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Abstract

In this paper, we studied the mathematical modeling of the effect of poliomyelitis and immunity in poliovirus
epidemiology. It centers on the application of mathematics as a tool in explaining the dynamics of poliovirus
transmission. The study is based on understanding the role of Vaccine. This work focuses on rate of Vaccine and the
chronicle stage of the virus tested for the existence and uniqueness of solution for the model using the Lipchitz
condition to ascertain the efficacy of the model and proceeded to determine both the Disease Free Equilibrium
(DFE) and the Endemic Equilibrium (EE) for the system of equations. We have seen that the system equations has a
Unique solution. The local stability of the (DFE) of the model was obtained using the Variational Matrix Criteria
while the stability of (EE) was analyzed. The reproduction number was calculated and simulated. We demonstrated
that the disease will die out, if the basic reproductive numbers for the disease free equilibrium Ry< 1. This is the
case of a disease free state, with no infection in the population. Otherwise the disease may become endemic if the
basic reproductive number R, is bigger than unity (i.e Ry> 1). The basic reproduction number at both the disease
Free Sate and the endemic state were obtained and the result shows stability in the role of Vaccine as a means of

reducing the spread of the disease in the society.

1. INTRODUCTION
Polio (also called poliomyelitis) is a contagiobsstorically devastating disease that was virtualiyninated from
the western hemisphere in the second half of tfec2ditury. Although polio has plagued humans sinuseat

times, its most extensive outbreak occurred infitls¢ half of the 1900s before the vaccine,credigdlonas Salk



[1]in 1952, became widely available in 1955. It cdrike at any age, but affects mainly childrenemithree (over
50% of all cases). The virus enters the body thndhg mouth and multiplies in the intestine.
The application of mathematical models to diseasesdrack to 1840. Ever since, scientists have bgerg to
analyze the spread of disease by means of mathleinhatodels. A variety of mathematical models ragdiom
very simple ones to complicated ones have beenlajga@ and analyzed in order to capture differergngmena
associated with the spread of diseases [2].Polia éghly infectious disease caused by a virusnvades the
nervous system, and can cause total paralysismatger of hours. The virus is transmitted from parfo person,
spread mainly through the fecal oral route, lesguiently by a common vehicle or via the surroundgingironment
without direct contact (e.g. contaminated watefood) and multiplies in the intestine.

Initial symptoms are fever, fatigue, headache, Yo and stiffness in the neck and pain in thebBmOne in 200

infections lead to irreversible paralysis (usuahythe legs) among those paralyzed, less than ®wdien their

breathing muscle become immobilized.

Polio is a viral illness that, in about 95% of cas&ctually produces no symptoms at all (calledrgggmatic polio).

In the 5% of cases in which there are symptomse@alymptomatic polio), the iliness appears ingtfems:

i. A mild form called abortive polio (most people witis type may not even suspect they have it becthesr
sickness is limited to mild flu-like symptoms suhmild upper respiratory infection, diarrhea, fegere throat
and a general feeling of being ill).

ii. A more serious form associated with aseptic metisgalled non paralytic Polio (1% - 5% show neagital
symptoms such as sensitivity to light and necKrass).

iii. A severe, debilitating form called paralytic poftbis occurs in 0.1% - 2% of cases).

People who have abortive polio or non paralytidgakually make full recovery. However, paralytialip, as its
name implies, causes muscle paralysis — and canresgalt to death.

In paralytic Polio, the virus leaves the intestitract and enters the bloodstream, with the aimttack the nerves
while abortive or asymptomatic polio, the virus albpdoesn’t get past the intestinal tract. Thaigimay affect the
nerves governing the muscles in the limbs and thecias necessary for breathing, causing respiratiffigulty

and paralysis of the arms and legs.



It can strike at any age, but affects mainly cleéfdunder five through contaminated drinking waltersome cases,
the poliovirus can even cause death. Poliovires é@mmunicable disease which must be eradicatattiré that
are not immunized are at high risk of being paradybhy polio.

This Paper describes the mathematical modelinghef éffect of poliomyelitis and immunity in polious
epidemiology. It centers on the application of reatltics as a tool in explaining the dynamics ofiquirus
transmission. The study is based on understandli@egdle of Vaccine as a means of reducing the dpoéahe
disease in the society.

Health groups are working towards wiping out pdhooughout the world, and much progress has beeate nizut
several countries still have polio circulating, athimeans that the virus could occur in othershéfpolio reaches a
country where not enough people have been immupizeduld spread from person to person, just asjipened in
some countries in Africa and Asia. So until it lieen eliminated worldwide, it is important to cont vaccinating
kids against poliovirus. Two fresh infections ofdypolio virus have emerged in Gwarzo and Jerel IGowvernment
Areas of Borno State Nigeria, threatening Nigerigregress toward a polio free status. It was duketaleclared
polio free by the World Health Organization [3] itifmade it to July 24 2017 without a new case. The last known
infection was July, 2014. There had been conceautathildren on camps for displaced people in Bamissing
immunization as Nigeria struggled to prevent aeflap.

Eguda and Yakubu [4], proposed a mathematicaleiimdstudy the spread and control of polio vimisaducing
vaccination and treatment. The model equations amatyzed to obtain the characteristics equatiahesuilibrium
states. Stability analysis of the zero and non-egualibrium states was carried out.

Momoh et al [5] consider the mathematical model for the cdntriopolio virus epidemiology by presenting and
analyzing an SEIR to ascertain the impact of exppasdividuals at latent period on the transmissigynamic of
polio virus.

This Paper extends the work of Manju and Bhaddatiay considering a class of recovered individoglreflection
on the Oral polio vaccine induced immunity and wedyg its effect on the entire population usingtakk model
analysis tools described by the aforementionedaaisith

2. Mode€ formulation

To formulate a non linear deterministic mathematmadel with much details on vaccine strategy, sastwaning

rate, efficacy and permanent immunity induced ke thccine. The total homogenous population N(t)na¢ t, is



stratified into subpopulation of unvaccinated indials S(t), vaccinated individuals V(t); asymptdima(t) and

symptomatic I(t) and Polio infected individuals aredovered individuals R(t).

The total population N(t) is given as
N(t) = S(t) +V (1) +E(t) +1 (1) +R(t)

The model takes the form of the following deterrsiiigi system of non- linear equations.

%:mﬁezv—rs—kls (1)
Z_Y:@+els—(1—m)rv—k2v (2)
‘jj—'tz:rs+(1—m)rv—k3E (3)
%=ylE—k4l (4)
%=yzl +nV - uR (5)

k=pu+6, K=60,+n+u, K;=pu+y, K, =p+d+y,

Where m :(1_ p)/\+(1_¢) 7T, m, = pA+ @,

But

r=p(1+rE) (6)



HS HE (u+9)l

Figure 1: Schematic diagram of the model

NOMENCLATURE

Symbol Interpretation

UR

Variable I nterpretation

S Population of unvaccinated individuals

\% Population of vaccinated individuals

E Population of asymptomatic infected individuals

I Population of symptomatic infected individualgaolio infected individuals
R Population of recovered individuals.

Par ameter Interpretation

T Migration rate

@ Rate of vaccinated migrant

A\ Per capita birth rate




Vaccinated rate of new born

Vaccinated rate of susceptible individuals

Waning rate of Oral polio Vaccine

Efficacy of Oral Polio Vaccine

Disease transmission coefficient

Birth rate

Polio induced death rate

Progression rate from E to |

Recovery rate of | individuals due to treatment

Natural death rate

SN (XN (MR C|H oD

Oral Polio vaccine induce immunity

3. Existence and uniqueness solution of the model

The validity and usability of any mathematical mmbdepends on whether the given set of equatiossha

solution, if it has, is the solution Unique?

This section is concern with finding if the systefequations has a solution and if the solutiornhi® system is

unique. We shall use the lipchtiz condition to fyethe existence and uniqueness of equations. Let

f,=m +6V -TS-kS

f,=m,+6S-(1-0a)rv-kyV (7)
f,=rS+(1-0a)rv -kV
f, =E-k,l

f. =yl +nV - uR

UsingDerrick and Grossman, let D denotes the rqg'rem0| <a, ||X - XO” <b,,
X= (Xl,xz, ..... Xn) Xy = (X10 ,Xzo,...).(n)and suppose that f (t,X) satisfies the Lipschitz condition
Hf (t,X) - f (t,XZ)H < k||X1— X2||. Whenever the pairs{t,x) and (t,XZ) belong to DB, where k is a positive

constant, then there is a constamt> Qsuch that there exist a unique continuous vectohstien X(t) of the



system in the intervdl—t, < 0. It is important to note that the condition isisf#d by requirement that

of,

a—,i =1, 2,....be continuous and bounded in D.

X
We now return to our model equations. We are isteckin the region
O<a<m

We look for a bounded solution in this region artiose partial derivatives satisfy< & < oo, where@ and 0

are positive constants.

of. .
Let D denote the regiof < < m, then equation have a unique solution. We showghét,l =1,2,3,4,t are
%

continuous and bounded in D

Recall, from eqn (7)

Taking the partial derivative, i.e

of of of
Sl +ie) <o [ S = o <o |32 =|-prs <o
-

Then, the partial derivatives of the whole systeéneauation exist, they are finite and bounded. Kenice model

system equation has a unique solution.

4. Equilibria State and Stability Analysis of the M odel

4.1. Existence of equilibrium point

At equilibrium, the left hand side of (1) — (5)équated to zero, i.e

a dt dt ot ot



Thus (1) — (5) becomes

m+6V -IS-kS=0

m, +4S—-(1-0)rv -k =0
rs+(1-0)rv-kKeE=0
V,E-K,l =0

¥l +nV — uR=0

From (8), we have

_m1+92V
r+k,

Similarly from (9) we get

. [(1-0)r +k, [V -m,
&,

Substituting (13) into (14) to obtain

[(1_D)r+k2]\/—mz: m + 6\
g M +k,

mé, +m,[I +k|]

[(-0)F +k, [T +k]-66,
Use (15) in (13) to get

[(-O)r +k, Jm, +6,m,
[(-O)F +k, |[F +k,] - 68,

For convenience, (15) and (16) are re-written as

(23)

(24)

(19



V = mlel"'mz[r +k1]
L,

Szﬂkmﬁ+f]m+@mz (19

(o]

Where L, = [(1— O)r + k2][r + kl] -66, it is important to note that L,>Osince

kk,=68,=(u+86)(n+u)+64>0and O<1

From (11), we have

- KE
| M (19)

Substituting (19) intd , we have

E:I'—k4 (20)

By +rk,)

From (12)

R:ﬁ%#! (21)

With (17) and (18), we have

(-0 +k]m+6m,(-0fmg+m,[r +k)

S+(1-0)V =
+(1-0) L 5

(-0 +kJm+6m,(-0fma+m,[r +k)

S+(1-0)V =
+(1-0) L 5



(1-0)rm +k,m +@m,+(I-0)mg,+Im +(+0)km,

S+(1-0)V = L

S+(1-0)V = (1-0)(m +m,)T + ml[Hl(l; O) +k, |+ m,[ky(F0)+6,] (29
From (10) we obtain

E=T[S+(1-0OV] (29
Substitute (20) into (23) to get

% =r[s+(1-0)V]

M{kk, =By, +rk,)[S+(-O)V ]} =0

Thus, either

Fr=0or s+(1—[1)v:& (24)

By +rk,)
4.2. Existence of Disease Free Equilibrium
In the absence of infection, ile’ = 0, from (24), hence from (10) and (11) we have E =1"=0
From (15,16 and 21)

< _ Mo, +mk, S = mk,+m4g, R :'7[mlel+m2k1]
k1k2_6162 klkz_eﬂz /J[kkz_H?J

Let &,denote the disease free equilibrium, such that

10



&, :(S*V*E* B ):(mlkz +m,8, mg,+mk, /7[ml¢91+m2kl]J

klkZ_elez ’ klkz_gﬂz’ ’ ’,u[kl(z_gﬁz]

A{m[6,+(1-0) +k, | +m,[k,(3-0) +6, ]} (rk,+ )
[klkz _3152] k3k4

OR, =

5. Local stability of DFE

The Disease free equilibriu, is locally asymptotically stable whenevB, <land unstable whenevegR

The evaluated Jacobian matrixat is given as

[~k 8, -prs -8S 0

6 -k, -(1-0)pv° -(-0)pv 0

J&)=| 0 0 B[S +(EOV |-k B[S+EOV] o0
0 0 v, -k, 0
L0 7 0 2 xd

Thus, the characteristics equation\b(é‘o) is obtain as

(A+u)[aA* +aA’+aA’+ad +a,|=0

Where the coefficient of the Eigen value (18 in the above equation are expressed in a siraglffirm as

11



a, =1
a,= k4[k4+k2+k1]+Qy1+kJ(4(1_ Ro)

k4
_ k[t (katkotk) J(1-Ry) + (kk =09 )(y it rk )+ (k #k )[ vk #k [y +1k )]
% (,+1k,)
_ [k (yatrk,) +ky|[kk,— 09 +kk [(k #k)(y#rk )+r(kk 764 )|(1-R),
% (,+k,)

& = k3k4(k1k2_ Hﬂz)(l_ RO)

Hence, the Disease Free Equilibrium of the modkldally asymptotically stable.

5.1. Existence of Endemic Equilibrium Point

In the presence of infection, le # 0, E # 0,thusT~ # 0. Hence from (24) we have

iy - Kk
= ) (2@

Ar? +Br” +C=0
Where

A=Kk, (1-0)
B =k, [k (1-0) +k, |- B[y, +rk,] (- 0)[m,+m]
C =kk,[kk,-66,][1-R{

Thus, A>Osincel]<1and C <0 ifand only if R, >1. Hence the theorem below is established.

The Model equations has a unique positive (endeegja)librium if and only ifR, >1

12



5.2. Local Stability of Endemic Equilibrium Point

The local stability of the unique endemic equililm &, is investigated for the special case, where theeifeptness

of the prophylactic vaccine (i.e OPV) is negligibte assumed to be absence €e=1 thus the associated

reproductive number denoted by, is given as

_ B{mk, +m,8,} (rk, + y,)
T Kk, -0, kK,

The endemic equilibrium wherg =1, denoted by&, = &‘1/6‘:1 is locally asymptotically stable whenever

R, >1 and wheneveR, <1

The variational matrix of the model evaluatedsat= £, / £ =1 is gotten as

(6 V" +
% 6, -prs" -BS 0
6, K, 0 0o 0
J(e) = P
(&) r 0 ——ﬁSE**' 'S o
0 0 v, &, 0
L 0 0 1Z; —,U_
Where
ezvsﬂ: " +k  from (1)

_'BSE_J:IBrS” ~k, from (2) when O=1

Thus, the characteristic equation is obtained as

(A+u)[ A +aA’+ai?+ai+a,|=0

13



Where

(ke +k,)E'S +8S? T +E (6V +m)
al E'S

(kE"+BS 1" )(k,S +6¥ +m)+E (mg,+mk,)+T pfS E
A E”S

=,[>’S**2F** E (1 +rk,)+k,E (mg,+km)+B% I rE k,
% E'S

a; = :Br**kzsw [V1+rk4]

It is clearly seen thag, >0l = 0,....Z only if R;>1, hence we concluded the proof since the Routhwizirt

Criterion is satisfied, that the system is localbymptotically stable.

6. Numerical Simulation and Discussion of Result

The role played by some important epidemiologiGaiameters, are investigated with the aid of maptevare for

the numerical simulation by comparing the modekee&tifie reproductive number, the parameters useslr th

estimated values and appropriate source are givEble 1.

Table 1: Numerical Simulation of the model
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6, € n R, E" + | Remark

6,

0.9 0.2 0.9 1 0.94 0 Unstable
0.99 0 0.9 1 0.65 0 Unstable
0.99 0 0.8 1 0.75 0 Unstable
0.8 0 0.8 1 0.91 0 Unstable
0.9 1 0.1 0 68.87 896.15 Stable
0.8 0.8 0.4 0 60.83 893.75 Stable
0.8 0.6 0.4 0.2 9.19 789.94 Stable
0.6 0.4 0.6 0.4 4.45 629.30 Stable
0.6 0.6 0.6 0.6 4.04 577.94 Stable

7. Conclusion

In this paper, an endemic model on polio with dffgficvaccination is considered. Two threshold paters B and

R; corresponding to interaction of susceptible witfective and exposed class respectively are foihd.sum of
these two threshold values, denoted by R, is préwdik a sharp threshold value which completelgrieines the
stability dynamics and the outcome of the diseklse.found that if R1, the disease free equilibrium is stable and
the disease dies out, however if R>1, there exstmique endemic equilibrium which is locally asyaotjzally
stable. Persistence of the disease is shown et Bnd R> 1. To substantiate the analytical findings, theded is
numerically and for which the system of differeh&guation is integrated, which satisfy the st&pitionditions.
Numerical simulation is performed for differenttial starts and the results are displayed. It isctaled that

endemic level of infective population increaseshvitie increase in rate of transmission of infecfimm infective

15



to susceptible class, which can further be enhaifc&dnsmission of infection occurs from latentst® during

incubation period. However, for a particular vahfedisease transmission coefficienfr exposed and infective

population die out. Variation of infective equilibm size of the population with basic reproductioambers
determined and it is found that endemic infectieeel first rises with the increase in basic repatidun ratio and
then becomes constant.

It is found that although vaccination helps in écating polio by decreasing endemic equilibriumeleyet careful
administration of vaccination is desired becausadctine is administered in an individual duringubation period
of polio, endemic equilibrium level increases aretrg@ase spreads faster than usual pace. Like dmy ¢
injection, it can precipitate paralysis in a patiaio is already in incubation period of polio, @ occur during
polio epidemics. Hence, IPV or any other IM injeatishould be avoided in an unimmunized sick chilith iever
especially during season of polio epidemics. Ifosnd that the periodic outbreak of the diseaseurscevhen
infection due to exposed and infective class ocatithe same rate. It is pointed out from my sttdy population
movement also contributes to the spread of theadéseconstant migration in human population makeslisease
endemic. The movement of infected people from avdaere polio is still endemic to areas where theeadse has
been eradicated led to resurgence of the disedisés further observed that transmission of infestidue to
population in exposed state of polio plays an irtgeatrrole in the spread of polio and hence somesarea must be
adopted to trace the population in exposed clasi iasvery difficult to trace them out because affsence of

symptoms of disease in them.

The introduction of the virus into a population esgefinite health threat, hence the need to aalqpeventive

measure and intensify efforts to the fight agaihstpandemic.
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