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ABSTRACT

We solved approximately the bound state solution of the N-dimensiaxdtial ISchrodinger
Equation for kratzer plus reduced harmonic oscillator. We obtatxeticitly the energy
eigenvalues and the corresponding eigen functions expressed in terthe dfcobi
polynomials
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1. INTRODUCTION

It is interesting way arly—state solution of the Schrodinger equation can be obtained for
several diatomic molecules within a given potential [1-5]. $bbrédinger equation reveals
that the Eigen function of the system can furnish us with informa¢igarding the behavior
of such a system. Hence, if the system is exactly solviabla given potential, the wave
function can describe such system completely [6]. The eradian to Schrdodinger equation
plays a major role in quantum mechanical systems; meanthislsolution is only possible
for several selected potentials and approximation methods greefrity used to arrive at the
solution. With = 0, exact analytic solution of the Schrodinger equation is obtainesbfoe
potential. Wheh= 0, the Schrédinger equation can only be solved approximately rfiairce
potentials [7,8]. In recent times, the study of exponentad-fyotential has attracted a lot of
interest to different authors [9-20]. These potentials under igetisin are Hulthen potential
[13], Yukawa potential [14], Manning- Rosen potential [15], Woods-Saxomtiait§¢16],
Eckart potential [17], Mie-type [7,18] potential and others. Varimethods have been
employed to obtain the exact or approximate solution of the Schrodetgeation for
exponential-type potentials. These methods include the supersyo{8i@8iy) and shape
invariance method [21,22], the variational method [23], stanaettiod [9,24], path integral
approach[25], the asymptotic iteration method (AIM)[26,27], Exactntization rule
(EQR)[15,28], hypervarial perturbation [29], series method[30]ftexl 1/N expansion
[31,32], the algebraic approach [33], the Nikiforov-Uvarov MetH##] pnd others. The NU
method has been used in calculating the bound states for saalelsguantum systems.



Ita, [7] and Okoet. al.[18] solved the Mie-type potential and obtained the exact analytic
solution for the energy term of the kratzer type potential uradatain conditions.
Meanwhile, the kratzerpotential is amongst the most atteagtiwsical potentials as it
contains a degeneracy-removing inverse square term besid®rtirmon coulomb term.It
appears in a wide class of physical and chemical sciendesliimg the atomic and molecular
physics providing quite motivating results [26,28,33,36-40,43].

(Kocak 2006) obtained the bound state solution of the kratzerpotential@&dd(et. al.
2008) obtained the bound state energy spectrum of kratzer-type potsntigding the
Asymptotic Iteration Method(AIM) [36].Gheng and Dai2007) obtained the exact solution
for a newly proposed potential called the ringed-shaped modifiedekrabtential which
have its application to ring-shaped organic molecules like cywiyenes and benzenes
[37,38]. (Berkdemir et. al., 2006) proposed a new potential whicalled the modified

kratzer type of molecular potentiglr) = De(r — re/r)z, wheree is the dissociation energy
andr, is the equilibrium internuclear separation [394deghiand Pourhassaabtained the
exact solution to the non-central modified kratzer potential plusstiaged like potential
[40].Much work has been achieved in the area of obtaining both bounastbégproximate
solutions for kratzer potential as well as pseudo-harmonic and pseuttombic like
potential in the literature [41-47]. However, not much has beerewthiin the area of
solving the N-Dimensional radial Schrodinger equation for any angubmentum quantum
number 1" with kratzer plus reduced pseudoharmonic oscillator potentiadedeislV/ (r) =

Vle—C(T‘
(1-e~%7)
Schrodinger Equation for the above mentioned mixed potential.

+ 52 using NU method. The purpose of this paper is to solve themiional
T

This paper is organized as follows. In Section 2, we reviewNikdorov-Uvarov (NU)
method and the factorization of the Schrodinger Equation (SE) bridistion 3 is devoted
to the exact solutions of the Schrodinger Equation for the quantum dygtia@ NU method.
Finally, the relevant results are discussed in Section 4

2.1 NIKIFOROV-UVAROV METHOD

The NU method is based on solving a second-order linffaratitial equation by reducing it
to a generalized equation of hypergeometric-type. The NU methdebkasused to solve the
Schrodinger, Dirac, and Klein-Gordon wave equations for a certachddi potential. In this
method, the second-ordeifférential equation can be written in the following form:

() + 22 W () + T2 W(s) =0 (1)

Whereo(s) ando(s) are polynomials at most second degreetésids first degree
polynomials. To make the application of the NU method simpldrdirect without needing
to check the validity of solution, we presenta shortcut for tetéhad. At first we write the
general formof the Schrodinger-like equation (1) ina moregepeddbrm as

_€1— S

Pr(s) + —2 oy P'(s) + [—€15% + €35 —€3]¥P(s)=0 )

52(1 c35)2

Satisfying the wave functiogg (s) = @(s)y,(s) 3)



Comparing Eg. (2) with its counterpart in (1), we obtain thiedohg identifications

7(s) = (c1—¢28)
o(s) =s(1 —c3s)

G(s) = —€;5% + €,5 — €5

Following the NU method, we obtain the bound-state energy condition

can — (2n+ Dcs + (2n + 1)(Jco + ¢3y/cg) +n(n — 1)cs + ¢; + 2c3¢4 + 2,[cgcq = 0(5)

resulting also in
9(s) = s (1 —cz8) s,

_q &1 .
Yu(s) = B, e 0" D _gcs), @

so that the wave function becomes
.. _C13 g1
Rn(s) = Ny S€12(1 — ¢35) % s Pn(c“’ s~ o 1)(1 — 2¢35)

Where

(4)

(6)

®)

1 1 5 5
Cq4 = 5(1 — ¢1), Cs= E(Cz — 2¢c3),C6 = C5° + €1, C7 = 204C5 - €3, Cg = C4° + €3,
Cog = C3¢7 +c32cg+Cq, Crg= €1+ 2¢4+ 2\/cgc11 = ¢ — 2¢5 + 2(,/c9 + c31/c8),

Ci2 = €4+ /Cg, €13 =C5 — (\/C_9 + C3\/C_8) €)]

andP,is the orthogonal polynomials.

(@p) F(n+a+1)F(n+p+1) x-1\" x+1 n-r
Given thatP (x) Zr 0I‘(oz+r+1)r‘(n+[? r+1)(n— r)'r'( 2 ) ( 2 )

This can also be expressed in terms of the Rodriguez’s formula

PP (x) = L (x — 1) %(x+1)F ( ) ((x — D™ (x + 1)™F)

2nnl

2.2 FACTORIZATION METHOD

In spherical coordinate, the Schrédinger equation with the pot&iitiik given as

_y 29 1 _
2u (rz ar( ) + rzsme 09( lne ) rzsmze 2¢* )l}/(r 0, QD) + V(T)‘P(T 0, (P) -

E¥(r,6,¢) (12)
Using the common ansatz for the wave function as

R(r)

Y(r,0,¢0) =——Ym(0,9) (13)

And substituting eg. (13) into eq. (12), we obtain the followinigptequation

d? Rnl(r)
dr?

[(E V)= Z]Rz—O

(10)

1y

(14)



d?e() de(6) m? .
2D + cotg =2 (,1 - szg) 0(6) =0 (15)

a*o(e) 2 _
—gz T m O(p)=0 (16)
Wherem? andA = [(l + N — 2) are the separation constant.

Eqn. (16) is spherical harmonic functions whose solutions are well known.

3. BOUND STATE SOLUTION OF THE RADIAL PART OF SCHRODIN GER
EQUATION WITH KRPHP POTENTIAL

N-dimensional Schrodinger Equation with vector V(r), potentia@tomic unitsif =c =1) is
given as

d?Rp (1)
dr?

L(14+N-2)}?
2ur?

+FE-V) - 1Ry =0 (14)
The Pseudoharmonic potential is given as

B
V(r) =Ar? + S+C (17)

For Reduced Pseudoharmonic Potential (RPHP) also calledeihwgusdratic Coulombic-
like Potential, we assurde= C = 0, therefore our Potential becomes

V) =< (18)

For the Kratzer Potential,(r) = (riee__o;rr) (19)

Applying the transformatio§ = e~*" and pekeris-type approximation

The superposed potential can be represented as

Vs 4Ba’s
V) =5t aooe

(20)

052

4
(1-5)?

Applying the pekeris-type approximatirénz and after lengthy algebra, we have

) | U6 | L (2% 4 H)s? + (<H - 4675 + @B —2P~DR() =0 (2D)
Where

E
_p? = (ﬁ) H= (Zac“ThZ) Vv, P= (hiz) B, A= I(l+N=2) (22)

cp=c¢c;=c3=1¢,=0,c5 =—%,c6 =%+2,82+H,c7 = —4B%—H,



c8=2/32—2P—,1,c9=§—/1—2p,c10=1+2,/2/32—2P—,1,c11=2+2</%—A—2P+
1 ’1
ZBZ_ZP_A),Clz:1[252_2P_A,C13:_E_< Z_A_2P+ﬂ2'82_2p_/1>,81:

2%+ H,e, =4B*+H,e5 =2B%>+2P -1 (23)

Using the eigenvalue equation, the energy eigen spectrumPfIRIR is found to be

2
(P+22+H)~(n2+n-1)-(2n+1) [--2-2pP
= ( 2 . ‘ - (P -2 (24)

B (n+3)+2 E—/’l—ZP

The above equation can be solved explicitly and the energy gpgetrum of KRPHOP
becomes

2

2 (4(L5)B+210+N-2)+(S 7)1 ) - (n24nt3)- D) [3-10+N-2)-2(15)B ~ (2 (ﬂ) B+ N - 2))

== (n+3)+2 f3-104n-2)-2(%)e i

h2

(25)

Eigen function consideration
The weight functiop(s) is given as

— <Cr0-1(1 _ Hcyo-1
p(s) = s (1 —c35) (26)

Using equatior(23)on eqn. (26), we get the weight function as

p(s) =s*(1—=s)" (27)

Whereu = 2,/25%Z — 2P — 1, andv = 2 /}— A—2P

Also we obtain the wave functiof), (s) as

Xa(s) = p{* (1 - 29), (28)

Wherep**are Jacobi polynomials

€13

Lastly, ¢(s) = s€12(1 — c3s)_C“_ c3 (6)

Using equation (23) we get

o(s) =s"2(1—-5)"""2 (29)
We obtain Radial wavefunction from equation (3)
R, (s) = Ny (5)Xn(s) (30)

as

Ry(s) = Nys'/2(1 — s) 2" (1 — 25) (31)



Wheren is a positive integer and, is the normalization constant.

4. DISCUSSION

In this section, we discuss the special potential eigenealergy of our superposed
potentials (KRPHOP)

4.1. Whe; = 0in equation (20), the eigenvalue spectrum in equation (2Bjlisced to a
Reduced Pseudoharmonic Oscillator Potential given as

2

e (4(#2)B+2l(l+N—2))—(n2+n+%)—(2n+1)\/%—I(HN—Z)—Z(hLZ)B

u

E

—(2(:—2)B—l(l+N—

| (n+2)+2 \/%—I(HN—Z)—Z(E%)B J
2)) (32)

4.2. WhemB = 0 in equation (20), the eigenvalue spectrum in equation $2®8duced to a
Kratzer type Potential given as

2
. . [(Zl(l+N—2)+(ﬁ)v1)—(n2+n+%)—(2n+1) /%—I(HN—Z)] U+ N =2

K (n+5)+2 \/%—Z(HN—Z)

(33)

4.3. Whed = 0in equation (25), the eigenvalue spectrum is reduced toeaSuinrodinger
equation for Kratzer and Pseudoharmonic oscillator potential given a

[(4(#2)“(#)%)—(#+n+%)—<2n+1> /%—z(h%)ﬂ #
F==3 —— -(2()8)
(n+3)+2 \/Z—Z(h—z)B |

(34)

5. CONCLUSION

In this study, we investigate the solution of the Schrodinger tiequafor
theKratzerplusReducedPseudoharmonic potential by using thepeketrappogimation for
the centrifugal term. We obtain the energy eigenvalue laaa@arresponding un-normalized
wavefunction using Nikiforov-Uvarov Method.Futhermore, special ¢mrdi of potential
have been presented by variation of some parametergassdavith each potential.
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