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ABSTRACT 

This paper deals with optimal expected value of assets under parabolic equation when the market 

price of risk is not equal to zero. A seemingly Black-Scholes parabolic equation was obtained 

and then solved using Euler’s substitution method when the market price of risk is not zero. We 

then used our result for the optimal prediction of the expected value of assets.       
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1.0 INTRODUCTION 

Options pricing is an important problem to which economists pay the exceptional attentions in 

the theoretical studies of international economics and finance engineering. One of the most 

appealing features of options (apart from the obvious chance of making extraordinary returns) is 

the possibility of easy speculation on the future behavior of a stock market price. The problems 

arising from the dynamic nature of stock prices has been addressed extensively by many 

authors[1, 2].Xiong[3] applied the wavelet to measure the fractal dimension of Chinese stock 

market. Muzyet al. [4] estimated the statistical self-similarity exponents from the data and made 

a quadratic fit for some low order moments. Several studies have examined the cyclic long-term 

dependence property of financial prices, including stock prices [5, 6]. These studies used the 

classical rescaled range (R/S) analysis, first proposedin [7] and later refined in [8, 9], among 

others. A significant long range dependence was found using R/S analysis for 200 daily stock 
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returns of securities listed on the New York stock exchange, as studied in [5]. A problem with 

the classical R/S analysis is that the distribution of its regression-based test statistics is not well 

defined. As a result, Lo [10]proposed the use of a modified R/S procedure with improved 

robustness. The modified R/S procedure has been applied to study dynamic behavior of stock 

prices [10, 11]. Teverovsky et al and co-workers[12, 13]] have identified a number of problems 

associated with Lo’s method. In particular, they showed that Lo’s method has a strong preference 

for accepting the null hypothesis of no long range dependence. This happens even with long-

range dependent synthetic data. To account for the long-range dependence observed in financial 

data, Cutland et al[14] proposed to replace Brownian motion with fractional Brownian motion as 

the building block of stochastic models for asset prices. An account of the historical development 

of these ideas can be found in[10, 8,15].A simple stochastic algorithm in a drifted financial 

derivative system for pricing an American option under Black-Scholes model was proposed in 

[16] 

But in this paper, we consider the optimal expected value of assets under parabolic equation with 

market price of risk not zero. We use Euler’s substitution method to solve our parabolic 

equation. We then use our result for the optimal prediction of the expected value of assets. 

2.0 THE MODEL  

Consider a portfolio comprising h unit of assets in long position and one unit of the option in 

short position. At time, T the value of the portfolio is 

     ℎ� − �,                  (1)  

measured by the fractal index ����	 − ����	 ≠ 0. 

After an elapse of time, ∆
, the value of the portfolio will change by the rate ℎ�∆� + ��∆
	 −
∆� in view of the dividend received on h units held. By Ito’s lemma [17]this equals 
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 + �ℎ�� − ���� ��	∆� 

 If we take          ℎ = ��
�           (2) 

the uncertainty term disappears, thus the portfolio in this case is temporarily riskless. It should 

therefore grow in value by the riskless rate in force i.e. 

!�ℎ�� + ℎ��	 		− "���# + ��
� �� + �

�
�$�
� $ ����%& ∆
 = �ℎ� − �	'∆
. 

Thus  

�� ���� 		− ����
 +
1
2
���
��� ����� = ����� � − �	' 

So 

	��
�# + �'� − ��	 ��� + �

�
�$�
� $ ���� = '�	.  (3) 

Proposition 1:   For �� ≠ 0, the solution of equation (3) is given as:  

 ���	 = ")*+$� %
, -./0123+$$4 + 5/0$23+$$4 6,     (4) 

where 

7� = − �
8 ±: ;

8$ + <=
8$>$ and 7� = ± �

8:4 + <=
>$  .              (5)          

Proof                                

We take  

 @ = A
 ; ���	 = @,C�@	                            (6) 

Thus 

D�
D� = − E

�� = − 1E @� 
D�
D� =

D�
D@ .

D@
D� 
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= − 1E @��F@,G�C+ @, DCD@ 	 
 

= − �
A �F@,H�C + @,H� IJIK 	. 

Hence 

I$�
	I $ = I

I �I�IK).
IK
I  

= − �
A @��F�F + 1	@,C + F@,H� IJIK + �F + 2	@,H� IJIK + @,H� I$JIK$ 	. 

In this case V is not dependent on		'. Substituting into the given differential equation we have  

	'@,C = >$
� �F�F + 1	@,C +F@,H� IJIK + �F + 2	@,H� IJIK + @,H� I$JIK$ 	  

+"=AK − ��% "G�A % �F@,H�C + @,H� IJIK 	.      (7) 

Cancelling by @, and collecting like terms we have  

0 = ��
2 @� D�CD@� +		

DC
D@ L���F + 1	@ − '@ + ��E @�M +C ���2 F�F + 1	 − 'F + F��E @� − 'N 

Or 

0 = ��
2 @� D�CD@� +		

DC
D@ 	@ L���F + 1	 − ' + ��E @M 

																														+C ">$� F�F + 1	 − '�F + 1	 + F O1
A @%. 

 Let                     

    F = 0 and = O1
A @ .     (8) 

We obtain 

   @� I$JIK$ + 2@ IJ
IK − �J=

>$ = 0                            (9) 



5 

 

We then solve equation (9) by change of variable using Euler’s substitution . 

Let @ = /#, then ln @ = 
, and 
I#
IK = �

K. 

DC
D@ = DC

D

D

D@ =

1
@
DC
D
  

and  
I$J
IK$ = I

IK "�K IJI# % = �
K
I
IK "IJI# % + IJ

I#
I
IK "�K%, 

hence 

    
I$J
IK$ = �

K$ "I
$J
I#$ − IJ

I# %     

Substituting the above equations in equation (9) gives  

 
I$J
I#$ + IJ

I# − �J=
>$ = 0         (10) 

Equation (10) is linear with constant coefficient. Solving equation (10): let  

    C = /0# 
be the solution of equation (10), hence CS = 7/0# and CSS = 7�/0#. 
Substituting in equation (10) gives 7�/0# + 7/0# − �=

>$ /0# = 0.Our auxiliary equation becomes  

    7� + 7 − �=
>$ = 0 ,      

and    7� = G�H:�HTUV$
�  ,      (11a)  

    7� = G�G:�HTUV$
�  .      (11b)  

But C = /0# and 
 = WX@, hence, C = @0 . 
Therefore,   

     C�@	 = .@01 + 5@0$ ,        (12)  

where . and 5 are arbitrary constants and 7� and 7� are as defined in equations (11a) and (11b). 

But  

   ���	 = @,C�@	  where @ = A
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= "E�%
, Y.@01 + 5@0$Z 

= "A %
, -. "A %

01 + 5 "A %
0$6. 

Also, from [18],we have E = )*+$
� , with 0 ≤ \ ≤ ;

*+$ , and ]^ > 0  a Bessel function given as 

`+
�G��a	. Hence 

 ���	 = ")*+$� %
, -. ")*+$� %

01 + 5 ")*+$� %
0$6                        (13) 

CONCLUSION: Considering equation (13), we observed that when \ = 0 , the equation 
becomes ���	 = 0 , this signifies no signal. If \ = 4,  equation (13) becomes ���	 =
"�*+$ %

, -. "�*+$ %
01 + 5 "�*+$ %

0$6, this implies that there is signal. We now further look at it when 

] = 1 to have  

���	 = "� %
, -. "� %

01 + 5 "� %
0$6 . Hence, if 7�	\XD	7�  are negative, the investment output 

decays. On the other hand, if 7�\XD	7� are positive, the investment output grows. 
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