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Abstract: This paper analyzed the hydrodynamic and thermabbier of an unsteady fully developed natural
convection flow, in a vertical parallel micro-porsichannel (whose boundaries are heated sinosojdatiythe
presence of suction/injection, with velocity slipdathermal jump at the walls.The exact solutionsthaf
momentum and energy equations as well as the estpnasfor skin friction and thermal flux at the Vgahre
obtained. The variation of temperature and veloeiiyh respect to frequency of the driving force,ulsen
number, suction/injection parameter, combined valwé frequency of wall’'s temperature oscillationdan
time(wt), and that of skin friction and heat flux with resp to suction/injection parameter andtare
discussed.Numerical values of skin friction, héat,ftemperature and velocity are computed. Itognid that

injection acceleratesand suction retards the flow.

Keywords: Suction/Injectionsinusoidal temperature, frequency of the drivingdéo Knudsen number
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1.0 Introduction:

Natural convection flows are mechanisms or typesasfsport in which the fluid motion is initiateg b
density differences, which is caused by differeimceemperature gradients. In this process, thel fwirrounding
heat source, when heated, becomes less densepaselaently rises to allow the cooler one replacés a
result of continuous heating, the hotter fluid combusly rises while the cooler one falls; thisnfigr convection
current (i.e. the process of transferring heat ggnénom the bottom to the top of the convection)céh short,
buoyancy effect (a result of differences in densityhe fluid) is the driven force for natural cation.

Natural convection has numerous applications iurmeatsuch as in see-wind formation and oceanic
currents. Free air cooling without the aid of faraivery common industrial application of natukahwection. In
the field of engineering also, natural convecti@athtransfer is essential in cooling of high vadtaectrical
power transformers, heating of houses by electbiaaé-board heaters, cooling of electronic de\oeh as chips

and transistors by finned heat sinks, cooling atter cores in nuclear power plant, and the rest.

It has been found in the literature that, natucaivection rate depends upon the physical constdirite
fluid density, viscosity, thermal conductivity, gjific heat at constant pressure, co-efficient efiimal expansion,

diameter or length, temperature difference andittional acceleration [1].

Heat transfer in micro-channels with sinusoidalgermature has attracted lot of growing interest s&ro
the globe; this is so because of its applicatiomany engineering and industrial processes, amdaimy natural
phenomena. It is also found to have played an itapbrole in the automatic control systems andlégteonic
and electrical components subjected to periodititnga

In the year 1966, a uniform heat flux which varpEriodically in time with square pulses for right
vertical wall was investigated[2]. The case in whibe surfaces temperature slightly varies abauean value,
which is higher than the ambient temperature wadietl in[3], where they restricted their resultsstoall
amplitudes of the surface temperature variatione Fame problem was solved using a slightly differen
perturbation expansion, though their results welso aestricted to small amplitude[5]. Laminar natur
convection about vertical plates with oscillatoryface temperature was studied in[4], and they aoree the

restrictions on the amplitude using the finite elince method.

More recently, mixed convection flow in a verticalbe filled with porous material with periodic
boundary conditions were studied in[5], where tfmnd the existence of two local maxima, one nearsurface
of the tube and the other on the tube axis. Thecefif frequency of fluctuating driving force onsiimgaseous
micro-flows was studied in[6], where they consifterr flow cases, namely; Couette flow, Poiseuiltev, Stokes
second problem and natural convection. They foheceffect of the frequency of the driving foreepn velocity
and temperature to be similar, while increasingfteguency of the driving forcewas found to dececti® local
velocity and temperature of the flow. Free conwexflow between vertical porous plates with peridaigat input
was analyzed in[7], the temperature was found thiggeer near the plate with injection, while vetgaivas found
more enhanced near the plate with suction.



In another instance, suction/injection of fluidahgh bounding surfaces, as in mass transfer coolng
significantly change the flow field, as a consequeraffects the rate of heat transfer from the dmgnsurfaces.
In general, injection tends to decrease the skitidn and heat transfers co-efficients whereasiGu@cts in the
opposite manner. Injection/suction of fluid througbrous heated or cooled surfaces is of generatdsit in
practical problems involving film cooling, controf boundary layers, etc. This can lead to enhatheading or
cooling of the system and can help to delay thastt@mn from laminar to turbulent flow [8]. The molof
suction/injection on steady fully developed mixesheection flow in a vertical parallel plate micrbannel was
studied in[9], where one of the walls is considetede cold and the other to be opposite. Theytehiafhe
conclusions that with increase in Knudsen numler fiuid temperature on the cold porous plate im®es, while
it decreases on the hot plate, and upon incredssmgnudsen number, the velocity and the velodity@ both
walls of the micro-channel increases. Natural cotiwa flow in a vertical micro-channel with suctiforjection
was analyzed in[10]. They reported from their wiht&t, due to a decrease of velocity and temperatithén the
channel, suction/injection increase the volume flate and decrease the heat transfer rate. Sarhersut
considered effect of viscous dissipation on natcoalvection flow between two vertical parallel peivith time-
periodic boundary conditions[11], where they repdrithat for relatively small Prandtl number, vissou

dissipation within the channel increases the teatpes of the fluid.

To the best of authors’ knowledge, heat transfanicro-channels with sinusoidal temperature, & th
slip flow regime, where the temperature gradiersimsisoidal has never been conducted in the literaby any
researcher. Consequently, the natural convectiodiest by Haddad et al [6] is extended in this stinyy

considering the flow assuming itself between twonable boundaries.

2.0 Formulation of the problem

g
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Fig. 1:Schematic Diagram of the problem

Consider the transient hydro-dynamically naturadvetion of a basic micro-gas in the slip flow regi
between two parallel, permeable vertical platesfifite lengths, where the two plates are subpbttesinusoidal
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temperature variation. Basically, the flow reginaee classified into four different categories: @omtum flow

Kn <1073, slip flow regime107 < Kn <107?, transition flow 10" Kn <10' and the free molecular flow
Kn>10" these classifications are based on the valuesnofdsen numbdfNn[12, 13]. For the slip flow

regime, the values oKn were taken betweenO>and 10™ as reported in the literature. The tangential
momentum accommodation coefficieat, determines the degree of slip in the system whigpends on the
boundary surface conditions and the working fladd it has been reported experimentally to be bewbe
ranges of 02— 08. Its lower limit of applicability applies to extrety slip condition while the upper limit
applies to practical and experimental purposesu&/af tangential momentum accommodation is taken as
o, = 0.7 since extremely slip condition isn’t consideredhis case. The flow is assumed to be fully devetbp
hydro-dynamically, and hence, the change in vefoeihd temperature with respect to x is zero. i.e.
ou/0x=0T/0ox=0.

Based on the facts given above, the governing smsaand boundary conditions are modeled as follows

Governing equations:

ou ou 9°u
—+V — |z uy—+ -T 21
”(at oayj HagE 9PT-T) @1
T T 0°T
— +V — [zZk—— 2.2
pc"(at °ayj oy @2
Boundary conditions:
u(t,-L) = 270, j0u (2.3)
g, 0yl
u(t,L) = - 2= %y (2.4)
a, 0y,
T(t-L) -sin@t) = -2 A 2V oT (2.5)
o; Prl+yoy -
T(tL) -sin@t) = —2_9r A 2 0T (2.6)
o Prityoy|.

Note that the symmetric conditions appliefbjrare removed, this is due to the fact that theynoaie forced on

flow involving suction and injection.

Considering the following dimensionless variables:

V. L -
:i,w:£1Y:X1Kn:d,S: o 19:T T°° 1Pr:£,U :i,a:L (2_7)
t, w, L L Y7, T, T, a u, /C,
We substitute Eq. (2.7) into Eq. (2.1-2.6) above obtained:
2
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Subjected to the following boundary conditions:
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(2.9)

U(-1)= (2.10)

\ Y=-1

2 _-CTV k(nf?&i

- (2.11)

Uy =-

\ Y=1

_2-0; Kn 2y 06

6,1 -sinr)=———"——

(2.12)
o, Prl+yoy

Y=-1

(2.13)

o; Prl+yoy|,.,
Where Pris the Prandtl numbgeikn (= 1/L) is the Knudsen number aisdis the suction/injection velocities.
Positive values ofS (= V,L/u) taken represent injection velocities while the ape is taken for suction
velocity. This type of model has captured lotsriérest globally because of its numerous applinatiespecially
in the field of engineering. Some of its applicadoare essential in the design of thrust bearird) radial

diffusers.

3.0 Analytical Analysis

An exact solution for this problem is possible lgaming the following complex solution:
U (7,Y) = Im{exp@awr)V (Y)} and 8(z,Y) = Im{exp(awr)W(Y)} (3.1)
Where 'Im’represents the imaginary part of the complex smutind = v—1. Differentiating Eq. (3.1) and
substituting them into the governing equations aondndary conditions, we transformed them into adin

differential equations whose solutions are:

V{Y) = (S coshyd,)[ca, sinh@) +coshg,)] _cosh(3) 62)
blcosh@,) +ad, sinh@,)] cosh@,) +cd, sinh@,)
W(Y) = coshtfd, ). (3.3)
cosh@,) +ad, sinh(@,)
Substituting Eq. (3.2-3.3) into Eq. (3.1), we obtal the following solutions:
UY) =im exp{wr) | coshy/d,)[cd, sinh@) +cosh@,)] coshia,) -
blcosh@, ) +ad, sinh(@,)| cosh@,) +cd, sinh(@,)
6(1,Y) = Im{e”‘”[ cosho,) J} (3.5)
cosh@,) +ad, sinh(9,)
Where a=2-91 KN 2V '\ 52 55 g c=-2"%kn (3.6)
or Prl+y o,

2 4 _ 2 AT
5 - SPr++/(SPr) +AiwPr o SPr J(SPr)? +diwPr and &, = S+/S?+diw
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From Eg. (3.6) and (3.7), the skin friction andttieax on the boundaries were obtained respectiasljollows:

[ = ul —exp(ar) 3, sinh@,)[cd, sinh@) +coshg,)] 5 sinhe) L8
oY |, b[cosh67) +ao, smh@)] coshg,) + cd, sinh@,)
= |l _ m{ expier) [Jgsinh(ag)[ccz sinh(,) +coshg,)] 5. sinh (57)} 3.9)
aY |y, blcosh@,) +ad, sinh@,)] coshg,) +cd, sinh(d,)
q,= 99 _ |m{e“‘”( — 9, Sinh©,) j} (3.10)
Y|, cosh@,) +ad, sinh(,)
q = 96| _ Im{ei“”( 9, Sinh(6,) ]} (3.11)
oY |y, cosh@,) +ad, sinh(J;)



4.0 Discussion and Results

In order to have physical insight of the problemA™AB programming is employed to generate and
analyze results. The problem is found to be abslylslymmetric despite the fact that it is not farte be so, this
is due to same boundary conditions applied on baths. On the graphs, for clear visibility, we cles the
center of the channel (i.g=0) to one of the walls (at=1),with a view to reflect what happens on the otlel
(at y=-1). For the sake of accuracy, our results were coatbarith those in[6] and they were found to be in
excellent agreement. When values of suction/irgacire assumed to be zero, our results reverdese in[6].

This validates the accuracy of the results.
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Fig. 2: Velocity and Temperature Profiles fér = 071, wr = 771/2, Kn = 107, y=14, w=10.

Fig. 2 (a) highlights the effect of injection oretfiuid velocity curve from the wall, to the centdrthe channel. It
is deduced from the figure that increasing injactielocity increases the fluid flow. The velocisyminimal at

y = 0 and increases up to a particular length of thawblgy = 0.85 t0 0.95), then decreases to the wall.

Fig. 2 (b) illustrates the effect of suction on tleocity curve as y increases from center, throiinghwalls of the
channel. On the walls, velocity is found to be veigh when compared to the center of the channelindrease
in suction velocity generally causes an increagshiid velocity.

Fig. 2 (c) illustratively interprets the effect bfjection on the temperature curve as y decreases the wall
through the channel’s center. Temperature is fdoroke very high on the wall when compared to theter of
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the channel; this is because of the sinusoidal ¢eatpre applied on the walls. An increase in impectzelocity
causes a decrease in temperature at the (waly = 1) throughy = 0.55 approximately. At this poinfy =
0.55), there is a switch, and increase in injection vigfJotauses an increase in temperature up to thercehthe
channel. Temperature varies proportionally withldrgth of the channel (usiyg0 as a reference point).

Fig. 2 (d) illustrates suction effect on the tengpere distribution of the flow. From the centempeerature also
varies directly with the length of the channel. §é to say, for every value of suction velocityedisit is
observed that the temperature increases with tigtHeof the channel and vice versa. It has beeicetbthat an
increase in suction velocity leads to a decreadeniperature up to a particular length in the ckagn = 0.65
andy = 0.75) where a temperature switch is observed. At thistpan increase in suction velocity increases the

temperature of the system.
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Fig. 3: Velocity and Temperature Profiles f@r = 071 wr = 77/2, Kn=10", y=14, (8 S=2(hS=-2
(c)S=2 (d)S=-2

Fig. 3 (a) represents the velocity profile resgtifrom different values of the frequency of thevimg
forcewwhen injection velocity and other parameters angt konstants. Far = 1 andv = 5 respectively, the
velocity is found to be maximum and minimum. Asincreases from 5, the velocity also increaseg=8t to

abouty=0.5 to y=0.8 About this point, there is a switch, and increiase decreases the flow velocity yt1.



Fig. 3 (b) depicts the effect of angular velocity eelocity of the flow for constant value of suctigelocity.
Forw = 1, the velocity is higher, though it attains its nmaxm aty=0. The velocity also found to be lowest
whernw = 5, and then increases with increasedn

Fig. 3(c) indicates the effect of angular velociy the sinusoidal temperature of the flow. It isirfd that
temperature decreases with increase in angulaciteldHighest temperature is observed on the wadillctv
decreases through the center of the channelalsiscomprehended from the figure that, as temperahcreases
with increase in angular velocity, there is a covss aty = 0.35for the values ofv = 10,100 and1000, and at
y = 0.83 for the values ofw = 100 and 1000. The effect of angular velocity on the temperatisenore
pronounced for small values @fthan for the higher values.

Fig. 3 (d) displays the effect of angular velooty the temperature of the system when suction itgland other
parameters are kept constants. Temperature is fturdecrease with increase in angular velocity. e
valuew = 1, it is found that the temperature is higher at ¢bater and decreases to the wall. Whilevfer
10,100 and1000, the temperature is found to be higher on the amdl decreases sideward to the center of the
channel. As the temperature decreases sideward tlienwall, a crossover temperature is observedatita
y = 0.35 and 0.83 for values ofw = 100 and1000, at abouty = 0.48 for w = 10 and100, and at about
y = 0.53 for w = 10 and1000.
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Fig. 4 (a)captures the effect of Knudsen numbettt@nvelocity curve as y increases frgm=0 to y = 1.
Increase in Knudsen number retards the flow atémer up to a particular point (at abgut 0.6 — 0.75)where
there is a switch of velocity which reverses onwladi, the velocity of the flow.

Fig. 4 (b) displays the effect of varying Knudsemmer on the velocity of the fluid. The velocitipases with
the length of the channel. Higher velocity is relmat aty = 1 for fluid withKn = 0.1, and decreases with
increase ifn. As velocity decreases downward frgme= 1, there is a switch at abgut 0.95 — 0.85. This
reverses the velocity gt= 0, the center of the channel; that is to say, irginggkn leads to increase in velocity
aty = 0.

Fig. 4 (c) captures the effect of increase in ksard number on the temperature distribution in tbe ffor
constant injection velocity. It is found on the ivHlat the temperature is higher for the fluid wKinudsen
number 0.1 and decreases with increase in Knudserer. The temperature is also higher on the sifp and
decreases proportionally sideward and approachesar@bout = 0.28.

Fig. 4 (d) illustrates the effect of increase inudsen number on the temperature distribution infline for
constant suction velocity. It is obviously obsereedthe figure that temperature is highey at 1 and decreases

sideward to approach zero at abowut 0.6. It is also found that fluid with small Knudsenmier freezes more
and faster than that with high Knudsen number.
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(8 S=2(hS=-2(9S=2(d)S=-2

It's of immense importance to discuss about thémmdtand minimal velocities of the flow with respeo the
values ofwrt, (i.e. value otut for which the velocity is optimal and that for whithe velocity is minimal). For
the sake of analysis, special values wof(i.e 2w, w/6,/4,m/3,7/2,21n/3,3n/4,51n/6,7, 71 /6, 5T/4, 4T/
3,3m/2,5n/3,7n/4 and 11w /6)were considered. The velocity curve is found to dmimal/minimal with
difference ofr between the respective valueswaf, so also oscillate between the optimal and minwvebcities
as the values abt increased periodically. This is the same for #magerature of the flow. It is also important to
note that, values whose differencesmaveere generally found to be symmetrical about thleaity/temperature

axes.

Fig. 5 (a) showshow values afraffect the velocity of the flow for constant injeet velocity. It's found on the
figure that, the fluid attains its maximum and mioim velocities at the centerof the channel when= 3m/2
andm /2 respectively, while on the wall,this is attaine@énlwt = 7 and®.

Fig. 5 (b) visualizes how velocity changes withues ofwtfor constant suction velocity. It is clearly obsedvat
the center of the channel that, the fluid movesretpely with maximum and minimum velocities wlen=
3r/2 andm/2,while on the wall, it moves with such respectivecdies for the values aft = 7n/6andr/6.

Fig. 5 (c) indicates how temperature in the flovampes with respect to values @©f for constant injection
velocity. The temperature of the flow is found te maximum on the channel’s wall when= 7z/6 and
minimum whemwt = /6, while at the center of the channel, the tempeeais found to be maximum and
minimum whewt = 2 /3 and 5m/3 respectively.

Fig. 5 (d) figures out the effect aeft on the temperature distribution of the flow fomstant suction velocity.
Maximum temperature on the wall and at the centeraahieved respectively when = 2rr/3 and5mn/4, while
on the wall and at the centre, the optimum valuesaund to be wheor = 5r/3 andr/4respectively.

These optimum temperatures found are more prondufiocesuction when compared with injection.

Shear Stress
Heat Flux

Fig 6: Shear Stress and Heat Flux Profiles for= 071 Kn =107, y=14, w=10 wr=71/2
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Fig. 6 (a) and (b) above respectively highlightieel éffect of suction/injection on shear stress et fluxof the

flow as y advances to the wall, from the centahefchannel. Shear stress is found to have inatesite suction

and decreased with injection, and increasing soictgocity increases the shear stress whileit dse® with

increasing injection velocity. The shear stresiatseases up to a particular point in the charfatlabout

y = 0.4 toy = 0.8) where it is found to be maximum, then decreasethe wall.lt is also found that suction

increases the heat flux up to a particular pointhia channel (i.e. at abowyt= 0.96 t0 0.98) where there is a

switch, this reverses the heat flux to the wallted channel. Injection decreases the heat flux,iaci@asing

injection velocity generally lead to a decreasééat flux of the flow. Heat flux is found to decseawith the

length of the channel, up to a particular poirg.(at abouy = 0.93) where there is a switch. From this point,

increasing injection velocity increases the ratbest flux to the wall of the channel.

Table 1: Numerical values of skin friction, heat flux, vélp@and Temperature

(Pr=071 w=10 Kn=10", y=14, wr=m/2)

S|Y Ty qy \% (7] S| Y Ty qy \% (7]

0 | 1.0| -0.4909 0.2615 | 0.0018 | 0.549(¢ g 10 -0.4909 0.2615 0.0018.5490
1 |1.0] -0.2412 0.6849 | 0.0021 | 0.5266 -1 10 -0.8547 -0.14480011 | 0.5671
2 | 1.C |-0.227:| 1.015¢ | 0.002¢ | 0.502: -2 | 1.C | -0.322¢ | -0.180% | -0.001¢ | 0.576¢
3 |1.0| -0.1610 1.2979 | 0.0032 | 0.477( -3 10 -0.0833 -0.1059.0091 | 0.5719

5.0 Conclusion

The following conclusion were drawn from this study

1. Suction and injection act inopposite manner onaigland temperature of the flow. Suction is fouad

decrease the velocity of the flow, while injectidomes the reverse. On the temperature of the flaough
suction/injection act in opposite manners, theieat at the center and on the wall are also opgdsis

is due to a temperature switch at particular pofrthe channel. Suction decreases the temperatttine a
center of the channel, while on the wall, this effis reversed. Opposite of this is found for itijfat.

For both suction/injection, the velocity and tengtere of the flow increase for value of frequenéyhe
driving force,w = 5 and decrease for values higher than that. Thescefbn velocity of the flow, it's
found to be more enhanced at the center of thenethawhile for temperature of the flow, it's more
enhanced on the wall.

Increase in Knudsen number generally results teaeadse in velocity and temperature of the moving
fluid at the center of the channel and the reverse¢he wall, even though the velocity is higherhwit
injection, while the temperature is more enhancid suction.

The velocity and temperature curves are found togienal/minimal with difference oft between the
respective values @ft, so also oscillate between these optimal and naihirelocities as the values of
wt increased periodically. These resonance frequerarie found not to be unique, but depend upon the
length of the channel.lt is also found that, valudsse differences are were symmetrical about the

velocity/temperature axes.
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5. Shear stress increases with suction and decrea#iegnyection. Suction increases heat flux up to a
particular point in the channel where the heat Bwitches. From this point, suction retards thevfto

the wall of the channel, while injection exactlyedahe reverse.

13



References

[1] Earle, R.L. and Earle, M.D., Unit Operations in Food Processing, Web Edition ed., The New Zealand Institute
of Food Science & Technology (Inc.), 2004.

[2] Antohe, B.V. and Lage, J.L., "Amplitude effect on convection induced by time periodic boundary conditions,"
Int. Jrnl. of Heat and Mass Transf, vol. 39, no. 6, pp. 1121-1133, 1996.

[3] Sparrow, E.M. and Greg, J.L., "Nearly quasi-steady free convection heat transfer in gases," Journal of Heat
Transf., vol. 82, pp. 258-260, 1960.

[4] Yang, J.W; Scaccia, C; Goodman J., "Laminar natural convection about vertical plates with oscillatory surface
temperature," Trans. ASME, Journal of Heat Transf, vol. 96, pp. 9-14, 1974.

[5] Jha, B.K.; Ajibade, A.O. and Daramola, D., "Mixed convection flow in a vertical tube filled with porous
material with periodic boundary condition: steady-periodic regime," Afrika Matematika, vol. 24, 2014.

[6] Haddad, O.M. and Al-Nimr, M.A., "The effect of frequency of fluctuating driven force on basic gaseous
micro-flows," Acta Mechanica, vol. 179, pp. 249-259, 2005.

[7] Jha, B.K and Ajibade, A.O, "Free convective flow between vertical porous plates with periodic heat input,"
Journal of Applied Maths. and Mech., vol. 90, no. 3, pp. 185-193, 2010.

[8] Chaudhary, M.A and Merkin, J.H, "The effects of blowing and suction on free convection boundary layers on
vertical surfaces with prescribed heat flux," Journal of Engineering Mathematics, vol. 27, no. 3, pp. 265-292,
1993.

[9] Jha, B.K and Babatunde, A., "Role of suction/injection on a steady fully developed mixed convection flow in
a vertical parallel plate microchannel," Ain Shams Engineering Journal, 2016.

[10] Jha, B.K; Babatunde, A. and Joseph S., "Natural convection flow in a vertical microchannel with
suction/injection," Journal of Process Mechanical Engineering, vol. 228, no. 3, pp. 171-180, 2014.

[11] Jha, B.K and Ajibade, A.O., "Effect of viscous dissipation on natural convection flow between vertical parallel
plates with time-periodic boundary conditions," Commun Nonlinear Sci Numer Simulat, vol. 17, pp. 1576-
1587, 2012.

[12] Y. Zohar, Heat Convection in Micro Ducts, Springer Science & Business Media, 2003.
[13] Schaaf S.A and Chambre P.L, Flow of rarefied gases, Pinceto, NJ: Princeton University Press, 1961.

[14] Lage, J.L. and Bejan, A., "The resonance of natural convection in a enclosure heated periodically from the
side.," Int. Jornl of Heat and Mass Transf., vol. 46, pp. 2027-2038, 1993.

[15] Chung, P.M. and Anderson, A.D., "Unsteady laminar free convection," Trans. ASME Journal of Heat Transf,
vol. 83, pp. 473-478, 1961.

14



