailed description of wave parametersextelgy blocking zone will be
suggested.

2 Ocean wave/ current interaction

The average velocity of ocean current is no longer zero inctimsideration but has velocity
U(x,t). Uis a slowly varying function of and t but constant with depth profile. That i,

varies in horizontal direction essentially in a wauength or period scale. The waves are
conveyed by the moving current. The wave phasegaodp velocities are thus affected by the
moving current. To a stationary observer, the alisolave frequency is expressed by

w=K WU +Q(KH) ®

At the ocean depth H, the wave relative frequee@(lKH),calculated from dispersion equation



Q? =KgtanH{KH) (2)

9 = acceleration of gravity
And K=vk?+1%, K=ik+jl,U=iu+ jv [14]

Wherel and J are unit vectors in the direction of x and y ragudar coordinates respectively.

KU is effect of moving current on frequency and mayrégarded as Doppler shift in optics.
KU is positive or negative depending on whethenthee is propagating in same or opposite
direction to that of the ocean current. Emphasithastatement follows.

3 Thesignificance of ocean current velocity U

. . . h .
We introduce non-dimensional parametér:)l—O as the long wave parameter, wheigs a
0

typical water depth below the undisturbed sea-serfd, is a typical wave length and hencg,

is a pure number. In this consideration the curremlefined as the horizontal movement of the
body of water. From the observation of the deepemaing wave, the motionis essentiallyxn
direction. In this consideration, therefore oy component of the motion will be analyzed.

Following [17]and [18], non-dimensional approachtessome extent, adopted. In this regard, the

wave dispersion equation in deep water is stated)askgzlwhere all the quantities are in

W’
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dimensional form(ii) %:l where all the quantities are in non-dimensionaimfoFrom

S
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(i) — = ci=—r (subscripts indicates a pure numbe®); G/ h, K =—=and from
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equation (1)@ =K (G, +U) _E(Cs +U,) . Dropping the subscripts s then,
STSs
ac’d-c-u=0. ©)

Equation (3) determines the current controlled wawaution.It will be applied to describe some
related important physical events. The solution ihe form;
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Where ¢, is wave-speed in absence of current. The solutiz}nzp—(l—\/1+45au) is

inapplicable for wheru =0, c=0. That is, the wave cannot exist without currentisTie not
true. Water waves can involve with or without ocearrent.

Thus, the more realistic solution is given by;

c:c_p[1+ m] ©
2 Cp

Equation (6) will apply being geophysical reatdtiecause, when
u=0, c=c,
Following [18], equation (6) leads to the followgimteresting results:

If U is in the same direction wit, thanC > C,, (U >0).

If u is in opposite direction t&, i.e.u<0 and C<C, >0, the wave length shortens
and the wave moves slower.

. " 4u : Cp .
If in addltlonl"'c— <Oileu< _I ,C becomes complex. At this stage the wave

p
will no longer propagate. What follows is equallyite interesting in this discussion.

In a steady state all wave parameters are timepertent. Therefore, the wave acti%Ezn is

governed by the equation

E
(u +C, )5 = constant= R, (7)
_C
where Ris a constant. In deep waté¥, —E, E is the wave energy and is proportional to the

E
square of wave amplitude A. ThEJ)s:COAZ, Co =%. Equation (6) becomes



(u +g) A? = constant )

_Cp _Cp . . —-C C
asu - ——, ¢ - — from equation (6) i.,eu - — andu+—= - 0
4 2 2 2

Thus ,u+% - 0 and corresponds t&\ - oo for equation (8) to apply . It is interesting tarigte

the phenomena of caustic in this study. The impogaof this result in the study of physical
optics and related phenomena (caustic) is of note. existence of energy blocking (caustic)
appears in this present study and relates thisiigation to the occurrence of extreme crest and
rogue wave phenomenon.

This simple analytical model depicts the existeatéarge crest in the wave profile. This was
based on the adjustment between wave relative ielacd that of opposing ocean current. As
already mentioned, the conservation of wave acflow so involved has wave absolute
frequency as the numerator and its variation shbalthvolved in any improve complete model.
A more complete form related to wave action evolutwill therefore be revisited in the

subsequentsection of this study.

4 Thedispersion relationsfor deep water wave evolution

The consideration will concern the deep water wdigpersion relations. These relations involve
the dependence of some wave parameters such aefi|qg group and phase velocity on wave
number correspondingly. In the case of the wavelwasirrent interactions, these parameters
will refer to their absolute values. The frequengngup and phase velocity dispersion equations
are now analyzed respectively in the presence eimgmcean current u. Negative u implies that
the wave motion is opposed by that of ocean current

4.1 Thefrequency dispersion curve.

The equation that governs the dependence of the alasolute frequencg on the wave number
k related to it in deep water is as follows

w:\/k_g—ku ©)

In equation (9) and subsequent equations, therduspposes the wave motion.



=0, givesk = (Oi2 ). Hence, on positive k-axis irrespective of thensig u i.e. direction of
u

the current. The extreme values @fk) is given by the value such thata/(k)=0. That is

k=%>0 (L0)

' (k) provides the nature of the extreme valuedi). Thus

w'(%j =2 <o 0D
4u g

Equation (11) suggests thalk) has maximum value & = 492
u

9 1-9
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Then, from equation (113(k) has relative (absolute) maximum value. Thus, #ieeme value

of w(kO):4% is provide by, = 49 It is thus the peak frequency at the caustic ockitm

u2.
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Fig 1. Frequency/Wave Number Dispersion Curve
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4.2 Thegroup velocity dispersion curve

The curve fig. (2) is expressed by the equation

T a3

Equation (13) has no extreme value but it crossesikwhere, = 0corresponding tck :%.

u2
Interestingly, this is the value d& for which a)(k) is extreme. This development appears to

have explained the physical definition of causti@oergy blocking in wave number coordinate.
It is, thus, suggested that notonly that the albeawoup velocity vanishes but also, the absolute
wave frequency becomes extreme at caustic.

Cy(k)

| [
0 AN % 30, 47

Fig 2: The Group Velocity/Wave Number Dispersiom&u



4.3 The phase velocity dispersion curve

The wave number and phase velocity relation fig.g8ovided in deep water by the equation.

c:\/%—u, ()

= 09.

c=0givesk =
u

This corresponds to the value df for whicha(k)=0. At the caustid§:4—gz,the
u

corresponding phase velocity=3u if u>0andc=u if u<O0;not zero from equation (14)

c(k)
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Fig 3: The Phase Velocity/Wave Number Dispersionv€u

The distance from the initial position of the wapacket to its maximum penetration had been
suggested by [14]. This study further suggestswlaat packet crosses the energy blocking zone
(caustic) with absolute spe@dwhich is three time that of ocean currehtu > 0.1t is noted that



cisinms™ whilst U isin cms™, thus, U is relatively quite small. The simple approach adopted in

this study appears to have lead, in almost trivi@y to what appear to be, not only interesting,
but important physical result in global geophysics.

5 Application of ray equationsfor uni-directional wave motion

In this consideration, the x-axis is perpendictitathe wave front and the entire motion will be
uniform with y-axis; t>0 is the time. These assuon are reasonably in agreement with the
observed evolutions of rogue wave event followibg-16]. The current speeélx) is taken as

u(x)=-a,x, x>0 (L6)
w, :_Zr—ﬂ, T, =12sthen w, = 0524rad/s
0
where ¢, is the peak frequency in the model of frequeneyrow banded spectrum. The group

velocity c, in deep water is defined by

0Q 1
C,=—=— g, Q:@ (17)

a - Yok 9
dk
E = ka)o (19)

The ray equation (18) and (19) govern the evolutiba wave packet with carrier wave number
k(t) and located ak(t) (19) has solution of the form

k = k,e (20a)
where k, = k(0) (20b)
Equation (20b) is initial data for wave-number enmn. It will be calculated in subsequent

derivations. The evolutional form of wave-numbet) k$ depicted in equation (20&juation
(18) using equation (20a) reduces to
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Equation (21) has solution of the form

w20t _ 1 gealt + A
20, \ k,

X = 1 ie—d'lt + Ae 20t
25\ k,
x(0)=0 e A= —% ki
1 0
1 _ _
Thus, X e 23

20, \ Kk,
Then, a$ - o, X » 0, k - 0 (23) defines the location of the wave-packet aettm
The time(to) for the optimal location of wave package (ie stadiry value ofx(t)) is provided

by % =0corresponding to, =0

That is, —€ % + 2% = or e =2
~In2 _In4
f, = o=
o W

Xy = ){ZIn Zj = x{ln 4} = location of the optimal position.



i -1 ]9
ie X, = 1, \/; (24)

The corresponding speed of the ocean currentisidiye

1
u= 2 \/% = WyX, (25)

equation (25) suggests that this is about a fonfrtvave speed \/kE . The corresponding wave
0
number is given by

k(t,) = k,e™* = 4k, (26)
Thus, at the point of maximum penetration of thevev@acket, the original wave number is

increased by four fold, the location of wave packedl current speed are calculated from (24)
and (25).

5.1 Wave packet penetration

The parameters for the wave packet penetratinghén energy blocking zone are here re-
g

considered. The wave numbley at the blocking zone is given kky :F with corresponding
u

frequencya(k,) :j—g. The timet, for the optimum penetration into the blocking zdoaustic)
u
is given byt, :%. For this value oft,, k, :4k(0) where k(O) is the initial data for wave

2

number.k(O):%and corresponding wave length = 27 . The distance for which the wave

u
packet penetrates ize(to). After this distance, the wave packet appearsate Host its inherent
energy whilst crossing the blocking zone. Thus,

X(t,) :%{GXF{L;M) —exp(—ln4)} :ﬂ(i —}j =Y

h ay

i.e. this result verifies our earlier assumptiohud x, = x(t,) is obtained as a function of current
velocity in final analysis.



Table 1

u(cm/s) lo(cm) | X(b)(cm)
10 0.641 19.084
12 0.924 22.901
14 1.257 26.718
16 1.642 30.534
18 2.078 34.351
20 2.566 38.168

Concluding from table 1, the wave length diminishresn order of hundreds of meter to order of

centimeter in the blocking zone. What is the phg/ddehind this scenario, from deep water
. . . . : 1 / I

dispersion relation, relative group velocity, ZE % hence asc, becomes small on
T

approaching the blocking zone and wave length k&rin

6 Development of large crest height

Using equations (13) and the representation ofi(ldeep water,

1 [g
U+Cg_“+2J;_ 20k +g

w  Jok+ku  2k{uvk +4/g) 0
Thus,

im| 2“*/E+\/§}=|im{ e

o 2kluvk +4g) | | Vi[2luvk + g )+ uk]

_ u
'I‘IT"_x/E[3Ux/E+2\/§J -
But from (1) and (13)
el
im

koo kuﬂ/@

.A* = constant (28)



Hence A” will grow very large to satisfy equation (28). $his the verification of earlier
conclusion. The present analytical study therefolearly suggests that wave current focusing
can induce ocean wave mode with exceptionally bigist.

7  Effectiveness of wave/current energy focusing
This mechanism requires the following for its effeeness

1. Atmospheric wind flow: this then generates progkessea wave which moves in the
direction corresponding to that of the wind.

2. Opposing the motion is the steady moving oceaneatrf8,16]. Of note are ocean
currents such as those of Agulhas in South Afrivé @Gulf stream of North America as
was observed by [1,2]. Waves with extreme hightsreen appear in these ocean areas.
Encounter between these large amplitude waves amdnovessels (commercial and
military) are occasionally observed in these ldedi The relationship between the
opposing ocean waves, ocean current and the nesudtdreme high crest is thus
suggested in this investigation.

3. Itis emphasized that the totality of energy irstbonsideration is derived from opposing

ocean current. This energy source generates ocaesa with extreme crest followed
deep trough and so, it goes.
It may be mentioned that at blocking zone wheregitoeip velocity vanishes, the wave
amplitude tends to infinity. In classical physidhjs is a catastrophic phenomenon.
However, observational evidence [1] clearly indésathat the wave amplitude, though
large, is still bounded and measurable. It folldlvat immediately the wave height is
about tending to breaking amplitude, the wave gnoist halted by the inherent non-
linearity and dispersion associated with the stdgts development.
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