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ABSTRACT

This paper presents a comparative study of Initial Feasiblgi@olMethods for Transportation
Problem using Temporary Ordered Routing Algorithm (TORA) as al&tadn Tool. To achieve
this, various methods of finding initial feasible solutions including Needt Corner Method,
Least Cost Method, and Vogel Approximation Method were considered. Tietbeds were
compared on a balanced transportation model to provide the basis of fmtaigolutions. A
comparison of results (Initial feasible solutions& Optimal sohd) obtained from these various
methods were presentedalong with the number of iterations requirdtefeplutions. Findings
from the results of several runs of the tested problem revedhthdlorth West Corner Method,
although fast in obtaining initial solutions (and theoretically \@ngply to implement), is not
very efficient and accurate enough in finding the initial fgasisolutions of this type of
transportation problem. Also, the objective value for the transportabisinot the initial basic
feasible solutions obtained through the Least Cost Method and Vogmgit®¥mation Method
were in good agreement with the optimal solution or exactness. Thus| Xpgeximation
Method, (being an improved of Least Cost Method) is effective fosohgion of this type of

problem.
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Least Cost Method, Vogel's Approximation Method , Optimal Solution.

1. INTRODUCTION

The Transportation Problem refers to a special class ofatifeogramming where the
objective is to provide optimum solutionto problems whose product are tateported or
distributed from where the total availablefrom each source amdotal requirement at each
destination are known. In other words, the problem is, how should transpmddeeso as to

optimize the given objective [4].

The general method of solution for transportation problems is todatstblish the problem
matrix with each origin as a row and each destination as a solso, an initial solution must
be obtained that satisfies all constraints on the matrix modeta#ix with m origins andn

destinations will haven+ n -1 quantities of goods shipped from origito destinatiorj . A test

is performed on the matrix to see if there exist solutionsahigprovide a lower total cost to the
company. If one exists, a new solution is found and this new solutiontisn tested for a
possible better solution. Each solution which is tested, and the nevosdiutned is called an
iteration. On a large problem, thousands of iterations may be required befa@imalsolution

can be obtained[2, 6].

[1,5] have developed different types of transportation models. Exteokithe transportation
model and methods have been subsequently studied[3]. Also, a syststadticand new
approach was suggested to find the optimal solution of the transportaildarpr{7]. However,
the aim of this paper is to compare various feasible solution tpegmfor solving transportation
problem in linear programming and then validate the iterativaltsefrom the comparative

simulation of these methods using Temporary Ordered Routing Algorithm (TORA).



2. TRANSPORTATION PROBLEMS AND DESCRIPTION OF METHODS
In this section, we present the transportation problem in linear pnogregy and then give the

general description of the various solution methods in use.

2.1 Formulation of the Transportation Problem
Given m origins andn destinations, the transportation problem can be formulated as the

following linear programming problem model:

m n

Minimize  Z=> Y c;x; 21
i=1 j=1
Subject to)_x; =a, foralli=12..m (22)
=1
D> x; =b, forall j=12..n (23
i=1
And  x;=0, foralliand j. (24)

Where X; is the amount of units of shipped from origin 1 to destination j@&nds the cost of

shipping one unit from origin i to destination j. The amount of supply gtnoi$ & and the
amountof destination i®,. The objective is to determine the unknop that will minimize

the total transportation cost while satisfying all the supply and demandaiptsstr

2.1.1 Balanced Transportation Problem
If the sum (total availability from origin) of the supplies of all the soursegjual to the sum of
the demands of all the destinations, then the problem is termed as a Balanced tateorspor

Problem. Here,

Zm:a‘:,zi;b" (25)



2.1.2 Unbalanced Transportation Problem
If the sum (total availability from origin) of the suppliesalifthe sources is not equal to the sum
of the demands of all the destinations, then the problem is termeah adnbalanced

Transportation Problem. Here,

m n

>az>b, (26)

i=1 j=1 h

An unbalanced Transportation problem can be modified to a balanced on&duucing a

dummy sink (destination) ip_a,> > b, and a dummy source if Y a,< > b,

i=1 j=1 i=1 j=1
The inflow from the source to a dummy sink represents the surpthe aource. Similarly, the
flow from the dummy source to a sink represents the unfulfilled dératithe sink. The costs of

transporting a unit from a dummy source to a dummy sink are assarbedzero. The resulting

problem is now balanced and be solved.

2.2 North-West Corner Method (NWCM)

The North West corner rule is a method for computing a basisibfeasolution of a
transportation problem where the basic variables are selectedHfeoiorth-West corner (i.e.
top left corner). The method starts at the northwest-cornerroatie). The major advantage of
the north—west corner rule method is that it is very simple and waspply. Its major
disadvantage, however, is that it is not sensitive to costs and condgquelds poor initial
solutions.The northwest corner method is by far the simplest metihazbfaining the initial
solution. This method gets its name because it starts with lhe tee upper left hand corner,
X11, and allocates the maximum feasible amount available at thié. poi other words, the
minimum between the amount available at origin one and the amounecegtislestination one.

Move one cell to the right if there is any remaining amount at the originywesieemove one cell



down. If it is impossible to do either, then the solution has been forAfezt. each move

allocate the maximum feasible amount and move again.

Vi.

2.2.1Steps.

Select the north west (upper-hand) corner cell of the tranipartable and allocate as
many units as possible equal to the minimum between available sapglylemand
requirements, i.e., min(, d1).

Adjust the supply and demand numbers in the respective rows and columns allocation.
If the supply for the first row is exhausted then move horizgntalthe next cell in the
second row.

If the demand for the first cell is satisfied then move horizlynta the next cell in the
second column.

If for any cell supply equals demand then the next allocation camade in cell either in
the next row or column.

Continue the procedure until the total available quantity is fullycated to the cells

required.

2.3Least-Cost Method (LCM)

Least-Cost method is a method for computing a basic feasibleosoloti a transportation

problem where the basic variables are chosen according to the unit cost of tréinaporta

Matrix minimum method is a method for computing a basic feasitlgion of a transportation

problem where the basic variables are chosen according to the uniff ¢gstsportation. The

minimum-cost method finds a better starting solution by concemjrain the cheapest routes.

The method starts by assigning as much as possible to thvatbethe smallest unit cost. Next,

the satisfied row or column is crossed out and the amounts of supptearahd are adjusted
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accordingly. If both a row and a column are satisfied simultangoursly one is crossed out, the
same as in the northwest —corner method. Next, look for the uncrossesltauth the smallest

unit cost and repeat the process until exactly one row or column is left uncrossed out.

2.3.1Steps

i.  Identify the box having minimum unit transportation c(ﬁjt)

ii. If there are two or more minimum costs, select the row andolnena corresponding to
the lower numbered row.

iii.  If they appear in the same row, select the lower numbered column.

iv. ~ Choose the value of the correspondingas much as possible to the capacity and
requirement constraints.

v. If demand is satisfied, delete the column.

vi.  If supply is exhausted, delete the row.

vii.  Repeat steps 1-6 until all restrictions are satisfied.

2.4Vogel’'s Approximation Method (VAM)

VAM is an improved version of the least-cost method that genefallynot always, produces
better starting solutions. VAM is based upon the concept of minimapgrtunity (or penalty)

costs. The opportunity cost for a given supply row or demand columnnedefs the difference
between the lowest cost and the next lowest cost alternativemBtied is preferred over the
methods discussed above because it generally yields, an optimumseotacoptimum, starting

solutions. Consequently, if we use the initial solution obtained by VA§moceed to solve for
the optimum solution, the amount of time required to arrive at thenoptisolution is greatly

reduced. The steps involved in determining an initial solution using VAM are as$ollow



2.4.1Summary of Steps:

i.  Determine the penalty cost for each row and column.
ii.  Select the row or column with the highest penalty cost.
iii. 3. Allocate as much as possible to the feasible cell with thestbtkansportation cost in
the  row or column with the highest penalty cost.

Iv.  Repeat steps i, ii, and iii until all rim requirements have been met

3. NUMERICAL RESULTS AND DISCUSSION

In this section, we illustrate the comparative study by problEtersents. Data from these

examples aresecondary. All the results are implemented and calculaipd OSA.

3.1 Numerical Problem We consider the Numerical problem presented in Table 1 below:

We have used three methods to find an initial basic feasible soltdiothe balanced
transportation problem. The problem was developed by Jim Caldwell and Douglass K.S.

Table 1: Transportation Cost per desk for Numerical Problem 1

To A B C D Supply
From
1 8 14 12 17 al=20
2 11 9 15 13 a2=10
3 12 19 10 6 a3=10
4 12 5 13 8 a4=5
Demand b1=5 b2=20 b3=10 b4=10

SourceMathematical Modeling, Case Studies & Projects (p.233-234), byClir&
Douglas K.S, 2009, Kluver Academic Publishers, New Delhi, India



3.1 Model formulation

The problem is solved by first expressing it mathematically as a LRregramming problem.

Let X ;= Decision variablesi.eunits shipped from Breweriesi to distribution centre (Hotels) j
Using the shipping cost data of Table 4.1, the transportationicdsir{dreds of naira) is written

as.

Z =8x,, +14x,, + 12x,; +17%,+11X,, +9X,, +15X,, +13,,
+12X,, +19X,, + 10X, + 66X+ 12X, +5X,, +13X,, + 8,,

Subject to: Production constraints for breweries 1, 2, 3, 4 are:

Xy + X+ X3 + X, =20
X * Xgpp+ Xg5 + Xy <10
Xg + X+ X3 + X <10
Xag ¥ Xgg+ Xyg + Xy <3

Demand constraints for hotels A, B, C, D are:

Xll + X21 + X31 + X41 2 5

X12 + X22 + X32 + X42 2 20

X13 + X23 + X33 + X43 2 10

Xy F Xopt Xgy X4y 210
All quantities transported must be nonnegative. Thus

x, 20, i,j =1234

3.2 Computation:

Three methods have been used here to find basic feasible solution atfotles problem and

these are presented in turn.



Computation using North West Corner Methods:

Steps:

(i) Comparing al and bl. Since bl < al, we allocate 5 to x11 or. {hA) exhaust the demand
at bl and leave 15 units as unsatisfied supply at supply A.

(i) Move to cell (1, B). Comparing al and b2, we allocate 15 to x12 or (1, B)

(iif) Move to cell (2, B). Compare a2 and b2, we allocate 5 to (2, B)

(iv) Move to cell (2, C). Compare a2 and b3. We allocate 5 to cell (2, C)
(v) Move to cell (3, C). Compare a3 and b3. Allocate 5 to cell (2, C)
(vi) Move to cell (3, D). Compare a3 and b4, allocate 5 to cell (3, D)

(v) Move to cell 4, D. Compare a4 and b4 and continuing in this fashion gives:

Table 2: Solution to Numerical Problem Using North West Corner Method.

To A B C D Supply
From
1 8[5] 14 [15] 12 17 20
2 11 9 [5] 15 [5] 13 10
3 12 19 10 [5] 6[5] 10
4 12 5 13 g5] 5
Demand 5 20 10 10

Therefore, the total transportation cost (Initial Basic Feasiblution) determined by the
Northwest corner method is:

Minimize Z= (5x8+15x14+5x9+5x15+5x10+6x5+8x5)
=40+210+45+75+50+30+40=490



3.2.1 Validationof Numerical Problem using TORA:

File EditGrid

TRANSPORTATION MODEL

Problem Titls: Edting Gri:
>>To DELETE, INSERT, COPY, or PASTE a column{row), click heading
No_of Sources  EHI cell of target column(rowy, then invoke pull-down EditGrid menu
. =>For INSERT mode, a single(double) click of target row/column will
No. of Dest'ns _ place new row/column after{before) target rowicolumn.

INPUT GRID - TRANSPORTATION

SOLVE Menu MAIN benu Exit TORA

M|

07-Oct-15

Figure 1. Original Data — Problem 1

3.2.2lteration 1: Objective Value =490.00

5 TORA CAUsers\BRIAN\Document PORTATION PROBLEMZ.6xt ;. T W™ Tk e B
TRANSPORTATION MODEL

Steps for generating fransportation tableau
1. (Optional step} Initialize ONE of the s iplier (u1, u2, ..., vi, v2 .} to zero value (default u1 = 0}
2.C any order) the cells defining the change-of-basis loop (if corret, cell changes color)
K command button NEXT ITERATION (or ALL ITERATIONS) — This step may be executed without Step 2

Initialize u or v

Obj¥al = 490.00
Name

View/Modify Input Data MAIN Menu Exit TORA

Figure 2. Northwest — corner method results
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3.2.3lteration 2: Objective Value =450.00

RTATION PROBLEM2.
TRAMSPORTATION MODEL

multiplier (u1, u2, ) to zero value (default ut = 0}
k {in any order) the cells defining the change-of-basis loop (if corret, cell changes color)
mmand button NEXT ITERATIOH (or ALL ITERATIONS) step may be executed without Step

a

Demand
Objval =
Name

Figure 3. Northwest — corner, Iteration 2

3.3.4lteration 3: Objective Value =405.0§OPTIMAL)

5 TORA C:AUsers\BRIA RTATION PROBLEMZ. i o =
TRANSPORTATION MODEL

) to zero value (default u1 = 0}
k (in any order) the cells defining the change-of-basis loop (if corret, changes color)
mmand button NEXT ITERATION (or ALL ITERATIONS) step may be executed without Step 2

View/Modify Input Data MAIN Menu Exit TORA

Figure 4. Northwest — corner, Iteration 3
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3.3 Computation (Least Cost Method)
Using Least Cost Method (LCM) the final solution is presented in Table 3.

Table 3: Solution to Numerical Problem 1 using Least Cost Method.

To A B C D Supply
From T~
1 8 [5] 14 [5] 12 [10] 170] 20
2 11 9 [10] 15 13 10
3 12 19 10 q10] 10
4 12 5 [5] 13 8 5
Demand 5 20 10 10

Therefore, the total transportation cost (Initial Basic F#@s$olution) determined by the Least

Cost method is:

Minimize Z=5x8+5x14+10x12+0x17+10x9+10x6+5x5
=40+70+120+0+90+60+25
=405

3.3.1 Validation of Least Cost Method using TORA
3.3.2 Iteration 1: Objective Value =405.00 (OPTIMAL)

5. TORA Ci\Users\BRIAI

o o S|

RTATION PROBLEM2 B
TRANSPORTATION MODEL

T [0o0_ | [goo 1 |
Demand I N S T O I T T 1 I

iew/Modify Input Data

o > = 115PM | |

a

Figure 5. Least cost — method, Iteration 1
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3.4 Computation (Vogel's Approximation Method)
Using VAM, the final solution is presented in Table 4.

Table 4: Solution to Numerical Problem 1 Using Vogel’'s Approximation Method

To A B C D Supply
From
1 8 [5] 14 [5] 12 [10] 170] 20
2 11 9[10] 15 13 10
3 12 19 10 6[10] 10
4 12 5 [5] 13 8 5
Demand 5 20 10 10

Therefore, the total transportation cost (Initial Basic Feasblution) determined by the

Vogel's approximation method is:

Minimize Z=5x8+5x14+10x12+10x9+10x6+0x17+5x5
=40+70+120+90+60+0+25
=40+70+120+0+90+60+25

=405

3.4.1 Validation of Vogel's Approximation Method using TORA
Iteration 1: Objective Value =405.00 (OPTIMAL)
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£ TORA CiUsers\BRIAI RTATION PROBLEMZ.|

TRANSPORTATION MODEL

TRANSPORTATION TABLEALU - (Vogel's Method)

ero value (default u1 = 0}
k (in any order) the cells defining the change-of-basis quDl corret, cell changes color)
k command button NEXT ITERATION (or ALL ITERATIONS! = step may be executed without Step 2

Obival
Name

Wisws M odify Input Data MAIN Menu Exit TORA

i ™ | o e o e S|

TRANSPORTATION MODEL

TRANSPORTATION MODEL OQUTPUT SUMMARY

n to transporation problem 2
n No.: 1

/it o Printer

AUN2aaa

Visws/Modify Input Data MAIN Meru Exit TORA

Figure 7. Transportation Model Output Summary to the Numerical Problem
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Table 5: Comparison of different methods for finding initial basic soltion to Numerical
Problem with TORA as Validation tool

Methods Initial Basic Optimal Iterations
UsedFeasible Solutions Solutions to reach @yatl Solutions

NWC method 490 405 3
Least cost method 405 405 1
Vogel approximation 405 405 1

3.5 Discussion of Results

The transportation model tested above had 4 origins and 4 destinatioesth@inctal supply at
the origin is equal to the total demand, the problem is balanced. The momkerations
required to establish an optimal solution ranged from 3 for the Nostloeener method to 1 for
Least-cost method and 1 for Vogel's approximation method. The objéatiggon (initial basic
feasible solution method) for the NWC method is 490 while the objeftthation for the least
cost method is 405 and 405 for the Vogel's approximation method. Tabletd&irs a summary
of the comparative study for the transportation model problems.

Furthermore, the transportation model tested was solved and vahdéteORA. The results
from both the computation and that of TORA yielded the same valuésms of the optimal
solution obtained. The computer solution shows the minimum total transportatst is 405.
The value for the decision variables shows the optimal amount otdé&er shipped over each

route.

To minimize the transportation cost, the following shipments should be made:
Ship 5 units of beer from Brewery 1 to Hotel A

Ship 5 units of beer from Brewery 1 to Hotel B

Ship 10 units of beer from Brewery 1 to Hotel C

Ship 0 units of beer from Brewery 1 to Hotel D
15



Ship 10 units of beer from Brewery 2 to Hotel B
Ship 10 units of beer from Brewery 3 to Hotel D

Ship 5 units of beer from Brewery 4 to Hotel B

4. CONCLUSION
Findings from the results of several runs of the tested probleral it the North West Corner
Method, although fast in obtaining initial solutions (and theoreticaty simply to implement),
is not very efficient and accurate enough in finding the initiasifde solutions of this type of
transportation problem. This is because, the method is not sensitesttoand consequently
yields poor initial solutions.The objective value for the transporiatiost of the initial basic
feasible solutions obtained through the Least Cost Method and Véggi®ximation Method
were in good agreement withthe optimal solution or exactness. Thus|'8/égproximation
Method, (being an improved of Least Cost Method) iseffective fosthgtion of this type of

problem.
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