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Abstract 

One the flaws of the traditional variational methods is that the trial functions are 

arbitrarily chosen and the weighted integrals are applied globally over the entire 

region of interest. Consequently for complex regions , the boundary conditions as 

well as the physics of the problem are not satisfied.  

In this paper, we present the finite element method, it is an element wise 

application of the Rayleigh-Ritz method. its essence is the minimization of an 

appropriate functional, which is developed on adoption  of the Euler –Lagrange’s 

equation. The discretization of the region of interest is done using linear elements 

permitting a close approximation at discrete nodes. The element functional 

minimization results in a series of algebraic equations which on assembly using 

the direct stiffness method yields the system equation. The required nodal degree 

of freedom is obtained after imposing the boundary conditions 

1.0Introduction 

The finite element method [1] is one of the foremost engineering tools for the 

approximation of differential equations .It is a technique for constructing 

approximation functions required in an element-wise application of the Rayleigh-

Ritz[2].  Obviously, most physical phenomena are modeled through the 

mathematical formulation of the physical process as well as the numerical 

analysis of the mathematical model. The mathematical formulation of a physical 

process results in differential equations while the derivation of the governing 



equations for most problems is not difficult, the solution by exact methods of 

analysis is aformidable task. In such cases, approximate method of analysis 

provides alternative means of finding solutions. Several approximate methods for 

solving both initial and boundary value problems exist in literature amongst these 

include the Euler method [3 ], the weighted residual method [4] e.t.c) 

1.1 Formulation of the Euler-Lagrange’s equation 

The necessary condition for the existence of an extremum of the functional 
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is satisfied[5,6] 

With brevity in calculus of variation, from eqn.(1.0) we can derive the Euler-

Lagrange equation using the definition of variation as well as integration by 

parts to have  
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Eq.(1.3) is referred to as the Euler-Lagrange equation. It is a differential 

equation with y  and xy  as pseudo-independent variables. 

Example 1 



Solve the differential equation  
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Using Rayleigh-Ritz method  

The exact solution is 
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Solution 

Now in terms of the problem at hand, the Euler- Lagrange equation is 
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Since the value of T  is to be held fixed at either end of the interval, 0 1x≤ ≤
,the variation of T  or Tδ  must be zero at these two points . Therefore, 

Eq.(1.8) is satisfied by virtue of the conditions ( )0 0T =  and ( )1 0T = , since 

0Tδ =  at these points. Let us now turn to Eq.(1.7) and make a term-by-term 

comparison with the governing equation expressed in (1.4), which yields 
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and 
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Which implies that 
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From (1.9) , we have  
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And from Eq.(1.12) implies 
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By direct substitutions and further comparison of Eq.(1.13)  and with Eq.(1.14) 

yields 
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So fromequations (1.13),(1.15) the functional I is given by  
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We assume a two-term approximate solution as  
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Substituting Eq.(1.19) into Eq.(1.17), we have 
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Expanding we have, 
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Integrating with respect to x , we have 
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Evaluating further, we have  
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We now extremize the functional Ι and set it equal to zero 
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Solving equations Eqs. (1.25) and (1.27), we have 

1 248.9647, 38.6336a a= =        (1.28) 

Hence the approximate solution given by Rayleigh-Ritz method is  
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1.3  Finite element method 

Example 2 

In this section, we apply the procedures for finite element method to resolve the 

problem posed in example 1 

Solution 

We first discretize the domain into five elements of six equally spaced node 

points.  

From example 1, the functional to the differential equation is 
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Let us drop the summation and write the functional for a typical element e  as 
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Where 
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This summation is really considered at the assemblage step later. 

Recall that  
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Where the piecewise continuous trial  function or shape function is given by 
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we now extremize the functional with respect to the vector ea to have 
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The second term under the integral can be evaluated thus 
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Substituting equations (1.35) and (1.37) into equation (1.36), we have 
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Which is of the form 
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Next we evaluate Eqs (1.41) and (1.42) 
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The integrated term in Eq.(1.38) is evaluated as follows 

( ) ( ) ( ) ( )
j

i

x
T T T

j j i i
x

dT dT dT
N x N x x N x

dx dx dx
= −      (1.47) 

But from the characteristics of the shape functions  

1 0

1 0
i

i i j

j j

N at x x and at x x

N at x x and at x x

= = =

= = =
      (1.48) 

( ) ( )0 1

1 0
T T

j iN x and N x
   = =   
   

      (1.49) 

Therefore, the integrated term becomes 
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Since our domain is discretized into five elements, each element size 0.2j ix x− =  
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The node numbers indicate the rows and columns of[ ] { }K and f  
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For element three 
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Next is to use the direct stiffness method to assemble both element stiffness 

matrices and element force vectors. This gives 
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We then modifyEq.(2.94) to impose the boundary conditions 1 20 0T and T= =  

which results in  

1

2

3

4

5

6

1 0 0 0 0 0 0.0

0 10 5 0 0 0 9.33

0 5 10 5 0 0 33.3

0 0 5 10 5 0 73.3

0 0 0 5 10 0 129.4

0 0 0 0 0 1 0.0

T

T

T

T

T

T

    
    −     
    − −

=    − −     
    −
    
     

      (1.63) 

Solving Eq.(2.95) for the nodal degree of freedoms yields 

1

2

3

4

5

6

0

16.5

31.2

39.2

32.5

0

T

T

T

T

T

T

=
=
=
=
=
=

           (1.64) 

 

 

 

 

 

 



1.4 Results and conclusion 

� Exact 

solution 

Point 

collocation 

Sub-

domain 

Least 

squares 

Rayleigh -

Ritz 

Finite 

element 

0.0 0.0 0.0 0.0 0.0 0.0 0.0 

0.2 16.5333 18.6480 21.3010 17.2815 17.1169 16.5000 

0.4 31.2000 35.3239 40.8593 31.7126 31.5099 31.2000 

0.6 39.2000 45.4872 53.5118 39.0396 38.9769 39.2000 

0.8 32.5333 39.4949 47.2990 32.2197 32.3484 32.5000 

1.0 0.0 0.0 0.0 0.0 0.0 0.0 

Table 1: comparison of the exact solution with the numerical solutions.  

 

From thesummary of the results in the table 1,a survey of the values from five 

solution techniques shows that the finite element solution gives results closer to 

the exact solutions. Hence we conclude that the finite element method is an 

efficient numerical method for solving boundary value field problems. 

1.5 References 

[1]  Reddy, J.N. (1993).  An introduction to the finite element method.  2
nd

ed. 

McGraw-Hill Book Co. Inc. ,New York,704 pages. 

[2]  Segerlind,L.J.(1984). Applied finite element analysis. 1
st

 ed. John Wiley and  

sonsCanada,427 pages. 

[3]  Singiresu, S.R. (2011). The finite element method in engineering. 2
nd

ed.  

ElsevierInc., USA,710 pages. 

[4]  Emenogu, G.N and Oruh, B.I.(2015). On the formulation of finite element  

model for the solution ofsecond order boundary value problems  

usingGalerkin method.  Transactions of the Nigerian. 

association of mathematical physics. 



[5]  Daryl, L.L.(2007). A first course in the finite element method. 4
th

  ed.   

Thomson Canada limited, India, 799 pages . 

[6]  Dass,H.K.(1988). Advance engineering mathematics.1
st

ed.  S.Chad& company  

Ltd,New Delhi,1042-1054. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 


