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                                                                         ABSTRACT 
We present the bound state solution of Schrodinger equation in � − �������	� for generalized 
Manning-Rosen plus Mie-typepotential using the generalized parametric Nikiforov–Uvarov 
method to obtain the energy levels and the corresponding un-normalizedeigenfunction in closed 
form. The energy eigenvalues for different conditions of potential consideration and the 
numerical analysis for the calculated eigen energy are also computed. 
 
Keywords: Schrodinger equation, Mie-type plus Manning-Rosen potential, Nikifarov-Uvarov 
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1. INTRODUCTION 

Exact or approximate solutions of Schrödinger equation has been solved in 3D for various 
potential [1-9]. Though few cases of these potentials are exactly solvable, for example the 
Coulomb and harmonic potentials [1, 2]. In recent times, the study of exponential-type potential 
has attracted a lot of interest of different authors. [5−8] These potentials under investigation 
include the ManningRosen potential [9], the Hulthen potential, [10] the Eckart potential [11] the 
five parameter exponential-type potential [12], Hylleraas potential [13−14], and others. [15] For 
an arbitrary l-state, most quantum systems could only be treated by approximation methods. 
Nonetheless, many authors have applied different approximation to the centrifugal term and 
obtained analytical approximation to the l-wave solutions of the Schrodinger equation with 
exponential-type potentials. [16−23] Various methods have been used to obtain the exact or 
approximate solutions of the Schrodinger equation for exponential-type potentials. These 
methods include the supersymmetric (SUSY) and shape-invariance method [24], the 
variational[25], the standard method [26], path integral approach [27], the asymptotic interaction 
method AIM [28], the exact quantization rule (EQR) [29−31], the hypervirial perturbation [32], 
series method [33], the shifted 1/N expansion [34], the algebraic approach [35], the Nikiforov–
Uvarov method (NU)[36] and others. 
The purpose of this work is to attempt to study the arbitrary l-state solution of the D-dimensional 
Schrodinger equation with Generalized Manning-Rosen plus Mie-type potential 
(GMRMP),which has many applications in physics and chemistry. The organization of the paper 
is as follows: The Nikiforov–Uvarov method is presented in Sec. 2. We present the D-



dimensional eigenvalue and the corresponding wave functions in Sec. 3. Results and discussion 
are given in Sec. 4. Finally, a brief conclusion is given in Sec. 5. 
 
 
 
 
 

2. THE NIKIFOROV-UVAROV METHOD 

The Nikiforov-Uvarov (NU) method is based on solving the hypergeometric-type second-order 
differential equations by means of the special orthogonal functions. For a given potential, the 
Schrodinger or Schrodinger-like equation given as  
���
� + �� − ��
��
�
� = 0        �1� 
Are reduced to a generalized equation of hypergeometric-type with an appropriate coordinate 
transformation � → � and then they can be solved systematically to find the exact or particular 
solutions. The main equation which is closely associated with the method is given in the 
following form (Nikiforov and Uvarov, 1988). 


����� + ��������� ����� + ����������
��� = 0       �2� 
Where !��� and !���� are polynomials at most second-degree, �̃��� is a first-degree polynomial 
and 
��� is a function of the hypergeometric-type. 

In order to find the exact solution to Eq. (2), we set the wave function as  
 
�
� = ∅���$���          �3� 
 
and on substituting Eq. (3) into Eq. (2), then Eq. (3) reduces to hypergeometric-type, 
 !���$����� + ����$���� + &$��� = 0       �4� 
 
where the wave function ∅��� is defined as the logarithmic derivative 
 ∅(���∅��� = )�������(           �5� 
 
Where +��� is at most first-order polynomial? 
 
The hypergeometric-type function ∅��� whose polynomial solutions are given by the Rodrigues 
relation 
 ∅��� = ,-.��� /-/�- 0!1���2���3         �6� 
 
Where 51 is the Normalization constant and the weight function 2��� most satisfy the condition 
 



//� 0!1���2���3 = ����2���         �7� 
 
Where 
 ���� = �̌��� + 2+���          �8� 
 
In order to accomplish the condition imposed on the weight function 2���  , it is necessary that 
the classical or polynomials ���� be equal to zero to some point of an interval �9, ;� and its 
derivative at this interval at !��� > 0 will be negative, that is 
 /����/� < 0           �9� 
 
Therefore, the function +���  and the parameters λrequired for the NU method are defined as 
follows: 
 +��� = �(?�@A ±CD�(?�@A EA − !� + F!       �10� 
 
Where & = F + +���� 
 
The parametric generalization of the NU method is given by the generalized hypergeometric-
type equation as 
 
����� + D�GH?G�����I?GJ��E
���� + D?KH��LK��?KJ���I?GJ��� E
��� = 0    �11� 
 
Equation (11) is solved by comparing it with Eq. (2) and the following polynomials are obtained: 
 �̌��� = �MI − MA��, !��� = ��1 − MN��, !���� = −OI�A + OA� − ON  �12� 
 
Now substituting Eq. (12) into Eq. (11), we find 
 !P��� = MQ + MR� ± S0�MT − MNF±��A + �MU + F±�� + MV3    �13� 
 

Where MQ = IA �1 − MI�,			MR = IA �MA − 2MN�,				MT = MRA + OI,				MU = 2MQMR − OA,			MV = MQA +ON,			MX = MNMU + MNAMV + MT,					MIY = MI + 2MQ + 2SMV,			MII = MA − 2MR + 2�SMX +MNSMV�,				MIA = MQ +SMV, MIN = MR − �SMX + MNSMV�   �14� 
 
The resulting value of k in Eq. (13) is obtained from the condition that the function under the square root 
be square of a polynomials and it yields, 
 F± = −�MU + 2MNMV� ± 2SMXMV        �15� 
 

Where MX = MNMU + MNAMV + MT 
 



The new +��� for k becomes 
 +��� = MQ + MR� − Z�SMX + MNSMV�� − SMV[     �16� 
 
 
 
 
Using Eq. (8), we obtain 
 ���� = MI + 2MQ − �MA − 2MR�� − 2Z�SM9+ M3SM8�� −SM8[    �17� 
 
We obtain the energy equation as 
 �MA − MN�� + MN�A − �2� + 1�MR + �2� + 1��SM9+ M3SM8�+ M7+2M3M8+2SM8M9 = 0�18� 	While	the	wave	function	is	given	as	
 l1���	=	m1,noGH��1 − M3��?GH�?pHJpJ q1DGHr?I,pHHpJ ?	GHr?	IE�1 − 2MN��	 	 	 �19�		Where	q1is the orthogonal polynomials. 

Given	that	q1�u,v�	=	∑ x�1LuLI�x�1LvLI�x�uLyLI�x�1Lv?yLI��1?y�!y!1y{Y D|?IA Ey D|LIA E1?y	 �20�	
This	can	also	be	expressed	in	terms	of	the	Rodriguez’s	formula	
	q1�u,v��
� = 	 IA-1! �
 − 1�?u�
 + 1�?v D //|E1 ��
 − 1�1Lu�
 + 1�1Lv�	 														�21�	
 
 3.3.3.3. FACTORIZATION	METHODFACTORIZATION	METHODFACTORIZATION	METHODFACTORIZATION	METHOD				In	spherical	coordinate,	the	Schrödinger	equation	with	the	potential	����is	given	as		
−	 ђ�A� D Iy� ��� ��A ���	� + Iy����� ��� �sinθ ���	� + Iy������ �����El��, �,  � + ����l��, �,  � 	=	�l��, �,  �	 	 	 	 	 	 	 	 	 	 �22�	Using	the	common	ansatz	for	the	wave	function	as	
l��, �,  � = ¢�y�y £n,¤��,  �	 	 	 	 	 	 	 	 �23�	
And	substituting	eq.	�22�	into	eq.	�23�,	we	obtain	the	following	set	of	equation	
/�¢-¥�y�/y� + 2¦ђ2	 0�� − �� − &ђ2	2¦�2	3§1n	=	0	 	 	 	 	 �24�	
/�¨���/�� + M	©� �¨���/� D& − �2���2�E¨��� = 0	 	 	 	 	 	 �25�	



/�Φ� �/�� +�AΦ� � = 0	 	 	 	 	 	 	 	 	 �26�	
 
 
 
 
 
SOLUTION OF THE D-DIMENSIONAL SCHRODINGER EQUATION 
 
The s-wave d-dimensional Schrodinger Equation with vector V(r), potential is given as 

 

/�	¢�y�/y� 	+	A�ħ� ¬�� − ����� − D�­LAnLI��­LAnLN�Qy� E®§��� = 0    (27) 

For s-wave, ̄= 0 the equation above reduces to 

/�	¢�y�/y� 	+	A�ħ� ¬�� − ����� − D�­LI��­LN�Qy� E®§��� = 0     (28) 

 

The generalized Manning-Rosen Potential is given as 

���� = −	D°±²³´L­±²�³´�I?±²�³´�� E        �29� 
 

The Mie-type Potential, ���� = − µy + ,y� + ¶	      �30� 
in this paper, we assume ¶ = 0 

Applying the transformation o = �?uy and pekeris-type approximation [37] given as 
Iy� = Qu��I?��� 

The superposed potential can be represented as GMRMMP 

 

���� = −D­��L°��I?��� E − Aµu�I?��+ Q,u��I?���       (31) 

Applying the pekeris-type approximation and after lengthy algebra, we have 

 �A§�����A + �1 − ���1 − ��� �§����� + 1�1 − ��A�A 0�2·A + ¸��A + �−¹ + q − 4·A�� + �2·A + ¹ − 2§ − &�3§��� = 0�32� 
Where 

−·A = D �ºQu�ħ�E,  & = D�­LI��­LA�Q E,  q = D �Au�ħ�E¶,  ̧ = D �Au�ħ�E�, ¹ = D �uħ�E», § = 	D �ħ�E5,			 
 



MI = MA = MN = 1, MQ = 0, MR = −12 , MT = 14 + 2·A + ¸, MU = −4·A + q − ¹, 
MV = 2·A − 2§ +¹ − &, MX = IQ− 2§ − & + q + ¸, MIY = 1 + 2S2·A − 2§ + ¹ − &, MII = 2 +
2¼CIQ− 2§ − & + q + ¸ + S2·A − 2§ + ¹ − &½ , MIA = S2·A − 2§ + ¹ − &	, MIN = − IA−
¼CIQ− 2§ − & + q + ¸ + S2·A − 2§ + ¹ − &½ , ¾I = 2·A + 5 + q + ¿, ¾A = 4·A − ∅ + 5 + ¹, ¾N =2·A − 2À − ¿ +¹          �33� 
 

Using the eigenvalue equation, the energy eigen spectrum of GMRMMP is found to be 

·A = Á�Q¢LAÂ�?�ÃLÄ�?D1�L1?H�E?�A1LI�CHÅ?A¢?ÂLÃLÆD1LH�ELACHÅ?A¢?ÂLÃLÆ ÇA − �2§ + & − ¹�    �34� 
The above equation can be solved explicitly and the energy eigen spectrum of GMRMMP becomes � =
2È2ħ2¦ ÉÁ¼4D Êħ�E,LAD�ËÌH��ËÌ��Å E½−ÍD Ê�³�ħ�E°LD Ê³ħ�EµÎ−D�2+�+12E−�2�+1�CÏ24 −2D Êħ�E,?D�ËÌH��ËÌ��Å ELD Ê�³�ħ�E°LD Ê�³�ħ�E­

D�+12E+2C14−2D Êħ�E,?D�ËÌH��ËÌ��Å ELD Ê�³�ħ�E°LD Ê�³�ħ�E­ Ç2Ð−
D2 D�ħ�E5 + D�­LI��­LA�Q E − D �uħ�E»E        �35� 
 

Eigen function consideration 

The wave function 2��� is given as 

2��� = �GHr?I�1 − MN��pHHpJ ?GHr?I        (36) 

Using equation (28) we get the weight function as 2��� = �Ñ�1 − ��Ò   �37� 
Where Ó = 2·A − 2§ + ¹ − &,	and Ô = 2CIQ− 2§ − & + q + ¸ 

Also we obtain the wave function Õ1��� as 

Õ1��� = Ö1�Ñ,Ò��1 − 2��,         �38� 
WhereÖ1�Ñ,Ò�are Jacobi polynomials 

Lastly,  ��� = �GH��1 − MN��?GH�?pHJpJ         �39� 
Using equation (39) we get   



 ��� = �Ñ A× �1 − ��ILÒ A×          �40� 
We obtain Radial wavefunctionfrom §1��� = m1 ���Õ1���          �41� 
as 

§1��� = m1�Ñ A× �1 − ��ILÒ A× q1�Ñ,Ò��1 − 2��       �42� 
Where � is a positive integer and m1 is the normalization constant. 

 

 

 

 

 

4. DISCUSSION 

In this subsection, we discuss some special potential under consideration 

CASE I: if Ø = Ù = Ú, equation �ÛÜ� reduces to Mie-type eigen energy spectrum equation of the 
form 

� = 2È2ħ2¦ ÉÁ¼4D Êħ�E,LAD�ËÌH��ËÌ��Å E½−ÍD Ê³ħ�EµÎ−D�2+�+12E−�2�+1�CÏ24 −2D Êħ�E,?D�ËÌH��ËÌ��Å E
D�+12E+2C14−2D Êħ�E,?D�ËÌH��ËÌ��Å E Ç2Ð− D2 D�ħ�E5 +

D�­LI��­LA�Q E − D �uħ�E»E        �43� 
Where D is the dimension of the schrodinger equation 

 

CASE II: ÝÞ	ß = à = Ú, equation (35) reduces to generalized Manning-Rosen eigen energy 
spectrum equation of the form 

� = 2È2ħ2¦ ÉÁ¼AD�ËÌH��ËÌ��Å E½−ÍD Ê�³�ħ�E°Î−D�2+�+12E−�2�+1�C14−?D�ËÌH��ËÌ��Å ELD Ê�³�ħ�E°LD Ê�³�ħ�E­
D�+12E+2C14?D�ËÌH��ËÌ��Å ELD Ê�³�ħ�E°LD Ê�³�ħ�E­ Ç2Ð−

ÍD�­LI��­LA�Q EÎ           (44) 

 

 

 

CASE III: For Schrodinger equation in zero-dimension, equation �ÛÜ� reduces to 



� = 2È2ħ2¦ ÉÁD4D Êħ�E,E−ÍD Ê�³�ħ�E°LD Ê³ħ�EµÎ−D�2+�+12E−�2�+1�C14−2D Êħ�E,?D Ê�³�ħ�E°LD Ê�³�ħ�E­D�+12E+2C14−2D Êħ�E,?D Ê�³�ħ�E°LD Ê�³�ħ�E­ Ç2Ð− D2 D�ħ�E5 −
D �uħ�E»E          �45� 
 

 

 

4.1 NUMERICAL ANALYSIS 

In this subsection, we tested the accuracy of our work by studying the behavior of the superposed 
potential and the calculated eigen energy as shown in Figures I and II.The potential plot in Figure I 
depicts an attractive behavior and increases as the screening parameter increases. The behavior of the 
potential also fit perfectly with the superposed potential in equation0313. The variation of the eigen 
energy with principal quantum number is presented in Figure II. It can be observe from the plot that the 
calculatedeigen energy values increases to a maximum value and decays exponentially with increasing 
principal quantum number. 

 

 

Figure I: Variation of potential with internuclear distance, r 
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Figure II: Variation of calculated eigen energy with Principal quantum number, n 

 
5. CONCLUTION 

In this paper, we investigate the bound state solutions to the Schrodinger equation for Generalized 
Manning-Rosen plus Mie-type potential. The eigen energy spectrum and the corresponding un-
normalized eigen function were computed in terms of Jacobi polynomials. Special conditions of potentials 
under study viz» = 5 = 0	9��	¶ = � = 0 was also investigated. 
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