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 Abstract 

  

In (2008)Gu&& neyintroduced and investigated the subclass ),,,,,),((* λγβα BAzgTp  consisting of analytic and p-valent functions 

with negative coefficients using a differential operator ( )∑
∞

=

+
++−=

1k

kp
kp

p zakpzpD λλλ andderived the coefficient inequalities, 

distortion theorem and extreme points for ),,,,,),((* λγβα BAzgTp . The purpose of present work is to derive some interesting 

properties other than those obtained by Gu&& ney for the subclass. In particular, we derive quasi-Hadamard product (quasi-
convolution) property, inclusion theorem, radius of close-to-convexity, star-likeness and convexity properties for

),,,,,),((* λγβα BAzgTp . 
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1.0 INTRODUCTION 
A function ( )zf  merophorphic in a domain D is said to be p-valent in D (or multivalent of order p in D ) if for each 0w  

(infinity included) the equation 0)( wzf =  has at most p roots in D  (where the roots are counted in accordance with their 

multiplicity) and if there is some 1w such that the equation 1)( wzf =  has exactly p roots in D [1]. 

The class of p-valent functions has been widely studied. In fact, Aouf [2] and Hossen [3] studied the subclasses of p-valent 
functions of order ⍺ and type β. In recent years, several interesting classes (and or subclasses) of p-valent analytic functions 
have been introduced and investigated [4 5 6 7 8 9 10 11 12].  

Let A ( )p  denote the class of functions defined by 

( ) )1.1(,
1

ℵ∈+= ∑
∞

=

+
+ pzazzf

k

kp
kp

p  

which are analytic and p-valent in the open unit disk { }1; <∈= zzU C  . 

 Let *
pT  denote the subclass of A ( )p whose members have the form given by 
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( ) )2.1(.,0,
1

ℜ∈≥−= +

∞

=

+
+∑ pazazzf kp

k

kp
kp

p  

It is well known that the Hadamard Product (or Convolution) of two analytic functions, ( )zf defined  
by ( )1.1 and ( )zg given by 
 

( ) )3.1(.,0,
1

ℜ∈≥+= +

∞

=

+
+∑ pbzbzzg kp

k

kp
kp

p  

is denoted by ( ) )(zgp ∗  and defined by 

( ) )4.1(..,)(
1

ℜ∈+=∗ ∑
∞

=

+
++ pzbazzgp

k

kp
kpkp

p  

Similarly, the modified Hadamard product of the function ( )zf  defined by ( )2.1  and ( ) ∗∈ pTzg   given by  

( ) )5.1(.,0,
1

ℜ∈≥−= +

∞

=

+
+∑ pbzbzzg kp

k

kp
kp

p  

is denoted by denoted by ( ) )(zgp ∗  and defined by 

( ) )6.1(..,)(
1

ℜ∈−=∗ ∑
∞

=

+
++ pzbazzgp

k

kp
kpkp

p  

This definition follows from the similar definition by Mugur Acu [13]. 

In [12], Gu&& ney introduced the differential operator :)(zfDλ ( ) ( ) .)()(
1

1 kp
kp

k

p zakpzpzfDDzfD +
+

∞

=

− ∑ +−== λλλλ  

By making use of this differential operator, hedefined the class ( ) :,,,,,),( λγβα BAzgTp
∗  

 

)7.1(,,
)]())(([)())((

)())((
::),,,,,),((  

'

'
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


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
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−−−−

−∗∈=∗ Uz
zgpDzfDzBzgDpBA

zgpDzfDz
pTfBAzgpT γ

β
λγβα λλλ

λλ
 

 

for ( ) ,0,0,01,11, ppBABTzg p <≤<≤<≤−≤<≤−∈ ∗ βα  and 10 << γ . 

For the class ( )λγβα ,,,,,),( BAzgTp
∗ , properties such as coefficient inequalities, distortion theorem and extreme points were 

discussed. In the present work, we derive other properties of the class ( ).,,,,,),( λγβα BAzgTp
∗ . 

 In the present work, we derive other properties of the class ( ).,,,,,),( λγβα BAzgTp
∗  which are modified Hadamard product 

property, inclusion theorem, radius of close-to-convexity, star-likeness and convexity properties. 
 
2. PRELIMINARIES 

Lemma 2.1[6]: Let the function  )(zg  be as defined by (1.2). Then ( )λα ,)( ∗∈ pTzg  if and only

( ) ( ) ( ) )1.2(.
1
∑

∞

=
+ −≤−++

k

kp ppbkpkp αα λλ  

 
Now we prove the following Lemma which gives a sufficient condition for functions 

)(zf  defined by (1.2) to be in the class( ).,,,,,),( λγβα BAzgTp
∗ . 

Lemma 2.2:  Let the function )(zf defined by (1.2) be in the class( ).,,,,,),( λγβα BAzgTp
∗  Then 

( )( ) ( ) ( )( ) ( ) ( ) )2.2(.
)(

]1[1
1

1∑
∞

=
+

+ −−≤
−+
−−−+−++−

k

kp ppBA
kp

pp
pBApBakpB βγ

α
αγβγγ λ

λ
λ  
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Proof. Since ( )  B,A,,,,g(z),T  p λγβα∗∈f , there exists a function ( )λα ,)( ∗∈ pTzg  such that  

.,
)]())(([)())((

)())((
'

'
Uz

zgpDzfDzBzgDpBA

zgpDzfDz ∈<
−−−−

− γ
β λλλ

λλ
 

Then, we have  
 

Since zzz ∀≤)Re( , we obtain 

( ) ( )

( )( ) ( ) ( ) ( )( )( )
)3.2(.Re
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We choose values of z  in the real axis so that 
( )

)(

)(
'

zgD

zfDz
λ

λ
 is real.  

Then upon simplifying the denominator in (2.3) and letting  −→ 1z  through real values, we obtain 

( ) ( ) ( ) ( ) ( ) ( ) ( )( )( )∑ ∑ ∑ ∑
∞

=

∞

=

∞

=

∞

=
++

+
++

+













+−−++−++−−≤+−+
1 1 1 1

11 ][
k k k k

kpkpkpkp bkppBAkpBpakpBppBAbkppakp λλλλλλ βγγγβγ

i.e. ( )( ) ( ) ( )( ) ( ) ( ) ( ) )4.2(.]1[1
1

1 βγγβγγ λλλ −−≤+−−+−++− +

∞

=
+

+∑ ppBAbkppBApBakpB kp

k

kp  

But from Lemma 2.1, ( )βα ,∗
pT  implies

( ) ( )
)5.2(

1
α
αλ

λ
−+
−≤+∑

∞

=
+ kp

pp
bkp

k

kp  

So that by )4.2(  and )5.2(  we have 

( )( ) ( ) ( )( ) ( ) ( ) )6.2(.
)(

]1[1
1

1∑
∞

=
+

+ −−≤
−+
−−−+−++−

k

kp ppBA
kp

pp
pBApBakpB βγ

α
αγβγγ λ

λ
λ  

End of proof. 
 
The result is sharp, the extremal function being 

( ) ( ) ( )( )
( )( ) ( )

)7.2(,,
1

1
)(

1

1

ℵ∈
−++−

−−−−−−= +
+

+
kpz

kpkpB

pBpppkBA
zzf kpp

αγ
αγβγ

λ

λ
 

for ,1≥k with respect to 

( )
( ) ( )

.)( kpp z
kpkp

pp
zzg +

−++
−−=

α
α

λ

λ
 

 

Corollary 2.3. Let the function defined by )2.1(  be in the class ( ).,,,,,),( λγβα BAzgTp
∗ . Then 

( ) ( ) ( )( )
( )( ) ( )

,
1

1
1

1

αγ
αγβγ

λ

λ

−++−
−−+−−≤ +

+

+
kpkpB

pBpppkBA
a kp for ., ℵ∈kp  

Remark 2. (i) The result obtained inLemma 2.2 correct the result obtained by G��ney (Theorem 2.2of [12]), 
(ii) The result obtained incorollary 2.3 also correct the result obtained by G��ney (Corollary 2.3of[12]). 
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3.0 Main results 
 
In this section we provide the main results. 

Our next result is the Quasi-Hadamard (Modified Hadamard product) for the class( ).,,,,,),( λγβα BAzgTp
∗ . 

3.1 Modified Hadamard Product  
Let the functions ( )2,1)( =izfi  be defined by 

)8.2(.,)(
1

, ℵ∈−= +
∞

=
+∑ pzazzf kp

k

ikp
p

i  

Following the definition (1.5), the modified Hadamard product of )(1 zf  and )(2 zf  is defined by 

( ) .)( 2,

1

1,21
kp

kp

k

kp
p zaazzff +

+

∞

=
+∑−=∗  

Theorem 3.1. Let the functions ( )2,1)( =izfi  defined by (2.8) be in the class( ).,,,,,),( λγβα BAzgTp
∗ . Then 

( )   )(21 ∈∗ zff ( ).,,,,,),( λγβδ BAzgTp
∗ , where 

)9.2(

)]1()1)(1)][(1()1)(1[()1(

)]()1()())][(()1()()[()1)(1(

)]()1()())][(()1()()[()1)(1(

)]1()1)(1)][(1()1)(1[()1()()(

2
1

1
11

2
1

1
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2
1

1
12

2
1

1
12

αγαγγ

αγβγαγβγγ
αγβγαγβγγ

αγαγγβγ

δ

λλλ

λλλλλ

λλλλλ

λλλλ

−++−−++−−−

−−−−−−−−−−+−
−−−−−−−−−−+−−

−++−−++−−−−−

=

+++

+++

+++

+++

ppBppBpB

ppBppBAppppBApB

ppBppBAppBppBApB

ppBppBpBppBA

 

The result is sharp for the functions ( )2,1)( =izfi  given by 

)10.2(.2,1;,
)1()1)(1(

)()1()()(
)( 1

1

1

=ℵ∈
−++−

−−−−−−= +
+

+
ipz

ppB

ppBppBA
zzf p

i
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i αγ

αγβγ
λ

λλ
 

Proof. Let   )( ∈zfi ( ) ( )2,1,,,,,),( =∗ iBAzgTp λγβα , we need to find the largest δ  such that  

1
)()1()()(

)())(1(
2,1,

1
1

1

≤
−−−−−

−++−
++

∞

=
+

+

∑ kpkp

k

aa
ppBpkpBA

kpkpB

δγβγ
δγ
λλ

λ
 

Since   )( ∈zfi ( ) ( )2,1,,,,,),( =∗ iBAzgTp λγβα , in view of (2.2) we have 

( ).2,11
)()1()()(

)())(1(
,

1
1

1

=≤
−−−−−

−++−
+

∞

=
+

+

∑ ia
ppBpkpBA

kpkpB
ikp

k i

i

αγβγ
αγ
λλ

λ
 

Furthermore, by the Cauchy-Schwarz inequalities, we get 

.1
)]()1()())][(()1()()[(

]())(1][(())(1[(
2,1,

1 2
1

1
1

2
1

1
1

≤
−−−−−−−−−−

−++−−++−
++

∞

=
++

++

∑ kpkp

k
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ppBpkpBAppBpkpBA

kpkpBkpkpB

αγβγαγβγ

αγαγ
λλλλ
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Thus it is sufficient to show that 

( ),
)]()1()())][(()1()()[(

]())(1][(())(1[(

)()1()()(

)())(1(

2,1,

2
1

1
1

2
1

1
1

2,1,1

1

ℵ∈
−−−−−−−−−−

−++−−++−
≤

−−−−−
−++−

++++

++

+++

+

kaa
ppBpkpBAppBpkpBA

kpkpBkpkpB
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ppBpkpBA

kpkpB

kpkp

kpkp

αγβγαγβγ

αγαγ

δγβγ
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λλ

λ

 

Or equivalently, 

( ).
)]()1()())][(()1()()[()())(1(

]())(1][(())(1[()()1()()(

2
1

1
11

2
1

1
11

2,1,

ℵ∈
−−−−−−−−−−−++−

−++−−++−−−−−−
≤

+++

+++

++

k
ppBpkpBAppBpkpBAkpkpB

kpkpBkpkpBppBpkpBA

aa kpkp

αγβγαγβγδγ

αγαγδγβγ
λλλλλ

λλλλ  

By noting that, 

( )ℵ∈
−++−−++−

−−−−−−−−−−
≤ ++

++

++ k
pkpBpkpB

ppBpkpBAppBpkpBA
aa kpkp

)]1())(1)][(1())(1[(

)]()1()())][(()1()()[(

2
1

1
1

2
1

1
1

2,1, αγαγ
αγβγαγβγ
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λλλλ

Consequently, we need only to prove that  
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( ),
)())(1(

)()1()()(

)]()1()())][(()1()()[()())(1(

]())(1][(())(1[()()1()()(

1

1

2
1

1
11

2
1

1
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ℵ∈
−++−

−−−−−≤

−−−−−−−−−−−++−

−++−−++−−−−−−

+

+

+++

+++

k
kpkpB

ppBpkpBA

ppBpkpBAppBpkpBAkpkpB

kpkpBkpkpBppBpkpBA
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δγβγ

αγβγαγβγδγ

αγαγδγβγ

λ
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which is equivalent to 

( )( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( )( ) ( ) ( )( ) ( )]1][1[1
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2
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11
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1
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αγαγδγβγ
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λλλλ

λλλλλ
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−−−−−−−−−−−++−
+++

+++

kpkpBkpkpBppBpkpBA

ppBpkpBAppBpkpBAkpkpB
 

 
Such that 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( )( ) ( ) ( )( ) ( )

( ) ( ) ( ) ( )( ) ( ) ( )( ) ( )
( )( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )]1][1[1

]1][1[1
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ppBpkpBAppBpkpBAkpkpB

 

i.e. 
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=
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+++
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+++

kkE
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δ

λλλ

λλλλλ

λλλλλ
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Since ( )kE  is an increasing function of ( )ℵ∈kk , letting ,1=k  we obtain 

.
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2
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1
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=
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which is (2.9) that is required. 
 
Corollary 3.2. For ( )2,1)( =izfi  as in Theorem 3.1, we have 

kp

k

kpkp
p zaazzh +

∞

=
++∑−=

1

2,1,)(  

belongs to the class ( ) ( )2,1,,,,,),( =∗ iBAzgTp λγβα . The result is sharp with the function given by (2.10). 

Proof. The result follows from the Cauchy-Schwarz Inequality. 
 
3.2 INCLUSION PROPERTIES 

Theorem 3.2. Let the functions ( )2,1)( =izfi  defined by (2.8) be in the class( ) ( )2,1,,,,,),( =∗ iBAzgTp λγβα .  

Then the function 

( ) kp

k

kpkp
p zaazhF +

∞

=
++∑ +−=

1

22
1,)( belongs to ( ) ( )2,1,,,,,),( =∗ iBAzgTp λγβδ , where 

21221

21122

)])(1()()[(2)1()1(

)])(1())()[(1(2])1()()[()1()1)(1(

αγαγαγ
αγγαγαγαγδ λλ
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−−+−−−−+−
−−+−−+−−+−−−++−= ++

++

pBpppBApBp

pBpppBAppBppBAppB  

The result is sharp for the function ( )2,1)( =izfi  defined by (2.10). 

Proof. By virtue of Lemma 2.2, we obtain 
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))(1())((

)())(1(
2
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
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
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

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



−−−−−
−++−
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+

+
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=
+

+
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a
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and 
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It follows from (2.12) and (2.13) that  
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Therefore, we need to find the largest δ  such that 
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A simple computation yields that 
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pBppkpBAkpkpBp

pBppkpBAkppBppkBAkpkpB

),(

)])(1())([(2)()()1(

)])(1())()[((2])1()()[()())(1(
212221

21122

αγγααγ
αγγαγαγαγδ λλ

λλ

 

Since )(kG , is an increasing function of )1( ≥kk  for the parameters involve and .ℵ∈p  letting ,1=k  we have  

21221

21122

)])(1()()[(2)1()1(

)])(1())()[(1(2])1()()[()1()1)(1(

αγαγαγ
αγγαγαγαγδ λλ

λλ

−−+−−−−+−
−−+−−+−−+−−−++−= ++

++

pBpppBApBp

pBpppBAppBppBAppB , 

which completes the proof of the theorem. 
 
3.3 RADII OF CLOSE-TO-CONVEX, STARLIKENESS AND CONVEXITY 

Theorem 3.3. Let the function )(zf defined by (1.2) be in the class ( ) ( )2,1,,,,,),( =∗ iBAzgTp λγβα . 

 Then )(zf is P-valently close-to-convex of order )0( p<≤ ρρ  in 1rz <  where  

k

k pBpppkBAkp

kpkpBp
r

1

1

1

1
)])(1()())[((

)())(1)((
inf 











−−+−−+
−++−−= +

+

ℵ∈ αγβγ
αγδ

λ

λ
.  

The result is sharp with the extremal function given by (2.10). 
 
Proof. It suffices to show that  

11

'
,

)(
rzpp

z

zf
p

<−≤−− ρ  . In deed we have 

( ) )15.2(
)(

1
1

'
k

k

kpp
zakpp

z

zf
∑

∞

=
+− +≤−  

Hence (2.15) is true if  

( ) ρ−≤+∑
∞

=
+ pzakp

k

k

kp

1

 or 

)16.2(1
)(

)(

1

≤
−
+

∑
∞

=
+

k

k

kp za
p

kp

ρ
 

By the Theorem, (2.15) is true if 

)17.2(1,
)])(1()())[((

)())(1)(()(
1

1

≥
−−+−−+

−++−−≤
−
−

+

+
k

pBpppkBAkp

kpkpBp
z

p

p k

αγβγ
αγδ

ρ
δ

λ

λ
 

Solving (2.17) for ,z we get the desired result. That is, 

k

k pBpppkBAkp

kpkpBp
r

1

1

1

1
)])(1()())[((

)())(1)((
inf 











−−+−−+
−++−−= +

+

ℵ∈ αγβγ
αγδ

λ

λ
. 

 

Theorem 3.4. Let the function )(zf defined by (1.2) be in the class ( ) ( )2,1,,,,,),( =∗ iBAzgTp λγβα .  

Then )(zf is P-valently starlike of order )0( p<≤ ρρ  in 2rz <  where  

k

k pBpppkBAkp

kpkpBp
r

1

1

1

2
)])(1()())[((

)())(1)((
inf 











−−+−−−+
−++−−= +

+

ℵ∈ αγβγρ
αγδ

λ

λ
.  

The result is sharp with the extremal function given by (2.10). 
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Theorem 3.5. Let the function )(zf defined by (1.2) be in the class ( ) ( )2,1,,,,,),( =∗ iBAzgTp λγβα .  

Then )(zf is P-valently convex of order )0( p<≤ ρρ  in 3rz <  where  

k

k pBpppkBAkpkp

kpkpBpp
r

1

1

1

3
)])(1()())[()((

)())(1)((
inf 











−−+−−−++
−++−−= +

+

ℵ∈ αγβγρ
αγρ

λ

λ
. 

 The result is sharp with the extremal function given by (2.10). 
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