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ABSTRACT
We present the bound state solution of Schrodinger equatinr-idimension for generalized
Manning-Rosen plus Mie-typepotential using the generalized paraniikiforov—Uvarov
method to obtain the energy levels and the corresponding un-normale#deigion in closed
form. The energy eigenvalues for different conditions of potentimsideration and the
numerical analysis for the calculated eigen energy are also computed.

Keywords: Schrodinger equation, Mie-type plus Manning-Rosen potential, Nikdidk@arov
Method.

1. INTRODUCTION

Exact or approximate solutions of Schrédinger equation has been solved fior 3@rious
potential [1-9]. Though few cases of these potentials are exsshable, for example the
Coulomb and harmonic potentials [1, 2]. In recent times, the studypohertial-type potential
has attracted a lot of interest of different authors. [5-8] & hestentials under investigation
include the ManningRosen potential [9], the Hulthen potential, [10] tkarEpotential [11] the
five parameter exponential-type potential [12], Hylleraas polgia-14], and others. [15] For
an arbitrary I-state, most quantum systems could only be tregtegdroximation methods.
Nonetheless, many authors have applied different approximation tcetiefugal term and
obtained analytical approximation to the l-wave solutions of theco8utiger equation with
exponential-type potentials. [16—23] Various methods have been used to thietsemact or
approximate solutions of the Schrodinger equation for exponentialpgpentials. These
methods include the supersymmetric (SUSY) and shape-invarianchodnd24], the
variational[25], the standard method [26], path integral approach [27]syh&ototic interaction
method AIM [28], the exact quantization rule (EQR) [29-31], the hypahperturbation [32],
series method [33], the shifted 1/N expansion [34], the algebraic ahpi®%3], the Nikiforov—
Uvarov method (NU)[36] and others.

The purpose of this work is to attempt to study the arbitratgte solution of the D-dimensional
Schrodinger equation with Generalized Manning-Rosen plus Mie-type p@btenti
(GMRMP),which has many applications in physics and chemiskrg.ofganization of the paper
is as follows: The Nikiforov—Uvarov method is presented in Sec. 2. Weemrehe D-



dimensional eigenvalue and the corresponding wave functions in Sec.uisResl discussion
are given in Sec. 4. Finally, a brief conclusion is given in Sec. 5.

2. THE NIKIFOROV-UVAROV METHOD

The Nikiforov-Uvarov (NU) method is based on solving the hypergeorrgpe second-order
differential equations by means of the special orthogonal functiammsa Fgiven potential, the
Schrodinger or Schrodinger-like equation given as

P() + (E = V())p((x) =0 ey

Are reduced to a generalized equation of hypergeometric-tyfe ani appropriate coordinate
transformationr — s and then they can be solved systematically to find the exagmrtcular
solutions. The main equation which is closely associated with #t@och is given in the
following form (Nikiforov and Uvarov, 1988).

P() + 22T (5) + S5 p(s) = 0 @)

Whereao(s) andé(s) are polynomials at most second-degtie) is a first-degree polynomial
andy (s) is a function of the hypergeometric-type.

In order to find the exact solution to Eq. (2), we set the wave function as

P(x) = B(s)X(s) 3)
and on substituting Eq. (3) into Eq. (2), then Eq. (3) reduces to hypergeometric-type,
a($)X"(s) +t(s)X'(s) +AX(s) =0 4)
where the wave functiof(s) is defined as the logarithmic derivative

') _ m(s) (5)

8(s) a(s)
Wherern(s) is at most first-order polynomial?

The hypergeometric-type functi@{s) whose polynomial solutions are given by the Rodrigues
relation

B(s) = 22 [67(s)p(s)] (6)

p(s) ds™

WhereB,, is the Normalization constant and the weight functi@s) most satisfy the condition



= [6()p()] = (s)p(s) )
Where
(s) = 7(s) + 2m(s) (8)

In order to accomplish the condition imposed on the weight funption , it is necessary that
the classical or polynomiatgs) be equal to zero to some point of an intefwab) and its
derivative at this interval at(s) > 0 will be negative, that is

dz(s)
ds

<0 9)

Therefore, the function(s) and the parameteksequired for the NU method are defined as
follows:

o' -% o’ —¥\?
n(s) == iJ( —) —G+ko (10)
Whered = k + 1'(s)

The parametric generalization of the NU method is given by the generajizedybometric-
type equation as

P(s) + (222 g (s) + (FHHEE) y(s) = 0 (11)

s(1—c3s) s2(1—c3s)?
Equation (11) is solved by comparing it with Eq. (2) and the following polynomials aieehta

T(s) = (c1 — €25), 0(s) = s(1 —c35), G(s) = =& 5% + &5 — &3 (12)

Now substituting Eq. (12) into Eq. (11), we find

G(s) = cq4 + 55 £/ [(c6 — c3k4)s? + (7 + ky)s + cg] (13)

Wherec, = %(1 —cy), C5 = %(cz —2¢3), Co=Ci+E&, C;=2c4c5— &, cg=cCi+
53, Cqg = C3Cy + C%CS + Ce, Ci0 = (1 + 2C4_ + 2 Cg, C11 = C — 2C5 + 2(\/C_9+

C3\/C_8)1 C12 = C4 +4/Cq, C13 = C5 — (\/C_9 + C3\/C_8) (14)

The resulting value df in Eq. (13) is obtained from the condition that the function under the square root
be square of a polynomials and it yields,

ki = _(C7 + 2C3C8) i 21/C9C8 (15)

Wherecy = ¢3¢, + c2cg + Cq



The newr(s) for k becomes

(s) = ¢4 + c3s — [(\/C_g + cg\/c_g)s - \/c_g] (16)

Using Eq. (8), we obtain

7(s) = ¢; + 2¢4 — (¢ — 2¢5)s — 2[({/c9 + €3 /Cg)s — |/c3] (17)

We obtain the energy equation as

(c; —c3)n + csn? — 2n + Des + 2n + 1)({/co + c3,/cg) + ¢7 + 2c3¢8 + 2,/cgcg = 0(18)
While the wave function is given as
Y, (s) = Ny, S2(1 = c35) ° Cl_spn(%"l'ccl_sl" er0=1) g _ 2¢55) (19)
Where P, is the orthogonal polynomials.

Given that P, (@h) =

I(n+a+1)I(n+p+1) (x—l)r (x+1)n—r (20)

r= Or(a+r+1)r(n+B-r+1)(n-r)ir \ 2 2

This can also be expressed in terms of the Rodriguez’s formula

PP @) = 2= D+ D (L) ((x = D(x + 1)) (21)

2nn!

3. FACTORIZATION METHOD

In spherical coordinate, the Schrodinger equation with the potential V (r)is given as

_ 29 9 9
2#( 2 ar( ) + r2sin@ 90 (Sme ) t s T smze aq)Z) Y(r,0,0) + V(@)Y (r,0,p) =
E‘If(r, 9, (p) (22)

Using the common ansatz for the wave function as

Y (r,0,0) = “2Y,..(6,) (23)

And substituting eq. (22) into eq. (23), we obtain the following set of equation

Lo 4 B (E - V) = 2[Ry = 0 (24)
20(6 de(e
290 + cotd BO( )@(9)—0 (25)



d*o
20 + m2d(p) = 0 (26)

SOLUTION OF THE D-DIMENSIONAL SCHRODINGER EQUATION

The s-wave d-dimensional Schrodinger Equation with vector V(r), pdtengaven as

a2 R(r) N ;_,; [(E —V(r) - ((D+2[+1)(D+21+3))] R(r) =0 (27)

dr? 472

For s-wave/ = 0 the equation above reduces to

d?R(r) n ;_;21 [(E V@) - ((D+1)(D+3))] R(r) =0 (28)

dr? 412

The generalized Manning-Rosen Potential is given as

C —-ar D -2ar
Vo) = - (Smme) 29)
The Mie-type Potential/ () = —é + % +C (30)

in this paper, we assunie= 0

Applying the transformatiof = e~*" and pekeris-type approximation [37] givenr—lgg %
The superposed potential can be represented as GMRMMP

. Ds%+Cs 2Aa 4Ba?
V(S) - ((l—s)z) - (1-9) + (1-5)2 (31)

Applying the pekeris-type approximation and after lengthy algebra, we have

d?R(s) (1 —5) dR(s) 1

15z =55 ds DT [2B%2+Q)s? + (—H+ P —4B%)s+ (2% + H—2R — D]R(s) = 0(32)

Where

1= (). 2= (F57). P = ()0 0= ()0 = (G5) 4 R = ()




1 1
= =c6=16=06=—5,6=7+28"+Qc; = —4B+P —H,

C8=2ﬁ2_2R+H_A,C9=%_2R_A+P+Q,C10=1+2\/232_2R+H_A, C11=2+

2(\/%—2R—/1+P+Q+\/2,82—2R+H—A>,clz=\/2ﬁ2—2R+H—A,013=—1—

2

<\/§—2R—A+P+Q+\/2ﬁ2—2R+H—/1>,el=2/;2+B+P+K,sz=4ﬁ2—¢+B+H,e3=
2?2 —-2]—-K+H (33)

Using the eigenvalue equation, the energy eigen spectrum of GMRMMP is found to be

2

, (4R+22)—(P+H)—(n?+n-3)-(2n+1) [}-2R-2A+P+Q

B2 = —QR+A—H) (34)
(n+2)+2 E—ZR—A+P+Q

The above equation can be solved explicitly and the energy eigen spectriviRibfNEP becomes

E =
2
atn | |(465)m+2(E2) () (o)) (244~ [ -2() =) (b o (o
‘ (w3 +2 f-2()a-(CBE D) (o ()
u (D+1)(D+2) u
(2(%) 5+ (572) - (GR)4) (35)

Eigen function consideration
The wave functiom(s) is given as

— <Cro-1(1 _ Hocyo-1
p(s) = s€1071(1 —¢35) <3 (36)

Using equation (28) we get the weight function as

p(s) =s*(1 —s)? (37)

Whereu = 282 — 2R + H — 1, andv = 2\/%—213 —14+P+0Q

Also we obtain the wave functiof),(s) as

Xn(s) = p” (1 = 29), (38)
Wherep,(lu'v)are Jacobi polynomials

.13
Lastly, @(s) = s12(1 — c35) % e (39)

Using equation (39) we get



o(s) =s"2(1—5)""" (40)

We obtain Radial wavefunctionfrom

Ry (s) = Np(8)Xy(5) (41)
as
Rp(s) = Nys'/2(1 — s) "2p) (1 = 25) (42)

Where n is a positive integer and N,, is the normalization constant.

4. DISCUSSION
In this subsection, we discuss some special potential under consideration

CASE I if € = D = 0, equation(35) reduces to Mie-type eigen energy spectrum equation of the
form

2
e ([ ()2 (o)) amed) - [E-o()a- (20212 o
: (o2 2o (CE)

() () ) )

Where D is the dimension of the schrodinger equation

E

CASE Il: If A = B = 0, equation (35) reduces to generalized Manning-Rosen eigen energ
spectrum equation of the form

st | [ (222 (hra)e)~(w+med) =G [P (o (o
" (med) 2 I (CHODY (Yoo ()

() (44)

4

2

E =

CASE llI: For Schrodinger equation in zero-dimension, equatbn (35) reduces to



2 ) | (1G)2)- () ()2 4ng)-@nvn 5-2(l)o-(lm)e+ ()P | { (2(2)5-
" (w2 fi-2()-() e+ (b '
(@)) (45)

4.1 NUMERICAL ANALYSIS

In this subsection, we tested the accuracy of our work by siydyie behavior of the superposed
potential and the calculated eigen energy as showiigures | and Il.The potential plot irFigure |
depicts an attractive behavior and increases as the scremmmmeter increases. The behavior of the
potential also fit perfectly with the superposed potential in teapf&81]. The variation of the eigen
energy with principal quantum number is presenteéigire Il. It can be observe from the plot that the
calculatedeigen energy values increases to a maximwme aald decays exponentially with increasing
principal quantum number.
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Figure I: Variation of potential with internuclear distance, r
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Figure II: Variation of calculated eigen energy with Principalquantum number, n

5. CONCLUTION

In this paper, we investigate the bound state solutions to theoddeger equation for Generalized
Manning-Rosen plus Mie-type potential. The eigen energy spectmomtt@e corresponding un-
normalized eigen function were computed in terms of Jacobi polynomials. ISmexidgions of potentials

under study vid = B = 0 and C = D = 0 was also investigated.
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